Lesson 12 Part 1

m Rotation
— Primary measures of rotation of a fluid
|- Circulation

— Know (in words) how we obtain the
circulation theorem

— Kelvin's theorem
— Know terms in the equation

B = Vorticity

_. — Know types

Circulation (C)

m The line integral of the wind around a
closed curve anywhere in the fluid

c=¢V s
— Axis of rotation is not needed, so it is useful

to use when the axis of rotation is unknown

m By convention, the circulation is taken to
I be positive for counterclockwise

_. integration
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Fluid Rotation

m Two primary measures of rotation
—Circulation

 Scalar integral quantity
« Large scale measure of rotation for a finite
area of fluid
—Vorticity
« Vector field

« Small scale measure of rotation at any
point in the fluid
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Kelvin’s Circulation Theorem

m Governs the circulation of a closed curve
which always consists of the same fluid
particles
— Describes the rate of change of circulation
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Kelvin’s Circulation Theorem

m Expand and apply to absolute velocity
— i.e., neglect rotation of the reference frame
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m The line integral of N2L for a closed chain of
particles in an absolute coordinate system
| — Term 1: Solenoidal term

_. — Term 2: Friction term

Examination of Terms

m Solenoidal Term (horizontal)

— Causes circulation in horizontal plane to
increase if the geostrophic wind is advecting
cold air

— Causes circulation in horizontal plane to
decrease if the geostrophic wind is advecting
warm air

— Backing

— Veering
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Kelvin’s Circulation Theorem

m Assume a barotropic, inviscid fluid
— The theorem then states circulation is
constant
DC
Dt

a:O

— The absolute circulation is conserved
following the motion

* The fluid analog of angular momentum
conservation in mechanics

I

Examination of Terms

m Solenoidal Term (vertical)
— Sea-breeze example
— Calculate an expected sea breeze based on
a given temperature difference

« Calculate circulation - use IGL; assume
frictionless
e Assiime a AT = 20°C
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Examination of Terms

m Friction Term
—Wind driven ocean circulation
— Ocean response is a negative circulation
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Relative Vorticity {)

m A measure of rotation - the curl of
velocity

m Derive by calculating the circulation
around a rectangular fluid element in
the horizontal (2D)
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Vorticity ({)

m What is vorticity?
—Measure of rotation in a fluid
—The circulation per unit area

e
Z_é'A

—Simplifies calculations
m Why is vorticity important?
—It provides additional insight into the
dynamics of a given flow situation
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Relative Vorticity {)

m Always (+) for counterclockwise rotation
m Always (-) for clockwise rotation

= In NH
— Flow around a low (CCW) = +(
— Flow around a high (CW) = -
m|nSH
— Flow around a low (CW) = -C
— Flow around a high (CCW) = +(
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Order of Magnitude of Relative Vorticity

— For synoptic scale atmospheric motion in the
midlatitudes

~10"

—h‘J\‘

m Examples
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Absolute Vorticity {,=n)

m The total vorticity of a fluid parcel
— The sum of relative and Earth’s vorticity

Ca=n=¢+f

¢, =kOOxV,) =kQOxV) +k2Q
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Earth’s Vorticity (f )

m If we assume solid body rotation
ZS3R =2
m Every fluid parcel on Earth has a
component due to the rotation of Earth
(o =2Qsing = f =k2Q

— Therefore, { ;>0 in the NH and {_,,<0 in
the SH
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Components of Vorticity

m Absolute vorticity: ~ {,=n={+ f

m Relative vorticity _& A
(2D): "X

= Earth's vorticity: Ceartn = |




Lesson 12 Part 2

m Vorticity Equation
— Understand the basic procedure for
obtaining the vorticity equation
—Know and identify the terms of the vorticity
equation
—Understand how shear and curvature affect
vorticity
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Derivation: Vorticity Equation

= Result:
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Derivation: Vorticity Equation

m Considering only the vertical
component of vorticity

m Derive the vorticity equation from
the EOM

—Goal is a prediction equation for
absolute vorticity
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Terms of the Vorticity Equation
m 1 - Total derivative of absolute vorticity
D _D,_D
a(("’ f)—a@-a’?
m 2 - Divergence Term
(¢ + 50, ¥, =0, ¥,

— Divergence (>0) causes I | to decrease with time
— Convergence (<0) causes I, to increase with time
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Terms of the Vorticity Equation
. - Ty 20 Vg, >0

m Divergence - B L

Physical Picture

fa) )

CONVERGENEE DIVERGENCE

— Start with a T Tlee 7 sranr
stationary, A Z '
relative to the ms.rm. r _Z%~m
Earth, vertical —— —
small cylinder of ':'zws:;':] e

fluid
¢ (=0, f exists

©-9

P28 Change of absolute corticity as-
M(-ﬂb (a) comserpence, (5) diverpence
(boch for ngrthers hemisphere. «
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Terms of the Vorticity Equation

m Divergence vs. Circulation
— Affects ¢, not C,

¢

Ca

0, W, >0= Aincreases = |, | decreases

0, IV, <0= A decreases=> |{,|increases

— Analog to angular velocity

m The divergence term is very important!

— This mechanism for changing vorticity is important in
synoptic scale disturbances
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Terms of the Vorticity Equation

~...

m Divergence spins
up anticyclonic
vorticity

m Convergence spins
up cyclonic vorticity

»

Figure .11 (3 Wustation o the efectof divergnce (D) on vorticy. Oriial fd in s lighly

raiaton arrows. () s or
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Terms of the Vorticity Equation

m 3 — Twisting or Tilting Term
— Also called differential vertical advection
ow v _ow du
0x 0z dy 0z
— The vertical vorticity th
is generated by the tiltin
horizontally oriented
components of vorticity i
the vertical by a non-uni
vertical motion field
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Terms of the Vorticity Equation

m Twisting vs. Circulation
— From Kelvin’s circulation theorem:
DC
Dt
C,= _U (0 xV) ™A = const.
A

2=0=C, =const. therefore,

— The circulation about any curve is constant,
but the circulation in the y-z plane is
increased

e The circulation in the x-y plane is tilted into the
y-z plane by this tilting term
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Terms of the Vorticity Equation

m Solenoidal vs. Circulation

— The microscopic equivalent of the
solenoidal term in the circulation theorem

— We can then write it as:

_(aﬂaj_aiaj):_ﬁ[qgaxgp)
ox dy 0y 0x

— This solenoidal term is just the limit of the
solenoidal term in the circulation theorem
divided by the area as the area goes to
zero

)
:

Terms of the Vorticity Equation

m 4 — Solenoidal Term

_(6_0'6_P_60'0P
ox dy 0y 0x

— Measures baroclinicity

— Rearranges fluid mass into its lowest PE
state
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Vorticity in Natural Coordinates
m For 2D flow:

* Rg: radius of curvature of the streamlines
m The net vertical vorticity component is the
sum of two parts

— The rate of change of wind speed normal to
the direction of the flow - shear vorticity

— The turning of the wind along a streamline -
curvature vorticity




Shear Vorticity
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Shear and Curvature Vorticity

m Possible that curved flow may have zero
vorticity provided that the shear vorticity
is equal and opposite to the curvature
vorticity

(o)
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Lesson 12 Part 3

m Potential Vorticity

—Understand the assumptions and
procedure in obtaining potential vorticity

—Understand the applications
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Potential Vorticity (PV)

m Ratio of the absolute vorticity to the
vortex depth (n/h)

m Very powerful - it combines small (fluid
parcel) and large scale (flow)

m Can describe how absolute vorticity
changes over the depth of the fluid

1
Dt(h)

Derivation of Potential Vorticity

— Barotropic
— Frictionless

D owadv _dwdu
— + fiei e
Dt Grél (ax 0z dy az)

1 Dh
hot dadP dadP
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Derivation of Potential Vorticity

= Result: D (Z+f

)=

or
J+f
~———) =const.

)

—Where ({+f) / h is the potential vorticity

—Itis CONSERVED given an incompressible,
barotropic fluid and that there is no input of
vorticity due to friction

m Assumptions
— Incompressible
N o

Concept of PV 2t

)=

= If there are no frictional forces, then the PV of
a water column within a homogeneous layer
cannot change as it moves from one place to
another

= If a column changes latitude, an adjustment
must occur in the depth of the later (h) and in

B the relative vorticity ({) in such a way to keep

_. the PV constant
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Concept of PV

m Analog - Absolute angular momentum
— As the height changes the cross sectional
area of the fluid column also changes

« i.e. as h increases, the area decreases and the
column must spin faster

Concept of PV

m If h remains constant...
— And the water column moves zonally (i.e. f
stays constant), then { is constant
— And the water column moves meridionally

* From south to north, then f increases and Z
decreases
— The fluid gains more negative (CW) rotation
* From north to south, the fluid gains more
positive (CCW) rotation

E

Concept of PV

= If h increases (stretching), then ({+ f)
increases if initially positive

— Zonal motion: the fluid gains more positive
rotation

— South to north: f increases, but it is not
obvious what { will do

— North to south: the fluid gains more positive
rotation
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Concept of PV: Exercise

= If h decreases (contracts), then ((+ f)
decreases if initially positive
= —Zonal flow:  f=constant Z: decreases

Gains more negative rotation

— South to north: f=increases { : decreases
Gains more negative rotation

i
_. — North to south: f=decreases {: not constrained

10
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Concept of PV

m For large-scale interior ocean and
atmospheric processes:

{<<f s0 i:const.

— If hincreases, then the column must move
toward the nearest pole (poleward)

—If h decreases, then the column must move
equatorward
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Example

m Consider prevailing easterlies over a
north-south mountain range (NH)

Copyright © 2006 by John Wiley & Sons, Inc. or related companies. All rights reserved

Applications

m The deflection of the flow to keep f/h

constant is called topographic steering
— Equatorward over ridges

— Poleward over troughs

4 3 2 1

‘Air Column Depth
m, L wmsn] 1 1 1
Change in [(+] l I l I
Sign of T

- + +
Resulting motion

Equatorward Poleward Equatorward Poleward

Change in [f] l I l I
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planetary vortiity, / increasing

Applications

m Rossby Wave

potental vortelty 5 = constant

In moving north,
parcal gains nogative
(clockwise) reative vorfic Wave-form moves westwards
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