Chapter 8: Newton’s Second Law
1.  Types of Forces

Two types of forces act on Fluids:

1.  Volume forces – Long rage forces capable of penetrating into the interior of the fluid and act on all elements.  


- Contact of an applied force on the object is not necessary.


- Also called body forces


Examples of body forces in fluid systems:

a. Gravity

b.  Electromagnetic Radiation

c.  Apparent forces due to coordinate system motion

2. Surface forces – Short range forces that act only on a thin layer adjacent to the boundary of a fluid element.  

· Surface forces are negligible unless there is direct mechanical contact between the interacting elements.

Examples of surface forces in fluids:

a.  Pressure Fields

b.  Friction

Provided the penetration depth of the short-range forces is small compared with the linear dimensions of the plane surface elements, the total force exerted across the surface element will be proportional to its area, 
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2. Newton’s second law of motion – conservation of momentum


Newton’s second law is expressed as the time derivative of momentum, 
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 (Momentum is not to be confused with the scalar pressure field, p)  . 
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Momentum is equal to the product of mass and velocity, 
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.  For the case of fluids, we prefer to deal with densities instead of volumes and the associated momentum density is 
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 and total momentum  is  
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 and Newton’s second law then takes the form:
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(1)
The net force in the above expression can be due to external forces such as those discussed in the first section.   After a little work and some subtle details to be discussed in next semester’s course, equation (2) is modified to the equality:
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(Recall that 
[image: image9.wmf]Dt

u

D

 is the material time derivate, 
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Deriving a conservation of motion equation is now a matter of mathematically expressing the various external forces that are applied to an arbitrary fixed volume in space. 

3. Pressure Forces –

The only surface force we will deal with this semester is pressure.  To quantify the effects of pressure in the equations of motion, we need to integrate over an arbitrary surface to find the force
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[image: image12]
The minus sign is purely a matter of convention due to the fact that pressure forces are directed on the surface of the object while the normal to the surface is directed outward.  These two directions are opposite to each other; hence the minus sign in equation (3).  Using Gauss Theorem
, we can relate the above area integral to a volume integral:
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(4)
Equating equation (4) to equation (2) we obtain
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(5)

The second integral is equal to 0.  There are two possibilities for this integral to be zero.  

I. The first is that there exists a unique boundary, shape or symmetry leading to the integral being zero.  As an example of these unique symmetries, we notice that  
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We know the above integral is zero because we are adding up an equal positive area to an equal negative area of the sine curve.  This possibility that there is unique boundary leading to equation (5) being 0 is too restrictive to our analysis since we wish for our result to be true for any arbitrary volume or shape.  This leads to our second possibility.

II. The second option is that the integrand itself is equal to zero for the entire domain.
This might seems like a trivial possibility but this leads to the exact result we are looking for:
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Equation (6) is often called Euler’s equation of inviscid motion.
4. Body Forces

Let us recall some of the pertinent body forces on the fluid:
1. Apparent forces: Apparent forces due to the rotation of the earth are important and will be considered in a later chapter.

2.  Gravitation forces:  These forces are important and their contribution to the equations of motions are obtained simply by considered the gravitational force equation
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G is the universal gravitational and has the value
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 has a constant value of approximately 
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The radius of the earth, 
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, can also be assumed to be a constant value of 6371 km.  Notice that 
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 will be significantly larger than any vertical height, z,  that we consider in this course and therefore it is safe to assume that 
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.  Equation (7) can then be approximated as

[image: image25.wmf](

)

(

)

^

^

^

2

k

dV

g

k

g

m

k

R

M

G

m

F

V

object

earth

earth

object

g

ò

-

=

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

=

r




(8)

Where g is the acceleration of gravity at mean sea level and has the value 
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.  Notice in the last equality that we integrate over a density field to find the mass since we are dealing with continuous fluid mediums instead of discrete mass objects.  

We now have all the contributions necessary to consider the dynamics of an incompressible and inviscid (frictionless) fluid in a non- rotating frame.  Recall from section (2) we derived an integral form of Newton’s Second Law in a fluid as
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Using the surface and body forces defined in equations (6) and (8)  for the external forces, we obtain an integral form of the equation of motion,
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The equality above must be true for every point in the fluid domain and thus the integrands must obey the equation of motion for an incompressible fluid in a non-rotating frame
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As a check of the equation of motion, consider a hydrostatic medium so that 
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  in equation (9) and we observe that the result is the hydrostatic equation, 
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,  as you have seen in physics or thermodynamics.  

It is often the case that the gravitational force in equation (9) is treated as the sum of all general conservative body forces for the problem. In this case, equation (9) will take the form  
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And the gravitational contribution to the total body force is represented as 
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Arbitrary Volume





� EMBED Equation.3  ���





� EMBED Equation.3  ���








� This is actually a vector form of Gauss theorem.  To derive this form of Gauss Theorem from chapter, 7, one must go through the same steps in the proof but consider a scalar quantity, p, instead of a vector, � EMBED Equation.3  ���.
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