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Hilbert’s Grand Hotel: No Vacancy?

Mathematician David Hilbert (1862–1943) discussed an imaginary hotel with an infinite number of
rooms, numbered 1, 2, 3, . . .. Even though each room is occupied, the hotel is able to accommodate new
guests as they arrive. Consider the following three scenarios.

• A traveler approaches the hotel one afternoon. The hotel clerk says “Every room is occupied, but we
can accommodate you.” The clerk moves the guest in room 1 to room 2; the guest in room 2 to room
3; and in general, the guest in room n goes to room n+1. Room 1 is then available to the newcomer.

1 2 3 4 5 6 7 8 9 · · · =⇒ * 1 2 3 4 5 6 7 8 · · ·

• Later that day, a limousine pulls up with infinitely many potential guests, numbered 1, 2, 3, . . . . The
hotel clerk says “Every room is occupied, but we can accommodate all of you.” He moves the guest
in room 1 to room 2; the guest in room 2 to room 4; and in general, the guest in room n goes to room
2n. This leaves all of the odd-numbered rooms empty and available to the newcomers.

1 2 3 4 5 6 7 8 9 · · · =⇒ * 1 * 2 * 3 * 4 * · · ·

• That night, infinitely many limousines (numbered 1, 2, 3, . . .) pull up, each with with infinitely many
potential guests, numbered 1, 2, 3, . . . . The hotel clerk says “Every room is occupied, but we can
accommodate all of you.” He again moves the guest in room 1 to room 2; the guest in room 2 to
room 4; and in general, the guest in room n goes to room 2n. This leaves all of the odd-numbered
rooms empty and available to the newcomers. The clerk then puts the guests in the first limousine
into rooms 3, 32, 33, and so on; the guests in the second limousine go in rooms 5, 52, 53, and so on; in
general, the guests in the k-th limousine move into the rooms pk, p2
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prime. All the new guests have rooms. In fact, many rooms unoccupied—for instance, 15, 21, and 35.
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