
Chapter 8: Simple Balanced Flows 

�Natural Coordinates
�Identify the terms of the horizontal EOM

�Balanced flows
�Know each; relationship to Ro; real world example of 

each

�Geostrophic
�Cyclostrophic
�Inertial
�Gradient



Horizontal EOM

�We will make some assumptions
�Frictionless
�L/a << 1  - enabling use of Cartesian 

coordinates
�Horizontal motion only (w=0)
�Speed is constant

�Acceleration is zero
�Only direction can change
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Horizontal EOM

�Resulting equation:

�Acceleration
�PGF
�Coriolis Force
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Natural Coordinates

�A Cartesian coordinate system based on 
the orientation of the fluid flow
�Coordinates correspond to axes parallel (  ) and 

perpendicular (  ) to the local direction of motion

�Why another coordinate system??
�Very advantageous in describing the 

acceleration term in our EOM
�The speed and direction can be examined separately 

in natural coordinates providing physical insight
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Natural Coordinates



Natural Coordinates

�R is the radius of curvature following the 
motion
�Positive when the center of curvature is in the 

positive    direction
� is positive to the left of the flow

�R>0: fluid particles turn toward the left
following the motion

�R<0: fluid particles turn toward the right
following the motion
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Natural Coordinates

�Acceleration following the motion is the 
sum of the rate of change of the speed and 
its centripetal acceleration due to the 
curvature of the trajectory
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Natural Coordinates

�PGF:

�Coriolis Force:
�Always acts normal to the direction of motion

�Horizontal EOM:
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Natural Coordinates

� In component form
�Tangential:

�Normal:
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Balanced Flows

� If we incorporate a small number of 
approximations, or idealizations, we can gain a 
qualitative understanding of the horizontal 
balance of forces in the ocean and atmosphere  

� We’ve seen that the hydrostatic balance 
(vertical), which assumes friction and coriolis are 
negligible, has only a 0.01% error when applied 
to synoptic scale motion

� Horizontal errors are somewhat larger, but still 
small enough to allow application to a large 
number of cases 



Balanced Flows

�Recall, our idealized case assumes
�Steady state flow (independent of time)
�No vertical velocity - only horizontal motions 

(w=0)
�Friction is negligible

�The result, in natural coordinates:
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Geostrophic Motion

�A flow in geostrophic motion is:
�Parallel to the isobars

�Isobars are straight (no curvature) 
�|R| → ∞

�Normal component reduces to:
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Geostrophic Motion

�Geopotential (Φ)
�Quantifies the work that is done against gravity 

to raise a unit mass a distance dz above sea 
level

�Mathematically:

�Our equation can now we written
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Geostrophic Motion

�Exact geostrophic balance requires 
straight line motion (|R| → ∞)

�Any amount of curvature represents an 
acceleration

�Scale:

�Let:

�However, for curved motion we need the V2/R 
term
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Geostrophic Motion

�Calculate the geostrophic flow at the 
surface of the Gulf Stream if the sea 
surface height increases by 1.4 m over a 
distance of 115 km at a latitude of 35N?



Inertial Motion

� The coriolis force and centrifugal force are due 
to the relative motion caused by the inertia of the 
fluid in the absence of a PGF
� This motion is called an inertial oscillation
� ~ 1

� Inertial oscillations are observed in the oceans, 
but very few, if any, in the atmosphere 
�Due to smaller velocities in the ocean

� The circle, of radius |R|, is the inertial circle
�The radius of curvature of parcel trajectories

Ro



Inertial Motion

�Assume no horizontal pressure variation

�Normal component becomes:

� and               forces are in balance
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Inertial Motion

� If the scale of motion is small:
�R ~ constant and f ~ constant
�The result is circular motion

�We have:
�V > 0 ⇒ fR < 0

�NH: f > 0 ⇒ R< 0 → curves right
�SH: f < 0 ⇒ R > 0 → curves left

�Result: fluid parcels follow circular paths in 
an anticyclonic sense

v = − fR



Inertial Motion

� If parcel speeds are constant, the time to 
trace out a circle of radius R - the period of 
oscillation (P) - is:

�“one-half pendulum day”
�The time required for a Foucault pendulum to 

turn through 180 degrees
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Inertial Motion

�Estimates of the radius

�Atmosphere: v ~ 10 m/s → R ~ 100 km
�Ocean: v ~ 1 cm/s → R ~ 100 m

�As φ ↑, f ↑, and |R| ↓
�As φ ↓, f ↓, and |R| ↑

R = V

f



Inertial Motion



Cyclostrophic Flow

�When coriolis force is negligible when 
compared to the centrifugal force

�Balance between centrifugal force and 
PGF
�Also assume tangential acceleration is zero
�Recall:

�For large Rossby (small horizontal scales 
of motion) we get:
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Cyclostrophic Flow

�The speed of cyclostrophic flow is:

�V2 >0, so 
�We get two cases:

�R>0 (left),

�R<0 (right),
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Cyclostrophic Flow

�Cyclostrophic flow can be cyclonic and 
anticyclonic, but must be about a low
�In both, PGF is directed toward the center and 

the centrifugal force away from the center of 
curvature

�Example - Is a tornado cyclostrophic?



Gradient Flow

�A three way balance between centrifugal 
force, Coriolis force, and horizontal PGF

�Horizontal frictionless flow that is parallel 
to the isobars so that the tangential 
acceleration vanishes
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Gradient Flow

�Physically:
�This is the case in which the forces normal to 

the motion - PGF and CF - are out of balance, 
which produces a centripetal acceleration

�General case of geostrophy
�It allows for acceleration due to a change in 

direction only

�This makes gradient flow a better 
approximation of the actual wind -
especially near troughs or ridges



Gradient Flow

� Solve for V:

� 8 mathematically possible solution, not all 
correspond to physically possible solutions

� V must be a positive real number
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Gradient Flow



Gradient Flow

� Regular low (                )

�Choose (+) root
�Baric flow: normal pressure force is opposite coriolis 

force

�A>0
�B>0 (always in NH)
�C<0 (to balance A and B)
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Gradient Flow

� Regular high (                )

�Choose (-) root
�Baric flow: normal pressure force is opposite coriolis 

force

�A<0
�B>0 (always in NH; balances A and C)
�C<0

R < 0;
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Gradient Flow

� Anomalous low (                )

�Choose (+) root
�Antibaric flow: normal pressure force is along the coriolis 

force

�A<0 (has to balance B and C)
�B>0 (always in NH)
�C>0

R < 0;
∂P

∂n
> 0
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Gradient Flow

� Anomalous high (                )

�Choose (+) root
�Baric flow: normal pressure force is opposite coriolis 

force

�A<0
�B>0 (always in NH; balances A and C)
�C<0

R < 0;
∂P

∂n
< 0

v = − fR
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Geostrophic versus Gradient Flow

� Geostrophic wind is:
�An overestimate of the balanced wind in cyclonic

regions 
�An underestimate of the balanced wind in anticyclonic

regions

� The difference between the two in mid-latitude 
synoptic systems is 10-20%

� Recall, 

�When            , v ~ vg

�When            , gradient wind is a better estimate of the 
actual wind than the geostrophic wind

Ro = V

Rf

Ro <<1

Ro ~1



Example

� Look at the 500 hPa heights to answer this 
question. The point marked by an x is at 43.3 N.  
The spacing of the height contours is 300 km 
and the radius of curvature is 800 km.
�What is the geostrophic wind speed at point x?
�What is the gradient wind speed at point x? 
�How does the magnitude of the geostrophic wind 

compare to that of the gradient wind?  Why are they 
different? Which is most accurate?



Summary

Cyclostrophic Balance

v2

R
= − fv − 1

ρ
∂P

∂n

Gradient Balance:
All 3 terms
Ro~V/fR

Geostrophic Balance
Ro<< 1

Inertial Motion
Ro~ 1


