
Equations of Motion in Spherical Coordinates Part One
SO414 (rev. 22 Feb 2010)

1 Introduction and Review

The applicable section of the text is pages 93-103.

1.1 Continuity

• Boussinesq approximation was to assume density variations are small
and inconsequential except when associated with gravity for nearly all
circumstances in the ocean and lower atmosphere. This allowed us to
write the continuity equation as:

∇ · ~U = 0

1.2 Mass and Momentum

• Newton’s Second Law related:

– The rate of change of absolute momentum following the motion
in an inertial reference frame to:

– The sum of the forces acting on the fluid

• Momentum = Mass times Velocity ~p = m~V = kg × m × s−1

• Mass = Density times Volume m = ρ × V = kg × m−3 × m3 = kg

• Force = Mass times Acceleration = Change of momentum with time:

F = ma = md~V
dt

= d~p
dt

= kg × m × s−1 × s−1 = kg × m × s−2 = N

• See why we frequently interchange the terms “Equations of Motion”
and “Momentum Equations?”

• Flux = Amount per unit area per time. For example, momentum flux
is:

kg × m × s−1 × m−2 × s−1 = kg × m−1 × s−2 = N × m−2

which is a ’force per area’.
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And mass flux is kg×m−2×s−1, which is consistent with our expression
for mass flux:

ρ~U = kg × m−3 × m × s−1 = kg × m−2 × s−1

1.3 Forces in the Equations of Motion

• Gravity (vertical EOM only)

• Centrifugal force (usually folded in with gravity and only applied in
the vertical component)

• Coriolis (has components in all three dimensions, but the vertical is
usually neglected; DERIVED IN PREVIOUS NOTES)

• Pressure Gradient Force (all three components; DERIVED IN PRE-
VIOUS NOTES)

• Viscous Forces (all three components)

1.4 The Plan

• Express the Equations of Motion in SPHERICAL FORM (because the
earth is a .........)

• Make some more assumptions so they are easier to understand and
use in different situations

2 Deriving Equations of Motion in Spherical Co-

ordinates

• Recall from the derivation of Coriolis in lesson 4 (see notes on non-
inertial frames of reference under the Lesson 4 folder on Blackboard)
that we developed an operator that can translate us from inertial (non-
rotating) frames of reference to a rotation frame:

Dinertial
~A

Dt
=

Drotating
~A

Dt
+ ~Ω × ~A (1)

where ~A is the motion we are trying to translate between frames of
reference and ~Ω is the angular velocity of the rotating system. (For
the earth Ω = 7.27 × 10−5sec−1).
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• For example, translation of your velocity on earth between the absolute
(non-rotating or inertial) frame and the rotating frame would be (using

~R as your position vector on the earth): Dinertial
~R

Dt
=

Drotating
~R

Dt
+ ~Ω× ~R

Then, treating the derivative of ~R with time as a velocity (~U), we have

~Uinertial = ~Urotating + ~Ω × ~R (2)

which is equation 6-24 in the text. This says that the absolute velocity
of an object on the rotating earth is equal to its velocity relative to the
earth plus the velocity due to the rotation of the earth. See figure 6.9
on page 94 ( of [2]) for a good visualization of how this fits together.

• So we see how the operator in Equation (1) works. We can now take
the velocity vector we developed in (2), and run it through the operator
in (1) to give us our accelerations in the rotating frame.

• Here our ~A is

~Ur + (~Ω × ~R)

Remember that taking the derivative of a cross product requires using
the product rule for derivatives - ’first times derivative of the second
plus second times the derivative of the first.’

d ~A
dt

= d~Ur

dt
+ (~Ω × ~Ur) + (d~Ω

dt
× ~R)

~Ω × ~A = ~Ω × (~Ur + ~Ω × ~R) = (~Ω × Ur) + ~Ω × (~Ω × ~R)

Which combine to give:

d~Uinertial

dt
= d~Ur

dt
+ (~Ω × ~Ur) + (d~Ω

dt
× ~R) + (~Ω × ~Ur) + ~Ω × (~Ω × ~R)

We can drop out the term differentiating Ω in time, since Ω is a con-
stant, leaving:

d~Uinertial

dt
= d~Ur

dt
+ (~Ω × ~Ur) + (~Ω × ~Ur) + ~Ω × (~Ω × ~R)

or, simplified further:

d~Uinertial

dt
=

d~Ur

dt
+ [2~Ω × ~Ur] + [~Ω × (~Ω × ~R)] (3)

Which says (and this is important to understand - this comes from
reference [1] explanation following that text’s eqn. 2.7):

The acceleration in a fixed inertial frame (like space) EQUALS
the acceleration relative to the earth (rotating frame) PLUS
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acceleration due to Coriolis PLUS Centrifugal acceleration.(We
could switch the sign on the last term and say “MINUS CENTRIPETAL
ACCELERATION” instead.

– We will fold centripetal/centrifugal term into gravity

– Friction will be designated F in some texts; we have already
defined it as ν∇2~Ur

– (Coriolis is 2~Ω ×
d~R
dt

= 2~Ω × ~Ur)

2.1 Newton’s Second Law /Equations of Motion relative to
Earth

• Recall that in lesson 3 we established that (from equation 6-6 in [2]):

D~U

Dt
+

1

ρ
∇P + gẑ = F (4)

• We can substitute everything on the right hand side of equation (3)
for the first term in equation (4) and get:

d~Ur

dt
+ [2~Ω × ~Ur] + [~Ω × (~Ω × ~R)] +

1

ρ
∇P + gẑ = F (5)

• Now we can dispense with the rotational subscripts, understanding
that we are in the rotational frame.

• We can rearrange equation (5) (and substitute in our more accurate
description of friction) to get:

d~U
dt

= −[2~Ω × ~U ] − [~Ω × (~Ω × ~R)] − 1

ρ
∇P + gẑ + ν∇2~U

and further, combine gravity and centrifugal acceleration into effective
gravity still represented by g, as that is accurate for most applications
(although the textbook indicates for max accuracy one would use grav-

itational potential ∇φ where φ = gz −
Ω2R2

2
) to get:

d~U
dt

= −[2~Ω × ~U ] − 1

ρ
∇P + ~g + ν∇2~U

• This boxed equation is the statement of Newton’s Second Law for mo-
tion relative to a rotating coordinate frame, stating that the acceler-
ation following the relative motion equals the sum of Coriolis,
pressure gradient, (effective) gravity, and friction.([1]):
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• We will need to break this into scalar components in spherical coordi-
nates in order to be useful for numerical prediction and analysis.

2.2 Spherical Coordinates Basics

• Instead of x,y and z, the coordinates are

λ, φ and z corresponding to longitude, latitude and altitude/depth
(from the surface of the earth.)

• Distance from the center of the sphere (center of the earth) to our
point of interest will be the radius plus z, or a + z. However, z << a

so we will usually assume a ≈ r where r is the radius of the earth.

• Conversions for velocity components to spherical coordinates:

u ≡ rcosφdλ
dt

v ≡ r dφ
dt

w ≡
dz
dt
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