
SO414-Math Review Lecture Notes

1 Taylor Series Expansion

A Taylor Series is a representation of a function as an infinite sum of terms calculated from
the value of its derivatives at a single point. (For Brook Taylor, 1685-1731)
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Example to sketch on the board: sin (x) compared to the first term (line with slope of 1),
then additional terms which introduce more curvature and hence by addition become a better
approximation to the function.
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Taylor Series Expansion of sin (x)
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And to complete the set, the cosine expansion is:

cosx = 1− x2
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2 Vector Calculus

2.1 DOT PRODUCT

Scalar sum of the component multiples. Zero when the vectors are perpendicular.

Where:

~U = u1i+ u2j + u3k + ....
~V = v1i+ v2j + v3k + .....

Then:

~U · ~V = u1v1 + u2v2 + .....

Geometric Interpretation:

~U · ~V = |~U ||~V |cos(θ)

Where:

θ is the angle between the vectors. So, if you know the component values of two vectors you
can easily find the angle between them.

Dot product is useful in finding the projection of one vector onto another (which is good
for determining the influence of a physical force in a particular direction.) If we imagine the
FIRST vector composed of two parts (one part parallel to and one part perpendicular to the
SECOND vector), then “projection” is the magnitude of the FIRST vector component which
is parallel to the SECOND vector.

The projection of U onto V (the fractional component of U that parallels V) is

projv ~U =
~U ·~V

|~V |2
|~V |

2.2 CROSS PRODUCT

Vector product, inidicative of the difference in direction of the original vectors, that generates
another vector perpendicular to the plane of the two original vectors. (Zero when original
vectors are parallel, largest when perpendicular.)

Where:

~U = u1i+ u2j + u3k
~V = v1i+ v2j + v3k
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~U × ~V = det
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= (u2v3 − u3v2)i− (u1v3 − u3v1)j + (u1v2 − u2v1)k

Geometric interpretation:

~U × ~V = |~U ||~V |sin(θ)n̂

is a vector orthogonal to U and V, in the direction determined by the right hand rule as you
fold U towards V.

Where:

θ is the angle between the vectors
n̂ is a unit vector perpendicular to both.

2.3 Gradient

For a scalar quantity like a temperature field, we are often concerned with how it is changing
as we move in different directions. The original field is a scalar, but the rate of change in

the direction of the biggest change is expressed as a vector; the gradient.

For a scalar field ψ(x, y, z) the gradient is:

∇ψ = ∂ψ

∂x
~i+ ∂ψ

∂y
~j + ∂ψ

∂z
~k

Which employs the del operator:

∇ = ∂
∂x
~i+ ∂

∂y
~j + ∂

∂z
~k

Which we will now use in computing Divergence...

2.4 Divergence

The divergence of a vector is a scalar, and the magnitude varies with the position in the
vector field. It is basically the dot product (hence the resulting scalar) of the del operator
with the vector of interest (e.g. temperature gradient, wind flow).

If your vector of interest is

~F = Fx~i+ Fy~j + Fz~k

then the divergence of ~F is:

∇ · ~F = ( ∂
∂x
~i+ ∂

∂y
~j + ∂

∂z
~) · (Fx~i+ Fy~j + Fz~k) =

∂
∂x
Fx +

∂
∂y
Fy +

∂
∂z
Fz

When applied to a wind or current field this gives us an indication of how fast mass is entering
(or leaving, depending on the sign) a given volume. Recall that this was important to the
derivation of the continuity equation, because it allowed us a conveneient balancing term
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against changes in pressure and/or density within a given volume.

2.5 Curl

Curl describes the rotation of a vector field. The length and direction of the curl vector defines
the rotation at that particuar point. The curl vector is normal to the plane of rotation, and
follows the right-hand rule.

Curl ~F = ∇× ~F = det
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