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The stress and elasticity tensors for interatomic potentials that depend explicitly on bond bending
and dihedral angles are derived by taking strain derivatives of the free energy. The resulting
expressions can be used in Monte Carlo and molecular dynamics simulations in the canonical and
microcanonical ensembles. These expressions are particularly useful at low temperatures where it is
difficult to obtain results using the fluctuation formula of Parrinello and Rahman �J. Chem. Phys.
76, 2662 �1982��. Local elastic constants within heterogeneous and composite materials can also be
calculated as a function of temperature using this method. As an example, the stress and elasticity
tensors are derived for the second-generation reactive empirical bond-order potential. This potential
energy function was used because it has been used extensively in computer simulations of
hydrocarbon materials, including carbon nanotubes, and because it is one of the few potential energy
functions that can model chemical reactions. To validate the accuracy of the derived expressions, the
elastic constants for diamond and graphite and the Young’s Modulus of a �10,10� single-wall carbon
nanotube are all calculated at T=0 K using this potential and compared with previously published
data and results obtained using other potentials.
�DOI: 10.1063/1.2338522�

I. INTRODUCTION

In computational material science, molecular simulations
play a critical role in relating atomic structure to bulk me-
chanical properties. The understanding of the relationship be-
tween stress and strain, i.e., elastic constants, in a particular
material is of major importance for the design and engineer-
ing of new materials and devices.

Typical molecular simulation methods are implemented
in a constant-volume ensemble, i.e., the canonical or micro-
canonical ensemble. In these ensembles, there are two com-
mon techniques for calculating the elastic constants. In the
first, the mechanical properties are determined by evaluating
the stress response due to the application of a finite strain to
the material of interest. Many simulations at different applied
strains must be done to determine the elastic constants, or
elasticity tensor, of the material. This can be time consuming
and has the potential to introduce errors because the elastic
constants are defined in the limit of zero strain. The advan-
tages to this approach are that only simple constant-volume
simulations are required and only the stress tensor, which can
be determined directly from the forces, needs to be evalu-
ated. In the second technique, the elastic constants are calcu-
lated directly from the second derivative with respect to the
strain tensor of the free energy.1,2 Some advantages of this
method are that it works well at low temperatures, it con-
verges more quickly than other fluctuation methods, only one
simulation needs to be performed, and that the elastic con-
stants are consequently evaluated in the limit of zero strain.
However, the second derivative with respect to strain of the

interatomic potential needs to be evaluated, which can be
particularly challenging for multibody potential functions
that depend explicitly on intramolecular bond and dihedral
angles.

An alternative approach to calculating the elasticity ten-
sor is to use the constant-stress ensemble of Parrinello and
Rahman3 and the strain-fluctuation formula for the elasticity
tensor.4 This approach gives the full elasticity tensor in a
single simulation, but requires the use of a more complicated
simulation technique in which the size and shape of the
simulation box become new degrees of freedom. This
method is difficult to use near the melting point or glass
transition temperature5 when the shape of the box is free to
“flow” and highly elongated states are likely to occur. The
strain fluctuations are also slow to converge in these
situations.6,7

In this work, the expressions for the stress and elasticity
tensors for potentials that depend explicitly on bond and di-
hedral angles are derived. As an example, the equations for
the second-generation reactive empirical bond-order �REBO�
potential8,9 are derived. However, the equations are appli-
cable to all the so-called bond-order potentials8–19 and useful
for other angle-dependent potentials. In addition to the ad-
vantages mentioned above, the stress-fluctuation expressions
for the elasticity tensor provide information regarding local
or atomic stress and elastic constants5,20 and their relative
contributions to the bulk elastic constants. However, due to
the complexity of angle-dependent potentials, the derivation
and implementation of these expressions can be tedious. This
is particularly true for bond-order potentials,8–19 such as, the
second-REBO potential.

Tersoff was the first to introduce a bond-order potentiala�Electronic mail: jah@usna.edu
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for carbon10 and later he extended it to silicon and
germanium.11 Brenner et al. adapted Tersoff’s formalism and
created the REBO potential for C–H interactions.12,13 The
REBO potential has spawned a number of potentials for
C–Si–H intereactions,15,16,18 a potential for Si–H
interactions,14 and a potential for C–H interactions that in-
cludes intermolecular forces.17 Recently, Brenner et al. up-
dated the form of the REBO potential and produced the
second-generation REBO potential.8 Several potentials based
on this slightly changed formalism have appeared in the lit-
erature. These include a potential for C–O–H interactions19

and the adaptive intermolecular reactive bond-order
�AIREBO� potential.17 One unique feature of the bond-order
potentials is that chemical reactions can be modeled. This
allows the REBO potential to model processes where bonds
are broken and formed such as what might occur when two
surfaces are in sliding contact.21–24 Intermolecular forces
were added to the REBO potential, to create the AIREBO
potential, in such a way as to preserve the ablity to model
chemical reactions by Stuart et al.9 This potential has been
used to model compression- and shear-induced polymeriza-
tion in monolayers composed of diacetylene chains25 and to
model thermal conductivity of nanotubes.26

The REBO potential has also been used in many studies
of the elastic properties of carbon nanotube systems.27–44 The
mechanical properties of amorphous carbon films have also
been studied.23 In all these works, the mechanical properties
were determined by evaluating the stress response due to the
application of a finite strain to the material of interest. Using
the results presented here, it is now possible to calculate the
elasticity tensor for these systems and to examine their me-
chanical properties at the local and atomic levels as a func-
tion of temperature. For example, we have recently calcu-
lated the elastic properties of diamond as a function of
temperature using the stress-fluctuation method.45

In Sec. II, the general expressions for the stress and elas-
ticity tensors in terms of the strain derivatives of the free
energy are given. Special attention is given to the strain de-
rivatives of angle-dependent terms in typical multibody po-
tentials. A brief description of the second-generation REBO
potential and an outline of its many terms is given in Sec. III.
In Sec. IV, the first and second strain derivatives of the terms
that make up the REBO potential, and contribute to the stress
and elasticity tensors, are presented. Results for the elasticity
tensors for diamond and graphite at zero temperature are
given. Finally, the Young’s Modulus of a �10,10� single-wall
carbon nanotube at 0 K is also calculated. The �10,10� nano-
tube was selected, in part, due to the fact that these tubes are
the most abundant product in the laser ablation apparatus.46

In addition, we have used �10,10� nanotubes as model scan-
ning probe microscope tips in molecular dynamics
simualtions41 and examined the mechancial properties of
these tubes filled with C60, butane, and other molecules.27,36

Throughout this paper, Greek subscripts �� ,� ,� ,�� rep-
resent Cartesian coordinates and Latin subscripts �i , j ,k , l�
represent atomic indices.

II. ANGLE-DEPENDENT POTENTIALS

The stress and elasticity tensors are derived by taking the
first and second derivatives of the free energy with respect to
strain. For a detailed discussion on evaluating strain deriva-
tives, see Refs. 47 and 48. In the canonical ensemble, the
stress tensor is

��� = ����
B � − �kBT��� �1�

and the elasticity tensor is

C���� = �C����
B � −

V

kBT
�����

B ���
B � − ����

B �����
B ��

+ �kBT������� + ������� , �2�

where

���
B =

1

V

�U

����

, �3�

and

C����
B =

1

V

�2U

��������

. �4�

Here, the total potential energy of the system is U, kB is
Boltzmann’s constant, T is the temperature, V is the volume,
� is the density of the system, and ��� is the identity tensor.
The first term in Eq. �2�, the Born term, is the configurational
contribution to the elasticity tensor. The second term is the
stress-fluctuation term and the last term is the ideal gas con-
tribution, which is related to the strain derivatives of the
volume. Typically, only the first two terms contribute signifi-
cantly to the elastic constants.

Although the stress-fluctuation formula for the elasticity
tensor has several advantages, its use has been limited by the
difficulty in evaluating the Born term for complex atomic
potentials.6,49 For many potentials, multibody interactions
such as bending and torsion make the use of the stress-
fluctuation formula unattractive. Exact expressions for the
Born term for potentials that include bending and torsional
contributions have not previously appeared in the literature.
An approximate method for estimating the Born term for
potentials that only depend on interatomic forces was re-
cently proposed by Yoshimoto et al.50 One advantage of this
method is that it only requires knowledge of the interatomic
distances.

Bending and torsional potentials commonly contain
terms that include the cosines of the bond angles �cos 	 jik�
and dihedral angles �cos 
kijl�, i.e., the total potential energy
can be written as

U = �
ijk

uijk�cos 	 jik� + �
ijkl

uijkl�cos 
kijl� , �5�
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where the summations include all atoms that participate in
each bond. Note that only the contributions from the bonds
are considered here; typical potentials have additional pair-
wise contributions that will not be discussed here. The first
step is to evaluate the first and second strain derivatives of
Eq. �5�. The first derivative of the potential energy is

�U

����

= �
ijk

�uijk

� cos 	 jik

� cos 	 jik

����

+ �
ijkl

�uijkl

� cos 
kijl

� cos 
kijl

����

,

�6�

and the second derivative is

�2U

��������

= �
ijk
� �2uijk

� cos 	 jik
2

� cos 	 jik

����

� cos 	 jik

����

+
�uijk

� cos 	 jik

�2 cos 	 jik

��������
	

+ �
ijkl
� �2uijkl

� cos 
kijl
2

� cos 
kijl

����

� cos 
kijl

����

+
�uijkl

� cos 
kijl

�2 cos 
kijl

��������
	 . �7�

Next, the strain derivatives of the cosines of the bond angles
that appear in Eqs. �6� and �7� are evaluated �Fig. 1�.

The bond angle 	 jik formed by the vectors r̄ ji and r̄ki can
be expressed in terms of the distances rij, rjk, and rki by using
the law of cosines. Likewise, the dihedral angle 
kijl formed
by the plane containing atoms k, i, j and the plane containing
atoms i, j, l can be expressed in terms of the distances be-
tween atoms i, j, k, and l by using the law of cosines in a
tetrahedron.51,52 These expressions for 	 jik and 
kijl can then
be used to obtain the Born term using the general formula
provided Ray,53 which depends only on the interatomic dis-
tances. However, this procedure is tedious and leads to com-
plicated expressions, especially for the dihedral term.

The approach used here is to express the cosines of the
bond and dihedral angles in terms of the bond vectors be-
tween atom pairs �Fig. 1�. Using this technique, the bond
angle is given by

cos 	 jik =
r̄ ji · r̄ki

rjirki
, �8�

where r̄ ji= r̄ j − r̄i and rji= 
r̄ ji
. The dihedral angle is given by

cos 
kijl =
r̄ki � r̄ ji


r̄ki � r̄ ji

·

r̄ij � r̄lj


r̄ij � r̄lj

. �9�

For clarity, the substitutions ū= r̄ ji, v̄= r̄ki, and w̄= r̄lj are
made. Then the bond angle is

cos 	 jik =
ū · v̄
uv

, �10�

and the dihedral angle is

cos 
kijl =
v̄ � ū


v̄ � ū

·

ū � w̄


ū � w̄

. �11�

For the dihedral angle, the further substitutions m̄= v̄� ū and
n̄= ū� w̄ are made, so that

cos 
kijl =
m̄ · n̄

mn
. �12�

The strain derivative of the product of two vectors ap-
pears repeatedly in the derivation of the following results.
For this reason, this tensor is given explictly here for refer-
ence. For two general vectors v̄ and w̄ that depend explictly
on the strain tensor, the derivative of their product at arbi-
trary strain is given by

�v̄ · w̄

����

= ṽ�w̃� + w̃�ṽ�. �13�

Symbols with a tilde, e.g., ṽ�, indicate that this vector quan-
tity is evaluated in the reference state, i.e., at zero strain, and
is therefore considered a constant in subsequent strain de-
rivatives. The fact that the derivative in Eq. �13� is a constant
with respect to strain for arbitrary values of the strain tensor
is a consequence of the definition of the strain derivative.47

For convenience, we give formulae for the strain deriva-
tives of natural log of the cosine of the angles. If required, it
is then trivial to obtain the derivatives of the angles them-
selves. The first derivative of cos 	 jik comes from

� ln cos 	 jik

����

=
ũ�ṽ� + ṽ�ũ�

ū · v̄
− � ũ�ũ�

u2 +
ṽ�ṽ�

v2 � , �14�

and the second derivative comes fromFIG. 1. Vectors defining the angle 	 jik and dihedral angle 
kijl.
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1

cos 	 jik

�2 cos 	 jik

��������

=
�2 ln cos 	 jik

��������

+
� ln cos 	 jik

����

� ln cos 	 jik

����

, �15�

where

�2 ln cos 	 jik

��������

= −
�ṽ�ũ� + ũ�ṽ���ṽ�ũ� + ũ�ṽ��

�ū · v̄�2

+ 2� ũ�ũ�ũ�ũ�

u4 +
ṽ�ṽ�ṽ�ṽ�

v4 � . �16�

For the dihedral angle, it is more convienent to work
with ln cos2 
kijl. The first derivative comes from

� ln cos2 
kijl

����

=
1

�m̄ · n̄�2

��m̄ · n̄�2

����

−
1

m2

�m2

����

−
1

n2

�n2

����

�17�

and the second derivative is given by

�2 ln cos2 
kijl

��������

= −
1

�m̄ · n̄�4

��m̄ · n̄�2

����

��m̄ · n̄�2

����

+
1

�m̄ · n̄�2

�2�m̄ · n̄�2

��������

+
1

m4

�m2

����

�m2

����

−
1

m2

�2m2

��������

+
1

n4

�n2

����

�n2

����

−
1

n2

�2n2

��������

, �18�

where

�m̄ · n̄

����

= �v̄ · ū��ũ�w̃� + w̃�ũ�� + �ū · w̄��ṽ�ũ� + ũ�ṽ��

− �v̄ · w̄��ũ�ũ� + ũ�ũ�� − �ū · ū��ṽ�w̃� + w̃�ṽ�� ,

�19�

�2m̄ · n̄

��������

= �ṽ�ũ� + ũ�ṽ���w̃�ũ� + ũ�w̃��

+ �w̃�ũ� + ũ�w̃���ṽ�ũ� + ũ�ṽ��

− �ṽ�w̃� + w̃�ṽ���ũ�ũ� + ũ�ũ��

− �ũ�ũ� + ũ�ũ���ṽ�w̃� + w̃�ṽ�� , �20�

�m2

����

= 2�u2ṽ�ṽ� + v2ũ�ũ� − �v̄ · ū��ṽ�ũ� + ũ�ṽ��� , �21�

�n2

����

= 2�u2w̃�w̃� + w2ũ�ũ� − �w̄ · ū��w̃�ũ� + ũ�w̃��� ,

�22�

�2m2

��������

= 4��ṽ�ṽ�ũ�ũ� + ũ�ũ�ṽ�ṽ�� − 2�ṽ�ũ� + ũ�ṽ��

��ṽ�ũ� + ũ�ṽ��� , �23�

and

�2n2

��������

= 4�w̃�w̃�ũ�ũ� + ũ�ũ�w̃�w̃�� − 2�w̃�ũ� + ũ�w̃��

��w̃�ũ� + ũ�w̃�� . �24�

The strain derivatives of the cosine of the bond angle are
determined by the combination of Eqs. �14�–�16�. The strain
derivatives of the cosine of the dihderal angle are determined
by combination of Eqs. �17�–�24�. The stress and elasticity
tensors can then be obtained by combination with Eqs.
�1�–�4�, �6�, and �7�.

III. REBO POTENTIAL

In what follows, a brief outline of the second-generation
REBO potential is provided. The terms that are given below
have been included because they are presented in a slightly
different, but equilvalent, form than originally published in
an effort to make their implementation more clear or because
they are discussed later in the manuscript. Full descriptions
of the REBO potential, including parameter values and
spline coefficients, are given elsewhere.8,9

The total potential energy is given by

U = 1
2 �

i,j�i

Vij
r + bijVij

a , �25�

where Vij
r and Vij

a are the pairwise repulsive and attractive
terms, respectively. The bond-order term, bij, is a many-body
term, which modifies the attractive part of the potential based
on the local environment of atoms i and j.

Both the pairwise repulsive and attractive terms contain
a cutoff function, wij, which is piecewise continuous and
depends on the distance, rij, between atoms i and j. The
function wij is given by

wij = 
1, for �0,rij
min�

1
2 �1 + cos���rij − rij

min�/�rij
max − rij

min��� for �rij
min,rij

max�

0, for �rij
max,
� ,

�
�26�

where rij
min and rij

max are parameters that depend on the atom
types of i and j.

The angular dependence enters the REBO through the
bond-order term, bij. The bond order is the sum of the cova-
lent and the � contributions to the bond order and is given by

bij = 1
2 �pij

�� + pji
��� + �ij

rc + �ij
dh. �27�

The covalent contribution to the bond order, pij
��, contains a

fifth-order spline, gjik, that is a function of the bond angle 	 jik

between atoms j, i, and k, where i is at the vertex of the
angle. If atom i is a carbon atom, then
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gjik�cos 	 jik� = gC
�1� + Sij�Nij��gC

�2� − gC
�1�� , �28�

and if atom i is a hydrogen atom, then gjik�cos 	 jik�=gH.
Additional details regarding the spline functions
gC

�1��cos 	 jik�, gC
�2��cos 	 jik�, and gH�cos 	 jik� can be found

elsewhere.8,9

A number of terms within the REBO potential depend on
the local coordination number, Nij. For example, the two-
and three-dimensional spline functions Pij�Nij

C,Nij
H� and

�ij
rc�Nij ,Nji ,Nij

conj� and the switching function Sij are all func-
tions of Nij. The form of the Sij function is identical to that of
the wij switching function with the distances, rij, replaced by
the local coordination, Nij. The local coordination number is
the sum of the carbon and hydrogen coordination numbers,
Nij =Nij

C+Nij
H. The functions Nij

C and Nij
H have the same form

with Nij
C given by

Nij
C = �

k�i,j
�kCwik. �29�

The three-dimensional cubic spline function �ij
rc depends

on Nij, Nji, and the local degree of conjugation, Nij
conj, which

is defined as Nij
conj=1+Xij

2 +Yij
2 , where

Xij = �
k�i,j

�kCwikSik
conj�Nki� . �30�

The function Yij has the same form as Xij except in this case
the summation is over atom l instead of atom k. The function
Sij

conj has the same form as Sij, but with slightly different
values for the parameters Nmin and Nmax.

The remaining contribution to the bond-order term, �ij
dh,

is related to the dihedral angles formed by the local neigh-
bors of the bond between i and j and is given by �ij

dh

=Tij�Nij ,Nji ,Nij
conj�Zij, where

Zij = �
k�i,j

�
l�i,j,k

sin2 
kijlwik� wjl�

���sin 	 jik − smin���sin 	ijl − smin� , �31�

and Tij�Nij ,Nji ,Nij
conj� is another three-dimensional cubic

spline function. The dihedral angle 
kijl is defined in Fig. 1.
The function wij� has the same form as wij, but with slightly
different values for rmin and rmax, and � is the Heaviside step
function.

IV. THE REBO POTENTIAL DERIVATIVES

The first strain derivative of the REBO potential energy
is

�U

����

= 1
2 �

i,j�i

�Vij
r

����

+
�bij

����

Vij
a + bij

�Vij
a

����

. �32�

The second strain derivative of the REBO potential energy is

�2U

��������

= 1
2 �

i,j�i

�2Vij
r

��������

+
�2bij

��������

Vij
a +

�Vij
a

����

�bij

����

+
�bij

����

�Vij
a

����

+ bij

�2Vij
a

��������

, �33�

where

�Vij
r

����

=
1

rij

�Vij
r

�rij
r̃ij�r̃ij� �34�

and

�2Vij
r

��������

=
1

rij
2 � �2Vij

r

�rij
2 −

1

rij

�Vij
r

�rij
�r̃ij�r̃ij�r̃ij�r̃ij�. �35�

The derivatives of Vij
a are defined similarly. In what follows,

only the strain derivatives of the individual terms in the
REBO potential are provided. Due to the large number of
terms in the REBO potential, it is impractical to provide
single expressions for the stress and elasticity tensors. How-
ever, their construction should be clear using the following
equations.

It should also be noted that although the REBO potential
was carefully constructed such that its first derivative is a
continuous function, the same is not true of subsequent de-
rivatives. One example of this is the switching function, wij.
A discontinuity arises for r values of rmin and rmax, but is well
defined at these values. Special care must be taken at the
points of discontinuity when evaluating the second deriva-
tives of the terms in the REBO potential. The convention
used here is to take the midpoint of the left and right hand
side values as the value at the point of discontinutity. For
example, if the second derivative of the function f�x� has a
discontinuity at x=x0, then f��x0� takes the value

f��x0� = 1
2 � lim

x→x0
−

f��x� + lim
x→x0

+
f��x�� . �36�

Despite the fact that the second derivative is discontinuous,
its evaluation over the entire domain of interest is possible
and does not prevent the evaluation of the elasticity tensor.

The resulting expressions for the first and second deriva-
tives for the terms of second-generation REBO potential are
given below. Because several terms in the potential have
similar forms, only the strain derivatives of one term with
each particular form is presented. It is a simple matter,
though time consuming, to construct all the required terms.
This task is left to the reader for the sake of brevity.

�bij

����

=
1

2
� �pij

��

����

+
�pji

��

����
	 +

��ij
rc

����

+
��ij

dh

����

, �37�

�2bij

��������

=
1

2
� �2pij

��

��������

+
�2pji

��

��������
	 +

�2�ij
rc

��������

+
�2�ij

dh

��������

, �38�
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�pij
��

����

= −
1

2
pij

��3� �
k�i.j

� �wik

����

gjike
�jik + wik

�gjik

����

e�jik + wikgjike
�jik

�� jik

����
� +

�Pij

����
	 , �39�

�2pij
��

��������

=
3

pij
��

�pij
��

����

�pij
��

����

−
1

2
pij

��3� �2Pij

��������

+ �
k�i.j

�gjik
�2wik

��������

+
�gjik

����

�wik

����

+ gjik
�� jik

����

�wik

����

+
�wik

����

�gjik

����

+ wik
�2gjik

��������

+ wik
�� jik

����

�gjik

����

+ gjik
�wki

����

�� jik

����

+ wik
�gjik

����

�� jik

����

+ wikgjik� �� jik
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����

+
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��������
��e�jik	 , �40�
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����

=
1
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r̃ik�r̃ik�, �41�

�2wik

��������

=
1

rik
2 � �2wik

�rik
2 −

1

rik

�wik

�rik
�r̃ik�r̃ik�r̃ik�r̃ik�, �42�

�� jik

����

= 4�iH� r̃ij�r̃ij�

rij
−

r̃ik�r̃ik�

rik
� , �43�

�2� jik

��������

= 4�iH� r̃ik�r̃ik�r̃ik�r̃ik�

rik
3 −

r̃ij�r̃ij�r̃ij�r̃ij�

rij
3 � , �44�

�gjik

����

=
�gC

�1�

� cos 	 jik

� cos 	 jik

����

+
�Sij

�Nij

�Nij

����

�gC
�2� − gC

�1�� + Sij� �gC
�2�

� cos 	 jik
−

�gC
�1�

� cos 	 jik
� � cos 	 jik

����

, �45�

�2gjik

��������

= � �2gC
�1�
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2 +

�2Sij

�Nij
2 �gC
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�1��
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����
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����

+
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�Nij
�gC

�2� − gC
�1��
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��������

+
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� �gC
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�
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����
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����

+
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����
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����
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� cos 	 jik
2 −

�2gC
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����
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����
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−

�gC
�1�
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, �46�

�Pij

����

=
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C
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C

����

+
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H

�Nij
H

����
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�2Pij

��������

=
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�Nij
C2

�Nij
C

����
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C
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H
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C
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+
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� sin2 
kijl

����

= − 2 cos 
kijl
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kijl

����

, �63�
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kijl

��������

= − 2� � cos 
kijl

����

� cos 
kijl

����
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kijl
�2 cos 
kijl

��������
� . �64�

V. RESULTS

To verify the accuracy of the expressions provided here,
the elastic constants of diamond and graphite, as well as
Young’s Modulus for a �10,10� carbon nanotube, at absolute
zero were calculated and compared to values available in the
literature. The elastic constants given in Table I are in good
agreement with the literature values. Harrison et al. esti-
mated the Young’s Modulus of a �10,10� nanotube at 300 K
to be 960 GPa by applying a strain along the axial direction
of the tube.41 In a subsequent work, the universal force field
was used to calculate the modulus of the �10,10� tube and a
value of 1.02 TPa at 0 K was obtained.54 In this work, a
Young’s Modulus of 1.15 TPa at 0 K for the �10,10� nano-
tube was obtained using the second-generation REBO poten-
tial and the expressions derived here. This value is in good
agreement with values obtained at nonzero temperature and
using other potential energy functions.

The authors have also evaluated the temperature depen-
dence of the elastic constants of diamond using the stress-
fluctuation formula given in this work.45 In our previous
work, we calculate the internal stress tensor for a potential
containing three- and four-body terms. In the appendix, we
show that the tensor can be calculated using a formula simi-
lar to that used for two-body potentials. The results were in
good agreement with the elastic constants calculated using
the strain-fluctuation formula and with those calculated using
the direct method. In that work, the simulation box contained
approximately 1000 atoms and the time step was 0.25 fs for
all simulations. Because the time steps were the same regard-
less of the calculation method used, a comparison of effi-
ciency can be obtained by comparing the number of simula-
tion steps required to obtain a set of elastic constants at a
given temperature. When the direct method was used to cal-
culate the elastic constants at a given temperature, 12 simu-
lations of 400 000 steps, or 4.6 million steps, were required.
The strain-fluctuation method yielded the three independent
elastic constants in a single simulation, which took on the

order of 20 million steps. In contrast, the stress-fluctuation
formula yielded converged values of the elastic constants at a
given temperature in 400 000 steps.

VI. SUMMARY

The stress and elasticity tensors were derived for multi-
body potentials that include bending and dihedral angle con-
tributions. While expressions of this type have been derived
for two-body potentials6 and for ions and point dipoles,47

they have not been published for angle-dependent potentials.
The expression derived here can be used in Monte Carlo or
molecular dynamics simulations in the canonical and micro-
canonical ensembles. The stress-fluctuation method has the
advantage of converging faster than other methods for calcu-
lating elastic constants, being stable at low temperatures, and
it allows for all the elastic constants to be determined in a
single simulation. In addition, local elastic constants of het-
erogeneous materials, such as polymer glasses, can also be
calculated.20 As an example, the first- and second-strain de-
rivatives of the second-generation REBO potential were pre-
sented. This multibody potential was used because of its
widespread use. The expressions presented here were used to
evaluate the elastic constants of diamond and graphite at ab-
solute zero and to calculate Young’s Modulus for a �10,10�
single-wall carbon nanotube. The results agree well with pre-
viously published work. In a separate work, the expressions
presented here were used to calculate the elastic constants of
diamond as a function of temperature.45 The values obtained
were in good agreement with other methods for calculating
the elastic constants.
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APPENDIX: INTERNAL STRESS TENSOR FOR
THREE-BODY INTERACTIONS

The multi-body term of the REBO potential contains
three-body and four-body terms. In this appendix, we show
that the equation for the internal stress tensor, given below,
can be calculated using a formula similar to that for a two-

TABLE I. Results for the 0 K elastic constants.

Material Constant �GPa�
References

8 and 9
This

work

Diamond C11 1070 1075.6
C12 120 125.4
C44 720 738.0

Graphite C11 1060 999.4
C12 150 146.8
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body potential. We have used this equation to calculate the
stress tensor in diamond as a function of temperature.45

The internal stress tensor is given by

��� =
1

V��
i

mivi�vi� + �
�i�j�

rij�f ij�� , �A1�

where ��� is the �� component of the stress tensor, V is the
volume of the system, mi and vi are mass and velocity of
atom i, respectively, rij� is the Cartesian component of the
vector from atom j to atom i in the � direction, and f ij� is the
force acting on atom i by atom j in the � direction.

To show that this equation is valid for multi-body terms,
we take the three-body term,

U3 = �
ijk

uijk, �A2�

as the example. The four-body term can be dealt with the
same way. The stress tensor from this term is48

��� = −
1

V

�U3

����

= −
1

V
�
ijk

�uijk

����

. �A3�

Split into three terms using the chain rule,

��� = −
1

V
�
ijk
� �uijk

�rij

�rij

����

+
�uijk

�rik

�rik

����

+
�uijk

�rjk

�rjk

����
	 .

�A4�

Here we assume that the potential is only a function of the
distance between each pair of particles, which is the case for
REBO potential. Next, swap k and j in the second term and
switch i→k, j→ i, and k→ j in the third term,

��� = −
1

V
�
ijk

�uijk

�rij

�rij

����

−
1

V
�
ikj

�uikj

�rij

�rij

����

−
1

V
�
kij

�ukij

�rij

�rij

����

. �A5�

Change order of summations and combine,

��� = −
1

V
�
ijk

�

�rij
�uijk + uikj + ukij�

�rij

����

= −
1

V
�
ijk

�uijk
o

�rij

�rij

����

, �A6�

where uijk
o =uijk+uikj +ukij. Then split into two terms and

switch i and j in the second term,

��� = −
1

2V
�
ijk

�uijk
o

�rij

�rij

����

−
1

2V
�
jik

�ujik
o

�rji

�rji

����

. �A7�

Change order of summation, use rij =rji in the second term,
and combine,

��� = −
1

2V
�
ijk

�

�rij
�uijk

o + ujik
o �

�rij

����

. �A8�

Plug in �r /����=r�r� /r,48

��� = −
1

2V
�
ijk

�uijk
*

�rij

rij�rij�

rij
, �A9�

where uijk
* =uijk

o +ujik
o . On the other hand, the force on particle

i from the interaction U3 is

f i� = −
�U3

�ri�
= − �

ljk

�uljk

�ri�
�A10�

Therefore,

f i� = − �
jk

�

�ri�
�uijk + ujik + ujki� = − �

jk

�ujki
o

�ri�
. �A11�

As uijk is only a function of the distance between each pair of
particles,

f i� = − �
jk
� �ujki

o

�rij

�rij

�ri�
+

�ujki
o

�rik

�rik

�ri�
� , �A12�

f i� = − �
jk
� �ujki

o

�rij

rij�

rij
+

�ujki
o

�rik

rik�

rik
� , �A13�

f i� = − �
jk

�ujki
o

�rij

rij�

rij
− �

jk

�ujki
o

�rik

rik�

rik
. �A14�

Switching j and k in the second term, we have

f i� = − �
jk

�ujki
o

�rij

rij�

rij
− �

jk

�ukji
o

�rij

rij�

rij
, �A15�

f i� = − �
jk

�

�rij
�ujki

o + ukji
o �

rij�

rij
= − �

jk

�uijk
*

�rij

�rij�

rij
. �A16�

Rewrite Eq. �A16�,

f i� = �
j

f ij�, �A17�

where

f ij� = − �
k

�uijk
*

�rij

rij�

rij
, �A18�

which is the total interaction force between atom i and j.
Finally, using Eq. �A18�, Eq. �A9� becomes

��� =
1

2V
�
ij

f ij�rij�. �A19�

In term of the sum of each pair of atoms,

��� =
1

V
�

�i�j�
f ij�rij�. �A20�
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