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The 1 = constant surfaces are of the type

(a:2—|—y2)a2—|—z2ﬂ2 —_ CL2

The z = 0 cross-section is a circle; the x = 0 and y = 0 cross-sections are ellipses. The surface is an ellipsoid
of revolution around the z axis. The ellopsoids approach a sphere as ) — /2. The ¢p = 0 “surface” is the disk
2% 4+ y? < a?. The ¢ = 7 surface is identical to the 1) = 0 surface.
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In the y = 0 plane

For 1 = constant
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This curve is a circle of radius \/12 — a? centered at x = 1. Since ) is symmetric in x and y, the surface ¢ = constant
is the surface of revolution of this circle around the z axis.

In the limiting case ¢ = 0, a = 0 also and © = z = 0. The “surface” is the point at the origin. For v — oo, z — o0
for finite 22 4+ y? > 0 and 2% + y? — oo for finite z. Also, 1) — oo for finite z at = y = 0. The “surface’ ) — oo is
the union of the sphere R = y/22 + y2 + 22 — oo and the z axis.
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From the symmetry of x and y,
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V23 = (22 +y* + 2%)77/2{0} = 0.
Yes, v obeys Laplace’s Equation.
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Problem 1.5
F, =2zx F, =2zy F,=d?>+ 22— 2% —¢°
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z = 0 plane:
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Problem 1.6

rT—a x Y Y

F, = - F, = - F.=0

(x—a)?+y*> 22 +y? R O

dy  [(x—a)2+y?)? (22 +y?)?

oF,  2y(z—a) 2xy

Oz [(x —a)?+ y2]2 (22 +y2)2
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V X F = —4yi — 4z

¢ = 0 implies y = x tan ¢ = 0. The path lies entirely in the y plane so that n = j.
(.2 1) 2+a2
/(V x F) -ndA = / —4z)dA = / d:zc/ —4zdz
(02 1)z2—a?

(c2—1)z2—a?
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Problem 1.7
A= {z+ (2% + % + 22)V22 = {rcosf + r}1/?
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_ 2 2
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ar\? 90\ ? 00\
9op = Grr ((%)) + goo (&;S) + 94 (395)

= r2sin? 6

1 ()\2 _ /’62 2 1
~ 300 {1 G = (0 =00y
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x

1
2?4y’ 2 = (O 4 )’

1 1
22 + 2% tan? ¢ + 1(/\2 —p?)? = Z(AQ + p?)?
2

T
:>\2 2

cos2 6 K
T = A\l COS ¢
y = Ausinf

1

_ - )\2_ 2
z=5(A=p7)

(VX F)ij = Fji = Fi

s 10 (Y
v¢_¢§axi<ﬁ81j)gj

=197 + 2911/),3'9”

g g,
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ga _1f2 4 11 2 3N +
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Gu B3N
29 (AN +p?)
1 0% 1 0% L Py 3N+ 0y | 3P+ N 9y

2 _ - - s _
V= o TN 2 aE 205 T A D) 0N T a0+ 1) o
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2 2 2 2 2 2 1
_INVTRPAE ey YV L
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NP G/E ) Nsind 6/500 + 4?) A
TP =)+ 208+ d) TR @)+ 200+ ) T T8+ )
A2 2\ w2 4222

A2(A2 + p2) T 2 A2+ p2)
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©T 00 T ae 09
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Problem 1.8

¢ =tan"! g W= tanh™! 202 + y? ¢ = tan~! 2az
T x2+y2+z2+a2 w2+y2—|—z2—a2
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= xrtan 2+x2:7
y oy i
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Problem 1.9

€ =In(a? +y?) — 22

2z 2y
V¢ = , ,—2
§ (mQ +y2 22 + 2 )

1
n= §($2+y2)+z
Vn = (z,y,1)

¢ = tan~!

]|

—y T
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22 2y2
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£€-Vo R Ry
—y ry
Vi Vo = 0=0
n-Ve EERr Ry
2x 2y )
LA e - S Y\ g oAyl
0z; TR 2 +y? \a? +y2) w2 y? \2?+y? 22 + g2
21yZ T2ty?
oz, 2@ HYP D) ey -y
= 2 2 22442
aE; 2(_;2-1!_;51) +y24+1

1
ST ) 7Ry O
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Problem 1.11
L ay ay ay
59 \/ ay - ap \/ g%ag

e

- e L, 04
(8 - V)A = g" (8)o—

66 A
= ng 87; = Vg% A

IBAk
T 00

0B
(8- V)B = g% (d4)4 8;

¢ OB
= %qu = /9% By,

1 0By
"~ rsiné 0¢

x = acosh pcosf cos ¢ y = a cosh p cos @ sin ¢ z = asinh psin 6

0 0 0
izasinhucochos«ﬁ —yzasinhucosesincé izacoshusin@
ou ou ou

%:—acoshusinecoséﬁ 66_:a005h,usingsin¢ %:asinhﬂcos@
g—z;:—asinhucosﬂsinqﬁ g¢:asinhyc089cos¢ %:O

o\ dy 2 02\ 2
e = (a;) ’ (3#) " (EM)
= a?sinh? ji cos? 0 cos? ¢ + a? sinh? i cos? @ sin? ¢ + a2 cosh? psin? @
= a?sinh? ju cos? 0 + a? cosh? fusin” 0

e 2 . ay 2 N 9z 2
9o = ¢ 6 ¢
= a®sinh? ju cos? O sin? ¢ + a? sinh? i cos? 6 cos? ¢

= a®sinh? jucos? 0

oz \ > Jy 2 9z >
w=(5) +(3) (%)
= a® cosh? pusin® 0 cos® ¢ + a? cosh? psin® @ sin? ¢ + a? sinh? yu cos? 6
= a® cosh? pusin® 6 + a? sinh? frcos? 0
= a®sinh? pusin® 0 + a? sin? 0 + a? sinh? ju cos? 6
= a?sinh? pu + a?sin? 0

19



0A

- 1
ag-V)A =
G- V) ay/sinh? i + sin? 0 o0
(8- V)B = : OB

asinh pcos@ O¢
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Problem 1.13

{(V x (V)Y = g7V2 (uw 1.) 5
{V x (uVv)} = g7V25% (u ju g + v ij)

{V x (qu)}i = gil/zeijku,juk

V x (UVU) = = ({962 863 853 852 ’ 8&'3 351 851 853 , 851 852 852 afl

1 (8u Ov Ou Ov Ou Ov Ou v Ou Ov Oou Ov
N/
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Problem 1.15

_ a? _ a’sin? 0 _
ge0 = (cosh p — cos 6)2 ot = (cosh pu — cos )2 I = 900
o 1 1 [coshp —cosf\? —2a?sin 0 —sind
Loo = 597 900,0 = 5 3 (=
2 2 a (cosh 1 — cos 0) cosh  — cos 6

1 1 [ cosh yu — cosf\?
Fg¢ = —9" 900, = B (u ) (0)=0

2 a
o _ 1 g9 _ 1 (coshp—cosb 2 —2a? sinh ;1 _ —sinhyp
on = 59 99u= 5 a (cosh p — cos@)3 | cosh p — cos @

o _ 1 4o 1 (coshu—cosf > —2a2sinf cos b 2a%sin® 0 ~ sinfcosh y —sin6
00 = 99 9060 =75 a (coshp — cos@)2  (coshp —cos)3 [ cosh p — cos 6
0 _

o 1 0 ) = 1 (coshp—cosf\? 2a? sin 6 B sin 6
= 99 Juwd) =3 a (cosh p — cos@)3 | cosh i — cos®
o _ 1 60
Ty = 5977 (=g60.6) = 0
e _ 1 s 1 (coshp —cosf 2 2a? sinf cos § 242 sin® 0 B coshpu—1
09 = 29 96907 3 asin @ (cosh p — cos@)2  (coshp —cos@)3 [ sin@(cosh u — cosf)
¢ _
Iy, =0
o _ 1 g0
Lo = 597°906,6=0
e _ L o 1 (coshp —cos@ 2 (—242 sin? @ sinh p B sinh p
on = 99 9eonT 5 asinf (coshp —cos@)3 | coshp — cosf
o _ 1 g0
Fp,p, = Eg <_gMM7¢’) =0
o 1 o ) = 1 [coshpu —cosf\> 2a? sinh B sinh
66 = 99 Jooon) =5 a (coshp — cos@)3 | cosh y — cos @
T, =0
L Lo 1 [coshp — cosf 2 —2a%sin 6 sin 0
Lo = 59" Guuo = 5 - 3 (T s -
2 2 a (cosh 1 — cos 0) cosh p — cos 6

22



1 1
Doy = 59" 960 = 5 <

cosh y1 — cos 9) 2 { 2a? sin? @ sinh p } sin? 0 sinh p

a (cosh 1 — cos 0)3 B cosh p — cos 6

1
Tou = 59" 9uns =0

2
1 1 [coshpy —cos@\? —2a?sinh — sinh p
TH = —ghtg - —
B2 ) a (cosh pp — cos )3 cosh u — cos 6
0 0 ol 0 o —sind —sinh p
0 _ re. — M
fo=To+ Mo = ot/ cosh p — cos 6 +/ cosh . — cos 6

sin § — sin f sinh p

6 __ rb amld _ 0 ¢
= Loy =
f,¢ f,¢+f ag f7¢+‘f cosh pt — cos 6

0 0 o 0 sin ¢ o —sinhp
0 re - g
F = Lot I o+ cosh ;1 — cos 6 cosh pt — cos 6
coshpy—1

fo=Tet [ Tag=Fo+ ] sin 6(cosh 1 — cos 6)

¢ _ pb o papd _ b o o coshp —1 . sinhp
f; f’¢ I ad f’¢ +/ sin f(cosh p — cos 0) cosh pt — cos 6
sinh p

¢ _ £o ap¢  _— f¢ o TP
f;p, f,u+f ap f#Jrf cosh p — cos 6
sinh p u sin ¢

B i aF# — fH H
0 f79+f af f,a*f Coshu—cos@Jr cosh p — cos 6

.2
sin” @ sinh
no_ pp QFIJ/ _ fH ¢u
ot f’¢+f ad f7<¢>+f cosh . — cos @
ino — sinh p
o= fH o fOTH iy g0 = .
f,u f,u+f ap f’“—i_f coshufcose—’—f cosh p — cos ¢

1
T = Apcos o y = A\using 2:5()\27,112)

or oy . 0z

a—ucosqb aA—usmqb ﬁ_A
oxr oy | . 0z
@—)\COSQ& E—ASIHQZ) a’u——/l
or ) oy 0z
9% Apsin ¢ 8¢)_>\MCOS¢ 6(;5_0

B % 2 + @ 2 + % 2
922 =\ aa E)) B3\

= p2cos® ¢+ p?sin? ¢+ N2 = p? + A2

B % 2+ @ 2+ % 2
Jup = au 8“ 8“

=22cos? p + AZsin? ¢ + p% = A% + 2

B 37x 2+ @ 2 (82 2
9¢¢—(3¢) <8¢>> - 8¢)

= \2p2sin? ¢ + A2p? cos? ¢ = N2
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1 1 1
= Lo _ 1 _ A
AA 29 GroN 2 (,LL2 I )\2> (2A) - NQ + )\2
1 1 1
ISP _ 1t __H
)\H 2g g)\)\au 2 <,[l2 + )\2) (2:u> - )\2 +/u'2
1
A
I3 = §9M£JM,¢> =0
1 1
| P U ( A
L) HOAT 9 \ 12 + A2 ST
A
F/L¢ = O
1 1
A Loan ’
g6 = 59" 9002 = 5 ( 2 ) (G2 -
2 \ 2+ A N
1 1
Fi,\ = -g""(—gx 5 ! 2= N
2 n) 2 u2+)\2 )\M)_u2+/\2

1 1
b
D = §9W9##7>\ =3 < > = 12+ N2 )\2 [y =0
1
Fﬁu 2g““gw,u = 2 ( 2) 112 + 22
0

1
no_
Lo = §g”“gwy¢ =

1 1 1 2
TH — —ghu — —A
he = 59" 900, < —2)\%p) = .
2 O} 2 MQ )\2>( ANJ) M2+A2

& 1
FAA = §g¢¢( g/\)\ad>) 0 Ffu =0
1 1 1
¢ _ Llgee, 1 2
o 29 IphrA 2()\ Mg)@)‘/‘)
1
¢ _
F,LL[L - §g¢¢(7gp;u¢) 0
1 1 1
¢ —1.es 2
o = 39" 906 = 5 (/\ /ﬂ) (W) =
6 1
F¢¢—§g¢¢g¢¢ =0
= oA = A ——
f)\ f/\+f al f)\—"_f 2+)\2 f/lu2+)\2
A _ A apA A o~
i f,¢+fra f +f 2+)\2
FA= DA I = P+ P P
v w = Fou + f M2+>\2+f 2+ 22
6 _ tb  ta 1
FA= I3+ 1T = 5+ 105
o _ po o 1 1
£ =0+ foTo, =15+ ka+f“;
¢ _ 1o 1
f;u_f’u"'fargu:f,q;"’_fd);
fho= Ao+ foT = A PP . A
A T T =+ f 2+)\2+f‘u2+)\2
1 @ —Np
7¢_f +fFa¢_fN+f¢ 2+)\2
B = fr 4 fOTE = fH A H
=St o=+ f 2+)\2+qu2+)\2
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Problem 1.23

2 (n w? —k* 0 i
— Y R S o N A I
dt Y3 0 —k* w? Y3
w2 —k? 0
—k* WX =k | = - N{ =N -k - PP -0} =0
0 k2 WwZ-
(W2 =N {(? = N)?—2k*} =
)\1 = w2 )\273 = w2 + k2\/§
Oe; —k262 +0e3 =0 X
—k?e;  +0e; —k%e3 =0 s
A = w? Oe; —k%es +0e3 =0 e, = 0
€y — 0 %
€3 = —€;
Fk2V/2e —k%es  +0e3 =
—k?e; :sz\/EGQ —k%e3 =0 1
Oe —k%e; +0e3 =0 2
o2 = w2 + k22 1 2 3 R V2
23 =W V2 e = T2, €21k2v/2 :Ff
es = TV 2e3 2
€3 =¢€;
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Problem 1.31

—p 000

B 0p 00O

Tw=1 00po

000 p
vy =By 00 p 000 v =0
By v 00 0p0O =By v
0 0 10 00po0 0 0
0 0 01 000 p 0 0
vy By 00 —py pBy 00
_| By v 00 -pBy py 00
0 0 10 0 0 po
0 0 01 0 0 0p

—py? +pB** pBy* —pBy* 00
pBY* —pBy: —pB* +py? 0 0

w = 0 0 p 0
0 0 0p
1 1
=0.8 = =~ =167
p TS o 06

G2=064 A% =278

—2.78p+ 1.78p 1.78p— 1.78p 0 0
| 178p—1.78p 1.78p—2.78p 0 0
w = 0 0 p 0
0 0 0 p
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Problem 1.32

For a Lorentz boost along the z-direction,

For a space rotation (¢6)
S _ cos2 —3(¥+¢) gin 2 —5(¥=9) %
- *Sln é(d) ¢) COS é(w“ﬂﬁ)
For the space rotation followed by the Lorentz boost,

S/: 6_% 0 COS26 2(1/1+¢) Sln26 2(#1 ®) S//
0 e —sin Qez(w*@ cosiez(dﬂﬂb)

g _§_ cos Je~z(atiotiv) in *%( +ip—ig) g
7\ —sin 262( atiy—i¢) cos § 0 o3 (atiy+ig)

N}
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Problem 2.1

Assumptions: adiabatic gas behavior
constant tension membrane
constant density membrane

PV = poVy'
p=pVo V"

Ap = —poVg VTITIAV

Vol AV
Ap = — -0 ="
D YPo V'V
AV = / ¥ dA
p
= —— dA
P v / G
Speed of sound under adiabatic conditions: ¢? = P
p
2
pe
—— dA
\% / v

Newton’s second law for a differential of area:

2

ocAxAy 88? =TAxzA % + TAyA % + ApAzAy

2 2 2
anAy%;f—TA Ay g—2+TA Az g—w—ﬁA Ay/z/;dA

o 0% a%p 0%
T 0t2 oy? 5’:172 /d}dA

Lo _ 9% 0%
Eor - oE o /WA
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Problem 2.4

The mechanical equation is

1
p(?%+p(v-V)v:—Vp+EJ><B
J =0E

pg—:er(v-V)v:—Vp—s—%ExB

1 /0D 1/ OE

_ (D
VxB—C<at +47TJ>

Inside a conductor,
E = —47P D=E+47P =0 D=¢E e=0

Ao

VxD= E
C
E= - VxB
Ao
N v Vv = -Vp+ IBx —VxB
Par 77 N LA Ao
av 1
p§+p(v~V)v——Vp+meVxB
%—]?:chxE’

E’ here is the field as seen by a stationary observer. The relationship J = oE is valid as seen by an observer moving
with the fluid, obtained through diffusion analysis on the force equation F = pE. In the moving frame,
F = oE + 2v x B, so that

c

O R
ag C
6)B:—CVX{IJ—lva}
ot o c
B _ _vx{  vxB-lvxB
ot Ao c
B vx(vxB)- ¢ v VxB
ot dmpo
B i (vxB)+ < v
o drpo
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Problem 2.5

From the continuity equation,

861

- VI

J = drift flux 4+ concentration gradient flux

9c1
ot

= —c1v — AIV¢
vV = BlF = BlQE = —BlQV¢
J = —c1B1QV¢ — A3V

% = -V-J=A%V%c, + BiQV - (1V9)
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Problem 3.1
(a.)

pi—H-PQ+K=5 5=25(q,Q,1)
. d . .
pQ7H7%(QP)+QP+K:S
. . . d
pq—H—l—QP—I—K:S—I—%(QP)

pi—-H+QP+K=5 S =S8+QP

pdg+ QdP + (K — H)dt = dS’

05’ a8’ 05’
pdq+QdP + (K — H)dt = dq + +

g or ot
0’ 0’ 0’
r=%, Y=ap K-HY
(b.)
S = qP
Py P 09’
= = P = = =
P="5q @=5%p~9 5 =0

’
K=H+aai=H Q:q P=p

The new coordinate and new momentum are identical with the old.

(c)

S" = qP + €T(q,P) = qP + ¢T(q,p) e<<1

_875/—]34_82 Q—aisl— +8£
P=%¢ =1 T % “op 1T %P

oT oT oT
Pop=pP—(Pt+et)=_& _g=gtez _
P ( +eaq) eaq Q q—l—eap q

Af=fPQ) - f(p.q)

Af=f(p,q)+%(P—p)+%£(Q—q)—f(p,q)
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N (‘%f)*af <€3T>:6{W3T_3J‘W

- Op dq \ 0P dq Op Op Iq
Af =elf,T]
Apply this to the Hamiltonian
AH = ¢[H,T]

If the Hamiltonian is invariant,
AH =0 =¢H,T]
Since € is arbitrary,
0=I[H,T)

and T is a constant of the motion.

(e.)

R —r = exr = (—ey,ex,0)

P — P =€eXp = (_epyaepxao)

T
Xfx:fey:ea—
Ops
oT
Y—yZE.’E:Ei T:_ypz+xpy+f(xvyvz)
Opy
oT
Z—zzOzeapZ
oT
P:v_ r — — = —€5—-
p Py “or
oT

Py_py = €Px = _Eaiy T:xpy_ypz+g(pwapy7pz)

or
szpzz():feg

T =ap, —yp: = (r xp). = M,
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Problem 3.2

to to df to to dF
L' dt = L+—) = L —
/ dt / ( + dt) /t dt + /t1 T dt

t1 t1 1

F>

tz t2
/ L’dt:/ Ldt+/ dF
t Fy

t1 1

tz tg
/ L' dt = / Ldt + F(ty) — F(t1)

t1 t1

ngUﬁzaija+ﬂ@wg_Fum

to to
) / L'dt=9 / Ldt
t1 ty

d[F(t2) — F(t1)] = 0 because no variation is allowed at the endpoints. Minimizing both sides of the last equation

yields

oL _d (LY 0L _d (0L\
ot dt \ ot ) ot dt \ox )

and the form of the Lagrange equations is unchanged.

For a non-relativistic particle in an electromagnetic field,

T = —-mv

V=c6—=(v-A)

and the simplest Lagrangian is

1 e (dr
L—T—V—§mv —€¢+C(dt A)
1, e (d dA
L—T—V—§m’u —€¢+C<dtr A—I' dt)
1 e dA ed
LfoVfimv fe¢ff~ﬁ+ga

The last term may be discarded as a total time derivative.

1
L=T-V=-mv?—ep—-r- -

c, [0Adr  0A
2 c or dt ot
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L:T—Vzmv2—6¢—er~{VA-v+aA}
c ot

a—L:mv—gr-VA:p
ov c
H=p-r-L
er.-VA\? er.-VA
H=p-r— lm pt.r-va —eqﬁ—gr- VA - pt.r-va +87A
2 m c m ot

2 er. VA
H=p-r-o—(p+°r-va) +e¢>+er~{VA~<p+cr>}+er OA
C C m

2m c ot

Mo (P L (o S a) - (B TA)- (o0 e

+% (gr-VA)-(p—i-zr-VA)—&-zr-%—?
H:%-(p—kngA)vL%(zr-VA)'(p+Zr-VA)+e¢+§r~aa—?

1 2 0A
2m c c ot
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Problem 3.3

I:/V/tLﬁdgldgzdggdt

The Lagrange-Euler equations are applied to L,/g:

0 g 0 g 0
%(L\/@ " e %(L\/g) T o aTL(L\/@ =0

oL 0 _or oL
You v V9w, V9ot o)
OL 1 0 oL oL
a0~ Vaoer VI ov. T ot 9y
If L = (V4)?, then in cartesian coordinates,
L =691
OL oL g oL
T = 0 e 261‘7 1 —_— = O = 1
7 o X gy Ve
oL s
——— (269 ;) =
83;" ( 11[},]) 0
—2694 4h ;=0
—2V%) = 0
Since this in an invariant statement,
L=g9;
oL OL . oL
_ = 0 = 2 K i —_— = 0
o0 o, 0 Gy
1 9 .
—— g (29"¢,;) = 2V =0
NG V9 (297 ;)

V9 = hihahs
gz] — H(hi)_2
=1

3
1 0 hihghs 0O
V2 = : :
v hihohs ; ot 3 2 og

7

i=1
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Problem 3.4

MHVA — THV A _ HA LY
MW)\;M = TW;/@)\ + TWIA;M - TM;MIV - Tu)\;uzy - T’”‘x”m
M,w,\;# _ T‘“’;Ha:’\ _ T“’\;#x” I ROy
™., =0
MW/\;M OV £2)
THA — TAR
M#2, =0
M, = 7Mit/)\;i
T+ = T
AR — pAngy Ay
MG — g A
T4 = P = i component of momentum density
M* = PigJ — Pigt = k component of — P x R
MW =RxP), i#jFk
M*J = angular momentum density

H = total angular momentum

H = / dv M"Y

dH 0 4ij oM™ kij

g dH
If the system is closed at a finite distance, T% = 0 there and s 0 or, total angular momentum is constant.
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Problem 4.1

/2” sin? 0.6 _7{ (%)2 dz
0

a+bcosh a—i—b(%) iz
/2” sin? @ df ]{ 2% — 222% + (2%)? d
= 2
o a+bcosb (—24)(b2% 4 2az + bzz*)
/27r sin? @ df ]{ 22+ (29)? -2 d
= 2
o a-+bcosl —2i(bz2 + 2az + b)

27T « 2 2 *\2
0do é -2
/ sin 2%+ (2%) &
0

a+bcosh —2ib(z+$+\/ﬁ> (z—i—(g— Zz—l>

2
= % +14/ 2—2 — 1> 1if a > b so that the only pole inside the contour is z = g

/27r sin? 0 df ) 22+ (2%)2 -2
——— =2mi
o a-+bcosf o a =
( QZb) <Z+ b + b2 PN

2
2(—2¢4,/% 1) —2
/27r sin®0d) o« < btV >
a+bcosh b a2 a a?
0 +y -1+ /1

2 2
/2“ sin0df 27 g7 — g\ r 11
0 /Zé_l

a
b

a-+bcosb T

27 2
sin® 0 dO 2 a? 2am 2w
Bl A LY B S TRV IN LI (LI (A - B 1)
/0 atbeost vV TR TR (o~ Ve =)
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Problem 4.3

/°° cos x dx B /°° 1 €T 4 i de
oo (@2 a?)(22+02) ) 2 (22 +a?) (22 + b?)

/°° cosx dx _/°° 1 e dx+/°° 1 e~ de
Coo (@2 a?) (22 +02) oo 2 (22 +a?) (22 +1?) —o 2 (x% +a?)(z? +b?)

e cos T dx > 1 et 9 e—i(=u)
[N LY R e et | o 2 (P ) () 1Y

i

/°° cosx dx 7/°° 1 el der/fool —e
oo (2 a?) (22 +02) o 2 (22 4 a?) (22 + b2) o 2 (u?+a?

d

J(uZ +02)

/°° cosz dx 7/00 1 e dx+/°° 1 e I
L TrA@ ) 2 @@ D) w2 @ T+ )

/ * cosx dx / > et d
= x
oo (@ + @) (@2 +0?) oo (2% +a?) (2 + 1)
Close the contour with an infinite half-circle in the upper half-plane, whose contribution to the integral is zero.

o cosz dx et e* dz
/_oo (2 4+ a2)(x2 +b2) f (22 + a?)(2%2 + b?) dz = 7{ (z —ia)(z 4+ ia)(z — ib)(z + ib)

<1 cosz dx ‘ ‘ .
/—oo 2 (22 +a®) (22 +b2) 2mi { f1(ia) + f2(ib)}

h= (2 + ia)(z — ib)(z + ib)

f2= (z +ia)(z — ia)(z + ib)

o0 cos z dx ) e~ia e~
= 2mi - + —
oo (% +a?)(x? +b2) 2ia(b? —a?) = 2ib(a® — b?)

e cosx dx o ﬂ n e
oo (@24 a2) (22 +02) a2 -0 | b a

For a =b, Re a > 0,

/OO cosz dx _]{ e dz _% % dz
. (x2+a2)2 - (22+a2)2 -

(z —ia)?(z + ia)?

o cosx dx . e
/. v e o
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e?,Z

f(z) = Gtia?
ie”(z +ia) — 2%
(z +ia)3

f'(z) =

ie”*(2ia) —2e7® e %a+1)

f'(ia) = (2ia)? T 4a%

2 +a2)? 2a3i

/°° cos x dx w(a+1)e @
—oo
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Problem 4.4

2m
/ 5% cos(nh — sin 6) df =
0

2m
/ e9 cos(nf — sin 0) df = /
0 0

2m
1 P w .
/ ecos@5 (eznﬁ 7.51n9_|_e zn9+1sm0) do
0

27
1 . s . -
5 (eznﬂ £Cos 0—isin 6 efzne eCos 041 sin 0) do

2m 1 e an Z(%\n
/ % cos(nf — sin 0) df = 7{ Let ter(z)" dz
0

2 12

1 1 1
=+ =] ==
(n! n!) in!

2m 1 e om zZ(*\n
/ e3? cos(nf — sin 6) df = j{ - w dz = 2mif(0)
0

2 1 2
/ % cos(nf — sin 0) df = 2mi < ) ==
0

2 12

in! n!
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Problem 4.5

2a—1 T i0\(2a—1) ) 00 2a—1
f{ _d:= lim (e e gp / L s
GG Tk, G =it + 1) o D)

The only pole within the contour is z = i. The line integral along the half-circle at p — oo is zero.

ZQafl ) oo I2a71
?{ GGt dz =2mf(i) = Lw 7x2+1d9:

2-2(1—1 0 :L,Qa—l oS] w2a—1
”{ 2 } /_OO:U?H x+/0 2241

0 —p)2a—1 o0 p2a-—1
m(—1)%(i) 7! /(oo)((—x))“rld(xH/o F_Hdl’

® (1 2a—1,.2a—1 oo .2a—1
—im(—1)7 = / (D™ zme da +/ X
0 $2 =+ 1 0 .'1','2 + 1

00 x2a71
—ir(—1)* = (1 - (71)2“)/0 o dx

. iTa 2ima > x2a—l
—ime :(1—6 )/0 mdw

o0 y2a-l —jmetTa —iT
O €T _l’_ 1 1 _ el Ta 6_7/71'(1 _ elﬂ'a

/°° x2a-l dr — i _ /2
0

.’172 +1 eifra _ e—iﬂ'a (eiﬂa _ e—iwa)/Qi

o g2a-l /2 T
5 dr = — = —cscma
o z°+1 sinma 2
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Problem 4.6

/°° 22 dx +lim /7r (pe'?)2ie?? do B j{ 22 dz
oo (14 22) (1 =22 cos + 22)  p—oo Jy (14 p2e2i9) (1 — 2peif cos + p2e2i0) | (z—i)(z+14)(z — eif)(z + ei9)

The line integral along the half-circle at 400 is zero. The poles within the contour are z =i and z = €.

* 22 dx )
/oo (1+22) (1 —2xcosb + x?) = 2mi (f(l) + f(ele))

/°° 22 dx _ o i? n et
o 122 (1 —2zcosf+a2) T\ 2i(i — ) (i — e=9) T (e — i)(eid 1 i)(ei? — e—9)

/°° % dx o -1 n 21
oo (14 22) (1 —22cos6 + 22) o 2i(—1 —ie?® —je=® +1) (2 4 1)(et? — e~)

o 22 dx i e’
= 2mi - - . - - -
/700 (1+22) (1 —2xcosb + z2?) m { 2(—1) (e + e?) * (€0 + e=10) (e — e—10) }

/Oo % dx 9 -1 N e'?
=27
oo (L 4+22) (1 — 22 cos0 + 22) 4cos®  4dicosfsinf

/°° 22 dx _ ™ 71+Cost9'4.rz‘sin9
oo (1+22) (1 —22xcosf +a22)  2cosb isinf

o z?dx i _ ™
/oo (14 22) (1 —2zcosf + x2) 2C059{_ZCOt6} ~ 2sinf
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Problem 4.7
O zodr B O (=1)*z*d(—x) [T (1) dr
[m (1+a22)2 /oo 1+ (-2)2)? /0 (1 +22)?

—1)%x% dx z% dx . g 67;9 “ieio do 2%dz
( P
4 4 lim =
0 (1 .’132)2 0 ( (1 22)2

14+ 1;2)2 + p—oo /g (1 + p262i9)2 B
The line integral along the half-circle at p — oo is zero. The only pole within the contour is z = 1.

© xdx 2%dz .
1+ 1) [ G5 = e = 20

20— 2% (a—1)i* a-1,_
/ _ _ _ a—3
PO =—gs =" =~ 1"

) [ g = o (i) = T e

ira

/°° z%dx (a—1)mi* 2 (a—1)me 2 (—1)
o (

L+a22)2  2(14ema) — 2(1+eima)

/°° x®dx (1—-a)r  (I—a)m
o (1+22)2 4{e“{,a+eig“ } 4cos(%E)

2

43



Problem 4.10
/°° " %dx B /OO z=(e=D-1qg
o l1+2rcosf+az2 J, 1+2xcosh+ z2

/ h v " dv = T x residues of all poles of _ =
o 1+4+2zcosf+x2  sin{—(a— 1)} P a+ 2z cosf + 22

224+ 2zc080+1=0

—2cosf ++/4cos?20 — 4
z =
2

2= —cosf +isinf = —et?

/oo 7% do B T (eie)—a N (e—w)—a
o 1+2rcosf+a2  sin{—(a—1)7} | —€ +e-0 = —e=if 4 cif

oS} 7% d T _e—ia0 + eia@
o 1+2xcosf+2? —sinarcosm+cosarsinm | e —e0
e x~%dx 7w sinaf
o 142xcosf+2x2 sinar sinf
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Problem 4.12
/ cos(pz) — cos(qx) _ lim/ cos(px) — cos(qx) i
—0o0

x2 £—0 x? — &2

—0o0

/ cos(px) — cos(qx) _ lim/ cos(px) de — lim/ cos(qx) e

From the previous problem,

. > cos(px) T .

/°° cos(px) —cos(gz) _ . {_Wsin(pf) i 4 7 50gE) dx}
a2 €0 £ £

— 00

oo . o
/ cos(px) 2cos(qav) — lim
e x €0

_Wpf—pzfs—l—... qg—q2§3+...
3 3

* cos(pr) —cos(qx) . B
[ et Ly

— 00

/°° cos(px)x—zcos(qx) — r(g—p)

— 00
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Problem 4.13

i eiz+iy)
IO oG+~ Gritar ) @ity
iy i ) i+ )

(% + (e +9)?) (2% + (b +y)?)

e ¥(cosz +isiny) {(2? — (a+y)(b+y)) —iz(a+b+2y))}

f(z) = (22 + (a+1)?) (22 + (b+y)?)
(s y) = e Yeosz (22 — (a+y)(b+y)) + e Vasinz(a+ b+ 2y)
y (132 + (a ¥ y)Q) (IQ n (b T y)2)
w(2.0) = cos:c(x2 fab)) + xsinz(a + b)
( ,0) - (172 + a2) (1:2 ¥ b2)
o(z,y) = e ¥sinz (2?2 — (a+y)(b+y)) —e Yacosz(a+ b+ 2y)

(% + (a+9)?) (@* + (b +y)?)

sinz (22 — ab) — xcosz(a + b)
(z% 4 a?) (22 + b?)

v(z,0) =

* —(z? —ab)sinx + (a + b)z cos * v(z,0) — v(0,0)
de = — —dx
oo z(2? + a?) (22 4 b?) oo xz—0

/OO 7(1'2 —ab)sinz + (a + b)z cosx dr = —7u(0,0)

x(x? + a?)(z? + b?)

/°° —(xQ—ab)sinx+(a+b)xcosxd _ ab
o z(x? 4+ a?) (22 + b2) =T

/Oo —(2% — ab)sinz + (a + b)z cosx e
. x(x? + a?) (22 + b?) ab
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Problem 4.14

The MacLaurin series expansion of tan~' z is

tan_lx—x—x——kx——x——&—
B 35 7 7
1 1 z?2  at 2b
“tan Tl =1-— "4+ — 4.,
an " x 3 + 5 7 +
1— —tan lx*x—zfﬁ+$—6+
T 3 5 7T 7
1 1 1 1 x? x4
$2<1—tan x>=3—5+7—
1 1 22zt 2zt
1+ 22 l——tanla)=- -+ — ... -+
(—HU):U?( — tan x) 5—1—7 +3 5+
1 1 222 224
1 H=(1-=tan"! =4+ ——-—
(1+27)5 ( an “T) 3715 35
1+ a? -1 1
lim In o 1—tan ac =In|{-)=-In3
z—0 1’2 x 3
1 1+22 tan~!
The integrand . In { (—;) (1 — anZQ Z) } has a first-order pole at z = 0. It is otherwise analytic throughout
the region —1 < Im(z) < 1.
1 1 2 —1 1 2 t —1
fln{< +2Z><1_tan Z)}dz:%’ilimln{( +22><1— an Z)}
z z z z—0 z z
co—iff 1 2 tan—! —oo+if q 1 2 tan—1!
/ ln{< +2‘Z><1 a Z>}dz+/ ln{( +f)(l a2 Z)}dz2m'ln3
—co—if Z z z cotif 2 z z
co—if3 1 1 2 tan—! co+if3 1 1 2 tan—1
/ 1n{< +22><1 a Z)}dz/ 1n{< +22>(1 an Z)}szm’lni%
—co—if ? z z —ootif ? z z
co—1if3 1 1 2 —1 —(c0—13) 1 1 _\2 —1/_ o/
/ ln{( +2z)(1_tan Z)}dz:/ : ln{< +(/22)>(1_tan (/2))}d(—z’)
—oo—if # z z —(~oo—ip) (—=2') (—=2') (=2')
co—if3 1 1 2 t —1 —oo+i03 1 1 12 t —1 7
/ Zln{( JZF; > (1— anz Z>}dz:/ ;ln +/22 (1— anZ’ Z> dz’
—oo—if oco+i3 z
co—1if3 1 1 2 t —1 co+1i3 1 1 2 t 1.7
/ ln{( +22><1_ an Z)}dz:—/ LW —|—2z (1_ an/z) ds
—oo—if ? z z —ootif ? 2! z
omif ] 1+ 22 tan~! ookl 1+ 22 tan~!
/ m{( +2Z><1 an Z>}dz/ m{( +22)<1 a Z)}d22w1n3
—co—if Z z z cotif 2 z z
comif g 1+ 22 tan~!
2/ ln{( +22)<1— a2 Z)}dz——lenS
—co—ifB ? z z
1 [ 1+ 22 tan~! 1
- —In +e 1-— an dz=—=1n3
270 ) _oo—ip 2 22 z 2
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I(z) =

0

Problem 4.15
QEELUIF TS {/O i dt+/iMd(z+€ew)+/m f(®) dt}

t—2z e—0 t—2z z—i—eel@)—z etz
. z—¢ t 0o t
) = lim fz—i—;e iee'? dO + lim / f()dt+/ f()dt
e—0 eet e—0 0 t— 2z ot t— 2

I(thm/ {if(2)d0 +if'(z)ee®dd+...} +P REAGI

0 t—=z

I(Z>=if(2/ d@—i—hm@e/_ﬂf )e' df + .. _,_p/

= 0,

0 t—z

I(z) =inf(z)+ P

48



Problem 4.18

o0

I'(3)(—
UOEDY ra —|—2n)F(

n=0

Z)™
1

3~ 1)
The radius of convergence is

R= lim " — lim 2
n—00 apty  n—oo L1+ n)I(5 —n

(3 (-1 (3 (-1
)/r(

1 ra (-3 -
R= lim = (—)dtmrin) > 1n)
S Di+n)  (G-nli(-i-n)
1
R=lim —7 " =1
n—o0 = —nNn

For n odd

P —n—1)=—(@+1-Hr(-5 - n)
Since n + 1 > %, l"(% —n) changes sign for each increment in n.

1 1 1 1
n:0—>F(§—n)>0 n:1—>I’(§—n)<0 n:2m—>F(§—2m)>0 n:1+2m—>I’(§—1—2m)<0

S {0 VR 1 )] GV A »
"TIOA NG —n) T+ w00 —w)] | A+ mlr( - )

N[
NI
~—

for all n. From the theorem at the top of page 387, z = 1 is a singular point.
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Problem 4.19

oy (@i +n— 1) (c;—1) 1
b= (a; — 1)! lzl(chrnfl)!a

%

b n! -t (a; +n—1)! (¢; +n)!
R: 1. n — (3 ]
ngrolobnﬂ {(n—l—l)!} 1:[ (a; +n)! 1:[ (¢j+n—1)

. 1
2 J

R — o©

Assuming a; > 0 and ¢; > 0, then Re b, > 0 for all n and by the theorem at the top of page 387, F' is singular at
z=1.

g lat+n—1! (g;+n-1! (-1 1
=G T @i

b =] (ci—1!  (ag+n—1) (ai+n—1)!

= (a0 — 1)l(a; — 1)! n! (c; +n—1)!
f[ (¢; — 1)! (n+1)(n+2)...(ap+n—-1)
(ao — DWa; = D! (@ +n)(a;+n+1)...(c;+n—1)

=1

S

im b, = (i —1)! no b F (c; —1)! =1+ ai—c
n1~>oo bn H ((],0 — 1) (al — 1)' nci—ai {H (ao - 1) (az - 1) }

=1 =1

. _ . F(Cl) aoflJrZ‘i a;—c;
Aizg, b = {H F(ao)r(ai)} " -

per remarks at top of page 388.
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Problem 4.21

From the solution to Problem 4.24 below:

7 coth(ma) = 1

a B n;m n? + a?
7 coth(md) = 1

b B n;m n? + b2

oo
. coth(ma)  coth(mb) _ Z 1
a b n2+a2 n?+ b2

- (coth(w a) coth 7b) ) i n? +b%) — (n? + a?)

77,2 +b2 n2 +CL2)

coth(ma) coth 7b) > (b? — a?)
7T< a B ) Z (n2 + b2)(n2 + a?)

1 T coth(ma)  coth(wb)
_z_:oo (n2 4+ b2)(n2 +a2) b2 —a? ( a B b )

o1



Problem 4.23

sinhw . .
is an even function.

sinh w eW — e~ W el(%) _ e—i(%) i (E)
w

w 2w 24 (%) :
Slnhw [e'e] (M)z _ w2
w:7]:11<1_n27r2>23:[1<1+n2ﬂ-2>

w
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Problem 4.30

—A—1 _
/ eftQtn—)\—l dt :/ o (u1/2>” du _ 1/ e*“unkal du
c c 202 2 /o

1 n— ne
/ e A gt = 7(—1)%_1/ e‘“(—u)TA_ldu
C 2

C

]. n—
/ e A gt = f(fl)TA*l(fQM' sinmz)I'(2)
c 2
—t2 n—x—1 o n=x ., .
/ e 't dt = (-1)7= misinmzl'(z)
c

/ e AL gt = vt A gin wzI'(2)
c
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Problem 4.31

COS T coshmz — cosma
coshmz coshmz
CoS T COSITZ — COS T
coshmz COSIiTZ
24wz _ 11 _ 2ma 1
| cosma 2{cos? 2z — 1} —2{cos? 22 — 1}
cosh mz sin (g + iwz)
costa 2 {cos? TE — cos? T2}
coshmz sin (g + iwz)

o 2 inz (10?2 Ta 2 imz 2 a2 inz 2 o 2 inz 2 ma
cosma 2{cos 5= sin” 7* + cos” 57 cos” g — sin” “5F cos® 73 cos® 5= cos 2}
coshmz sin (g + i7rz)

2 T2 (32 TQ 32 T2 2 T
_ cosma 2{(:08 e sin® I sin® 5% cos 2}
coshmz sin (g + 2'71'2)
. IMZ oip T _ gjp 72 jute] IMZ (i TQ in &z jused
_ cosTa 2{008 5= sin 73 sin “5% cos 75 }{cos 5= sin T* + sin “5* cos 2}
coshmz sin (g + iﬂz)
. a—iz) . a+tiz
cos T Sm”( 2 )Smﬂ( 5%)
coshmz sin 7 (% + zz)
14y (L4
_ cosTw :2F(2+22)F(1 (2—|—zz)) T T
a—1z _ a—iz a+tiz _ atiz
coshz ™ D (952)T (1 - 25%) T (2452) (1 — «E=)
1 . 1 .
cosma 27T (5 + zz) T (5 — zz)

" eoshrs T T (550 T (1 - S5 F (1- 555)
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Problem 4.32

B0e2)=) o forein(-2))

D (iy)* =

-1
(ay)* = { L sin(imy) |
o _ m _ m
ysin(iry)  —iysin(imy)  ysinh(mry)

95

-1



Problem 4.44

1 )
ZcosT12? = —%ln {22 + V24— 1}

2

(1 -1 2) {22:}:\/247_1}% _{ZQim}7%
w =tan | =cos "z = — l -
(A2 VeI 4+ {2 VeT-T)

_Z_zQ:I:\/z4—1—1__i(22—1)i (z2-1)(22+1)
24V 141 (241D +/(2-1D(E2E+1)

22 —1V22—1+£V22 1 22 =1 AVE-1D(Ez+1)
w=—i\[ — = Fi\/ > = Fi : .
2Z2+1V24+1+V22 -1 z2+1 V(z—=19)(z+1)

(1+w)

(w —)

s 1—w? (1-w) 1

T T Trw? (w + 1) =i(w—-1)2(w+ 12 (w+i)" 2 (w 1)

NI=[ Nl
W= o=

The point z = 0 is at w = £1. The points z = +i are at infinity. The points z = +1 are at w = 0. Suitable problems:
heat or electromagnetic radiation from crossed sources.
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Problem 4.48
1
F_(s) :/ f(x)z*tdx
0

Assume that f(z) is analytic for 0 < z < 1. Expand f(z) in a MacLaurin series,

F(x) = F(0) + 2f(0) + %fo”(O) co

a+s—1

f(x) = cax® as x — 0 and f(z)z°"! — cx . For the integral to converge at the point s,

CIaJrsfl — Cmoﬁ»Re(s)flmiIm(s)
has to be non-singular for x — 0, so that

a+Re(s)—1>0

Re(s) > 09 =1—«
Fy(s) = / f(x)z*tdx
1
For F (s) to be analytic the integral must converge at the point s. Assuming f(x) is analytic,
flx)z*! = f(x)xRe(S)*linm(s) -0 as x — 00.

Convergence is possible for any f(x) for which

f(z) — cx® as x — 00.
flx)zs™t = f(x)mRe(s)_linm(s) -0 as x — oo.

f(l‘)l‘s_l N cxa-‘,—Re(s)—linm(s) =0
if

a+Re(s)—1<0

Re(s) < 1—a—o0y

o7



Problem 5.2

g EE, | JET
T §1— & ' &1 —&

T = a

I VIGO0 (1-68) e V1-§
% (-8 9% (&1 —&)2/1-8 08 &1 — &

V1-63
(61— &)1 -6

0z _ o 1-t& 0 VJE-1 0 _
961 (&1 —&)2V/E -1 06 (61— &) 03

_6;62 8y2 8y2
%@‘<%J *Qm)*(%)

1- f% 2 (1- fg)(l - f?%) 2 (1- 5152)2 a?

242
e e A N L VA CE AL G

oy (1-8)1-&) 9y (1-&&)V1-& 0y

oc, — (G -&)r 852_&(51—52)2\/1—557 37532_&53

_owor  oyoy , 0:0s
Y082 = e, 0g, T o€, 06, | 06, 0&

—a?&(1-&&)  —ad*(1-6&)(1-8) n a?(1—&&)

= =0
Jerts (& — &)t * (& — &)1 (& — &)1
_oroe oyoy | 0 0e
ks = 061 063 0§ 083 O O&3
 —ae(1-63) | a?&(1-63)
o = (& —&)3 N (&1 — &)3 =0
[ Ox 2 oy 2 y 2
%@—(%J*@@)+<xﬂ
(1-6&)? o (1 - 61&)°(1 - &) &-1) a?

+a’ =

(&1 — &)1 - &) (G1—&) (& —&)2(1-&)

_ 2¢2
st =S )

v on oy oy 0z 0:
It = Bg, 065 | 0€ 08 | 0 0€s

Oege = ags(1 — 618) n —ads3(1 — &1&)
#8T TE - 6) (& — )3

(o) (&) ()
et = \ 9g 0€; 0€;

58

+0=0




2 1-8 .. (1-8) ___@0-8)
Jets =4 g Tg,)2 Tt (&1 — &) (1-&) o= (&1 —&)2(1- &)

€161 _ (& -&)PEE -1 e _ (6 -&)P0-&) e _ (& — &)*(1— &)
g = g ” g 20

ab

9 = 961619¢2629¢585 = (51 — 52)6(5% _ 1)(1 _ 532,)

L7 g7
VQw = (9”%1‘) 2] +g” Zwu
g. g g
0= (951511/)751 ) &+ (952521)[}’52 ) £n + (g§3§3w7£3 ) s +g€1§1 2iglw’§1 +g§1€2 2‘592 1/)752 +g§1§3 ?wf:s

0= 95151%5151 +g~f2§2¢’52§2 +g§3§3w’£3§3

g’ bl g?
+¢’£1 <g€1€17§1 +951§12;1> +¢7£2 <g€2€27§2 _|_g€2§2 2;2> +¢7§3 ( 5353753 +g€3§3223>

1— 2
0= (El a2 52) {(gf - 1)¢’€1€1 +(1 - f%)'¢75252 +E1_22;¢v5353 } +
206 —&)(E& - 1) +26(& — &) (G—&)%(EE-1) 3 &1
””&{ —a - e <<51—52>+5%—1>}+

—2(& — &)1 —&3) —26(6 — &) (G —-&)P*(1-&) 3
Ve { a? M a? (61— &2) } -

e, {—253(51 —&)? n (& —&)°(1-&) & }

a*(1 - £&3) a?(1-¢&) 1-&
1-¢2 1- 1-2 2
0= (5% - 1)1/)75151 ( 52)1/’75252 El — g;;;wvisﬁs +((§1 _515522)) 1;[}’{1 +((€1€1_§2§:;£2)1/}352 _1 EB %77[}’{3

_ _ 2 _ 2 _ 2
0= (E-1)(1-)bee, + LS =8) 1@y, + L2 EZ8) @2y e,
(&1 —&2) (&1 —&2)

Let v = X (&1,£2)X3(&3)-

_ _ 2
0= (& -1 - &) Xe0e, X3+ < &551152)(512) gz)X’fl X3+ (1-65)* X 56, X3

_ 2 — &2
e 261(221t%2))(1 52)X752 X5+ (1 - €)X X566, 63X Xz,

_ X’5151 (1 - 5152) X’fl X7§2§2 (1 — 268 + 5%) X7€2
0=0-&E- D+t ge-nx T8 X tTatan-ag x

59



X X,
+(1 - fg)% - 53763

X X
1 _ g2y 288 o o8 g2
1-&G)— — & 3

Let X =YR.
Xe=Ye R+YRye X =Ye +2Y Ry, +Y Ry e,

X?fz = Kﬁz R+ Yvaz Xa&zfz = X7§2§2 +2Y7§2 R’& +YR752§2

e [V <R£1 (1 &16) >Y,§1} QQ{Y@@ <R,52 (12£1€2+§§)>Y@}
o<1@mln{y PR Tae@on) vy Ty TP Temea-a)) v

_e2\(e2 R e 2 2 Rogse, (1 - 5152)(1 — f%) R, (1 — 2616 + 5%)(1 - 55) R, } 2
+ {(1 )& -1) R (1-&) R T (61— &) R ' (&1 — &) R ST £
o [ Yae < R, (1—£&1) > Yie, } o {Y@gz ( Re, (1-26&+€3) ) Y, }
0=1(& 1){ y 2 R +(€1—§2)(§%—1) Y +1-&) y 2 R Jr(fl—éb)(l—f%) Y
2 R e, 2 Rigse, (1 - 5152) R.¢, (1—2&8& + Eg) R, kg
+(& 1)4R +(1-&) R (&1 -&) R (61— &2) R N (1-&)

For the equation in Y to be separable,

R, <15@>){mm@%1w}@

U = 2 )@ 1 q- 6

&1 — &)UV (&)

(61 —1)2

e

v(t) =2 * &1 —&

Re,  (1-26&6+E3) _ {ln Rz(lfg)}
R (61— &)(1-&3) b

R* = (& - &)U(&)V (&)
The simplest form for R is

UE) =(E -1 V() =1

1 -1

R= - 3 R, Y R, O e —6)E
(61— &) 3 21 — E2)% e 4(& — &2)2

-1 -1

R?zzil R722:73
ST —g)r R 4 - 6)3

Laplace’s Equation becomes

Y, Y, Y, Y,
0:(53_1){ 7§/1§1+§%§i1 }ﬂ/&1}+(1_§§){ 7?52_15255 ;/52}
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1 1-6&) 1 ~1 1-26&+8) -1 k3

2 2
s 1)4(51 —&)? i (&1 —&2) 2(51 — &) +{ 52)4(51 — &) " §1— & 2(&2 — &) " (1-¢€3)
Y, Y, Y. Y. 1 k3
0= (& - 1)7@151 + 51% +(1- 53)7?52 - §2$ TaT 1 ,355)
Let Y (&1, &) = X1(&1)X2(&2).
X X X X, 1 ;2
0= @ - DTS O TR e Y g
2 X17§1§1 Xla§1 1 2
&G -1 X, +¢ X, +4*k1
2 X2,§252 X27£2 kg _ 1.2
(1 - 52) X - 62 X, + (1 — %) - kl

1
(& - DX + &X] - (1 + k1) X1 =0

(1-8)°Xy — &1 - X5+ {k3 + k(1 - &)} X2 =0

The value for R given in the problem is incorrect; the proper value is given on page 665.

61



(

9
5’:1:j

):

2z
x2 +y2

.’I,‘2 +y2

2y
m2+y2

T _
z2_;'_?/2

-2

(

Problem 5.4

¢ =In(z* +y?) — 22
Lo, o
7725(33 Ty)+z

¢ = tan~!

8] |<

-y

B 2z —x n 2y
_x2+y2 x2+y2 x2+y2

8l‘i
3

x z _
2(z24y2+1) z2+y?+1 Y
Yy Yy
) = 2(3:2ng2+21) r24y2+1

—g2y 1 0
2(z24y2+1) z2+y?+1

62

(

x2+y2

)_2:
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Problem 5.10

V2 =0

g, g,
9" 90,00 + (g”,r +g”2;> Vo + <g¢¢,¢ +g¢¢2;> Y,p=10

1 1
srr T 5 W —1,,=0
( +r2¢ ¢¢+T¢

(r2w7rr +7M(/)7r ) + '(/quﬁqﬁ =0

=0
"X T'x Ty
X// X/ 124
2 2 2
Il R\ k=0
"X X y ©
Y" = k%Y

Y = Ae™*? + Be ¢
Y((Z) + 27{.) _ Aeik¢ei27rk + B—ik¢e—i27rk
Y (¢ + 21) = Ae'*® + Be™ %

ezZTrk -1

k = integer

X// X/
7”2? + Tf — ]CQ =0
1 k2
p(r) = - q(r) T2

r = 0 is a simple pole of p(r) and a second-order pole of g(r). r = 0 is a regular singular point with 7' = 1 and
G = —k?. The indicial equation is

S+HF-1)s+G=s*—k =0 s = k.
Then

X = rkul
X" = k(k — 1)r* 2wy 4 2kr* =2 + rFuf
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X' = krFluy + rFuf

1 k2
X"+ =X — X =k(k — D)r"2ug 4+ 2krF "l + rPuf 4+ kb 2ug + 0P ) — B2 =0
7 r

2k +1
0=u’1’+u’1< :_ >

Simplest solution: u = ¢; X1 = cr”.

Since s — so = 2k =integer

_ - dr _ [ 1gdr
Xg:BXl/e fde:Brk/e frdﬁ
1

dr

X2 — Brk/eflnrﬁ _ B’I"k/dTT72k71 _ 7%7,7]{‘

At the ordinary point a # 0, the basic set of solutions is

X1 =1-5q(a)(r —a)* + %[q(a)p(a) —q'(a)](r — a)® +
I E ORI
X, fl+%(rfa)2—%(r—a)3+

1 5 1|1 1 k2 3
XQ—(T'fa)*%(?”*a) +6|:a2(a2>+a2:|(7”a) +
1 2+ k2
Xo=(r—a)— —(r —a)? —a)®
o= (r—a) 2a(r )Y+ 62 (r—a)”+

For Y + k%Y =0, p(¢) = 0 and ¢q(¢) = k? and

1 1
Yi=1-— k%> + = 34 ...
1 2k’¢> —|—6[0]¢—|—

]{72
Ya=6-—

3
6¢ +...
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Problem 5.11
Wt (k—2®) =0 p@)=0 g(z)=k-—a?

At 2 =0:

1
ya =z — 5p(0)a® + ¢ [17(0) — /(0) — q(0)] 2° +
k
Yo =T — 61'3 + ..
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Problem 5.12

The homogeneous equation

6
w//_ﬁ :0

has a regular singular point at = 0: F'(z) = 0; G(z) = 6. The indicial equation is
2+ (F(0)—1)s+G(0) = (s—3)(s+2) =0
s1=3; S = -2
X, =2 %y
X, = =20 3u; + 2%

X = 6z~ uy — 4o + a2l

6
—4 -3,/ -2,/ -2
6 “uyp —4x"uy +x”uy — 2 (x7%u1) =0

4
W = 2 /1
1
Inu) =4lnz; o) =2 w = 53:5
The simplest solution is u = c.
X1 = 011772
dx
X, = BXl/e*f’”‘””—
Xt
d B
X2:Bclx_2/ 2{4— _2/m4dx
cix c1

The inhomogeneous equation

is solved by Eq. 5.2.19, p. 530:

with
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r(zr) =zlnx

A= (X1X5— X{Xo) = {27?(32%) —2*(-227%)} =5

Y =cra7% + 1’ — %x_Q /334 Inzdx + %xg / lna;dx

1 1 1 1
¥ =17 % + cpr® — ga?_Q {5335 Inz — / 5334 d;zc} + gx?’/lnxd(lnx)

. 1 51 5 1 1 2
Y =cra7? +cpr® — —x7? {xnz a: }+ gx?’ {(nx)}

5 5 25 2
3 3 3 2
et et — TARE @ wilne)
VEarthar - o et g
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Problem 5.18

2mE + h*A?
W+ (m;h — A2 tanh? 2) =0

1 1
2= -+ —tanhZ

2 2 d
dz 1 1 2 X 1 5 2z(1 - 2)
(1 —tann? i) = (12212 =
dx 2dcosh2§ 2d< an d) 2d( ( i ) ) d
d*z 1 sinh% 1 x o T 1 5 4z(z —1)(22 — 1)
G T o _ﬁtanhg(tanh g—1> = 52 -1) (22 -1 -1) = =

2y (dz\? dyd®z  [2mE
(o) + T (G ruee-)e

d*p422(1 — 2)%  dyp 42(z—1)(22 — 1) 2mE 9 B
= +a 7 —|—< —4A 2(2—1))1/)—0

d*p  22—1 d  [(2mEd® —4n°A%d*2(z - 1) $=0
dz?  z2(z—1) dx 4h222(z — 1)2 B

This equation has two regular singular points located at z = 0 and z = 1. For the singularity at z = 0,

22— 1 2mEd? — 4h? A2d?2(z — 1)
P ="—7 ¢&= A7 2
(z—1)
F(0)=1 G(0) = mEd -, | mEd_,
B o2 2>
:I:d mE
S =X\ —
AN
For the singularity at z = 1,
22 —1 2mEd? — Ah? A%d?z(z — 1)
F - G =
(2) . (2) T
mEd? mEd?
F(1)=1 G(1)= 24 —0
M) W=z &+ 5p
d |mFE
= :l:f —_—
STERV 2



For the point at infinity,

and w = 0 is a regular singular point. Let

1! d /mE 1-2z
TV T e

Y d [mE 2z—1
v oV 2 o

1/}7”

" +

F//

L )2 fmE 22 -1
F F|=& 2 z(z—1)

2mEd?>w? + 42 A2d2(1 — w
Q(w) = 2 5 2( )
w 4h w?(1 — w)

b= {01 - HVEF

[ =0 -EVE

"N (S 2__2d\/ﬁ2z2—2z+1
f_(f)+(f>_ nV 2 +

22(z —1)2

d*>mE (22 —1)2
2h2 ZQ(Z _ 1)2

Foyr 2d\/ﬁ 1 +2d\/ﬁ2z—1F' P
F v RV 2 (z-12 h

2 z(z—l)F+ F

2z —1 ¢/

. 2mEd? — Ah? A%2d?z(z — 1)
2(z—=1) ¢

AR 22 (2 — 1)2

=0

n 2z -1 +
z(z—1)

2mEd® —4R*A%d*2(z —1) 2d [mE 1
4h222(2 — 1)2 AV 2 (z—1)2

+27d mE 2z —1 +d |mE (22 —1)2
h 2 z2(z=1) AV 2 22(z—1)2
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Problem 5.20
V2 + k%) =0

9°P0p + (go‘ﬁ,a +g“'@gf) Voo +E2 =0

1

1
o 06 __ PP _
g r2sin’

¢ = = g g=r’sinf

2 1 1 1
rr T T hr T 5 Y ) t 0 ’ 5 o k2 =0
¥, +r¢ +T2¢ 60 + 3 co ¢9+r2811120¢ oo +E“U

Let 1 = ¢(r)T(0)®(¢).

,11[}1/ Qw/ 1 T/l 1 T/ 1 (pl/ 9
—t-——— 4+ —=—+ scotl—+ ——-——+ k=0
¢+7”1/J+7"2T+2 T+r281n29<1>+
1 ! T// Tl @//
sin29{r2qi—|—2ri+r2k2+T+cot0T}—m2=O E—&—mQ:O
@// . .
E — _m2 P = ezmd) + efzmqb

1 ! Tl/ T/
sin? 6 {rﬂ/} + 27’£ + 2k + — +cot9} -m?=0

P P T T
" / T" T 2
r2%+2r%+r2k2—n(n+l):0 7+cot9T+n(n+l)—S::29:0

2
T"—&-cotHT'—i—{n(n—i—l)—.mQ}TZO

Sin

Let u = cos@.

2u
1—u?

T + {n(n+ 1)1 —u?) — mﬁﬁ =0

T// _

This is the associated Legendre equation with solutions which are polynomial when n is an integer.

T = Pji(u) + @ (u)

9 'l)[}” ,(Z)/

T ?+27‘E+r2k2—n(n+1)20
Let x = kr.
1 d [ 5dy n(n+1)
E— —_— 1— =
ac?dx< dm)+{ x? v="0
Let ¢ = f.J.
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J”+[2J”+2:|J/+[1_n(n—2|—l)+12f/+f” J=0
x x x f f

Set

so that

This is Bessel’s equation with solutions

N A e

Set ¢ = fF = x%e¢"*F.

s 7 s(s—1)  2st

= t N
f oz f x2 z+

s F’ " os(s—=1)  2st (s ) F'  F”
r o2 _ - roo_ _ oo 2 (2 ) o
st " = — 2 —t)

"2 n(n+1)

RS I A 2 )
G Tay T T T

" F (2 1 2 1)t 1) — 1
+{ (s + )Qt}+1+t2 (s+1t nn+1)—s(s+ ):0
F F T T x2

This is the confluent hypergeometric equation

2F" +(¢c—2)F —aF =0

if
t=—i s=n  z=2xz c=—-2(n+1) a=-n-1
so that
¥y, = 2" F(—n — 1| — 2n — 2|2ix).
Or
t=—1 s=n-—1 z = 2ix c=—2n a=-n
so that

Yy = 2" e F(—n| — 2n|2iz).

The proposed solution given in the book is in error.

71



Problem 5.21

omE  2meZ
Vi + (= + ) =0
v ( R h2r v
o o 0B 9 2mE  2me?Z
9%, + (g %5+ 595>w,a+< s )wzo
g h hor
1 1
=1 96 — = =7r?sinf
g g r? g r2sin’ 0 g

2 1 1 1 2mE  2me%Z
rr T~y T, — cot 6 s Y, _— =0
wa +T’(/) +T2¢ 09+T2 CO w0+T2SiH29w ¢¢+( 77,2 + ﬁQ’I" )¢

Let ¥ = 4(r)T(0)(9).

o2y 1T 1 T 19"  (2mE  2me’Z
7+77+——+T—2C0t9?+m3 ?JFW =0

" / 2mE 2 2Z T// T/ (I)//
sinzﬂ{rﬁfb—ﬁ—%w—i—ﬂ(m —|—m€>++cot0T}—m2—0 —+m?=0

Y h? h*r T P
o ) )
5 _ _m2 P = ezmd) + efzmqb
" ! 2 E 2 ZZ T// T/
sin29{r21f/]+2rzf;}+r2< ::2 +?>+T+Cot9T}—m2:O
" ! 2 /! / 2
X 5 (2mE  2me*Z T T m
— +2r— — | — 1)=0 — t 60— 1) — =0

" (0 * Ti/) T < h? * h2r n(n+1) T teo T +n(n+1) sin? 6

2
T" + cot 0T + {n(nJrl)m}T_ 0

Let u = cos .

2u , 9 9 T _
17u2T +{n(n+1)(1—-u*)—m }m_o

T _

This is the associated Legendre equation with solutions which are polynomial when n is an integer.

T = Py(u) + @ (u)

" 24 2mE N 2me*Z  n(n+1)

I 4+ - =0
1/1+T¢+ R Ry 72
Set o = fF =rse " F.
L/:f_t LN:S(S_U_@_F,Q
f r f 72 r
s F’ " s(s—1) 28t , s FF”
. — e 2(7—t>— -
) r +F P 72 r T r F+F
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24" 2mE 2me?Z  n(n+1)
-t - a s 7 =0
vy h her r

2(s+ 1)t n 2me?Z ~n(n+1)—s(s+1)

2 —
F+F h2+ 2

F" F' (2 1 2mE
7 {(H)_Qt}+ m ‘
r her r

This is the confluent hypergeometric equation

2F" +(c—2)F —aF =0

if
—9mE 2z
t=f= Y02 s=n  z=2kr c=2(n+1) a=n+1-22
h h
so that
[ 2mE e?Z m —2mE

Independence of 6 and ¢ means n = 0. The two asymptotic series for this function are

27 2z
sz | U0 E) (0 )
F, = Az AV =2E (] 4 +

(1-92/=) (2- 52 /30) (-4 /=) (- 92 /=%) .

2122

and

The two series truncate when

e2Z m 2h%n/?
g2 —p="_
" h —2F 0 metZ2

The solution is finite for all values of » when E < 0.
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Problem 5.23

v2w+2h—T(E—V)¢ =0

2
V = —Up |cos? i + cos? Y + cos? =
2m s ly [,

2 2 2 omE
M+M+M+<7§2

dx2 T oy? T 922 ly ly

Ox? 0y? 922

P(z,y,2) = X(2)Y (y)Z(2)

X Iy Y l A

X Y” zZYn
{—U0C082m}+{—U0COS27Ty}+{ — Up cos

Yy
This equation is separable into three parts, each of which is of the form

xX;" 2 FE s
mag B o2 T g

X h? le,

where
oy +oay +a; = 1.
This is Mathieu’s equation

9?X;
0¢?

+ (b—h*cos®* ) X; =0

with

7&i b — 2mafilfz‘2E - lgz Uo

6=

74

2 2 2
{M — Uy cos? 7767,/1} + {M — Uy cos? T/w} + {8 v — Uy cos? = } = —2mE1/J
x Yy

l&i 7r2h2 w2

- Uy |:COSQW+COS2W+COS27;Z:|>@[J:O

l, B2

falad 3

5 7'('2} _ 2mE
LJ



Problem 5.30
3

Y =0
s

=6 () = -1 /];((:))dt/;dt;

co itz 1,2
Pu)|>®, =ewe 2" |2 =0
oo o0 o0
iz 1,2 z 1,2 . . z 1.2
w:/ ewe 2 udu:/ cos(f)e i udu+z/ sm(7>e 2" udu
oo oo u o u

The first integral is odd and therefore — 0. The second integral is even and

P = 22’/ sin <i> e~y du.
u

— 0o

7



Problem 5.33
If it is true for all & < n, then it is true for n + 1:

On(z) = %Pn(z) In (i - 1) CWoi(2)
Qur(s) = yPaa @) (251 ) = Wae)

From the recurrence relation
(n+ Dppt1(2) — 2n+ Dzpp(2) + npn-1(2) =0
obtain

(n+1)Qn+1(2) = (2n + 1)2Qn(2) — nQp-1(2)
(2n+1)z {;Pn(z) In (z - 1) - Wnl(z)} —n {;Pnl(z) In (i‘L 1) - an(z)}

1 1
= 5ln (2 + 1) {20+ 1)2Po(2) — nPa_1(2)} — (20 + 1)2Wi_1(2) + nWn_a(2)
P
1 1
= <z . 1) (1 + 1) Pas1(2) — (20 + 1)eWo_1(2) + nWy_s(2)
1 z+1 2n+1 n
— o1 Poiy(z) — W, W,
Q@) =310 (57 ) Prn0) = 2o eWaa (o) + i Waalo)
2n+1 n 2n+1 1 n _9
" W () = PP S B A I
1 2 Wn-1(2) = o Wna(2) n+1z{a 12"+ +aod n+1{ 22 +bof
n+1 n n+1 n o 2n+1 1 2n+Dap—3 —nbp—2) .o
_ - W, _ = n— n_22" ! ...+b
nJrlZWn 1(2) n+1W 2(2) nJrla 1% +n+1a 2% +{ n+1 i + + %
=W, (2)
It is true for n = 0:
1
Qo(2)Py(2) — Po(2)Qp(2) = 1-.2

Py =1, Pi(2) =0

*® du 1 z+1 1 z+1
QO(Z)i/Z u? —1 QIH(z—l) 2P0(Z)1n<z—1)

It is true for n = 1: From the recurrence relation

P'()n+1—=2p'(2)n = (n+ pn(2)



1+ 1 d 1+11 z+1
= —— — — —In
22 22—-1 dz |z 2 z—1

Qu(z) = %Pl(z)ln (” D 41

G 1) + Wo(2)

= %Pl(z) In (

z+1
z—1

two values so that the line connecting them is a branch cut. The difference across the cut is 27i.

From Eq. 5.3.29, page 597, z cannot be a real number between —1 and +1. In ( ) has branch points at these

T+ 1+ 1€

1
Qn(x +ic) = iPn(a: +i€)In (x T 1xic

) — W1 ( + ic)

T+ 1+ e
r— 1+ 1€

Qn(x —ie) = %Pn(os + i€) {ln < ) + 27ri} — Wh—1(x + ie)

Expanding each term on the right side in a Launrent series,

Quia +i€) = 3 {Pale) + Poe) + ..} :ln (ii) bt } Wy (z) — ieW!,_ () +
— L Pu@)ln (ii) W () + e {;P,’L(x) In (z - D + %;(_I)l - ;_1(x)} +
Qu(z —ic) = % {Po(z) + Pl(z) + ...} :ln (ﬁi) +2mi — w;i - +} — Wi (@) + ieW!_ () + ...
- %Pn(x) {m (iﬂ) +2m} — W1 (@) — e [;P,’L(x) {ln (i h D + 27m'} +
%;”(_x)l - ;1(;3)} +...

r+1

Qn(z +i€) — Qnx —i€) = —miPy,(x) + ic {p;l(x) In <1> P P, (x)

o 2W,'L_1(x)} +...

lig(l) {Qn(x +i€) — Qun(x —i€)} = —miP,(x)

T



Problem 5.34
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Problem 5.37

From Equation 5.3.65, page 620,

Im(2)

efifrm/Z

/ zzcoS¢COS (me) do

™ 0

/ %2 o8- cos(—mu) d(—u)

™ 0

e—znm/Q

6—i7rm/2

0
/ %% cos(mu) du

™

e—m'm/Q

0 ™
{/ %% cos(mu) du + / €<% cos(me) d(b}
0

—1,7r/2
/ "% 8 cos(mu) du
0

z)m

2

2m
/ %% cos(mu) du
0

27
/ e'# o8 Y cos(mu) du
0

2mm
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Problem 5.38

ev’,a‘n-z—a o] u\ c—a—1
U. = “Uyt! (1 7) d
2(alc|z) () /0 e + . u

P I'(c—a) u\™
= T(a) /0 - T;)F(m+1)F(cfafm) (_2) du

€927 (¢ — a) — z7™m o
_ —u a+m71d
T'(a) 2_: F(m+1)F(c—a—m)/0 o B
€Tz (e — i “"T'(a+m)
N I'(a) Fm+1 (c—a—m)
Equation 5.3.3, page 579:
= G(m)z™ teo '

Us(alc|z) = m {27m Z e —a- (;i'm}

(e a) Matd) o
_ | /%OF T(=t)(—2) " dt

2mil(a (c—a—1t)
- eiaﬂ'z—a i 00 F(c — a)F(a + t) _ . ¢
~ 2mil(a) /_ioo T(c—a—t) L(—t)(=2) " dt
B glamy—a  ico (c—a—1)(c—a—=2)...(c—a=t)(c—a—-)'(a+1) »
" 27l (a) /_m Tlc—a—1) L(=t)(—2)""dt
N eza;j;a /71.00 I+a—c)2+4+a— ;)(a) (t+a—c)l(a+ t)F(—t)z’t "

D(—t)z""dt

ei‘”z_“/iOO NMl4a—-c)l+a—-c)2+a—c)...(t+a—c)T(a+1)
Tl+a—0c)(a)
_elamya /“’0 D(t+a—c+1)I(t+a)
I'(a —c+ 1)I'(a)

2me oo

I(—t)z"tdt
21 ( )Z

The contour passes just to the right of the imaginary axis, bending to the right to bypass the poles of T'(t + a) and
I(t+a—c+1), passing to the left of ¢ = 0 to avoid the poles of I'(—t), and then closes by joining +i 0o to —i co along
the semi-circle R — oo enclosing the left-hand side of the plane. The integral is evaluated by summing the residues
at all the poles of I'(¢t + a) and I'(t + a — ¢ + 1). The residue of I'(—n) is (—=1)"/T'(n + 1) (see page 419).

eiaﬂ'z—a 200 .
Ua(alel2) = g e /_m D(t+a—c+ V)T(t +a)T(—t)2" dt
B elamy=a i (-)"T(c—n—-1T14+a—c+n) Ji+a—cn
- 2mil(a—c+ 1)l (a) | & I(n+1)

170711 -)"I'a+n) 4on
S

oo

e“”“zl’c D" T1—|n—c+2) (1 4+a—c+n)z"
)Z( T | +2)I(1 + )

2mil(a —c+ 1)I(a o n!
N etam i (=1)"T(1 —c—n)l'(a+n)z"
2mil(a — ¢+ DI(a) = n!
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Us(alclz) =

etam ,1—c i ( +a—c+n)
2mil'(a — ¢+ 1)I'(a) = I'(2 —c—|—n s1n7r(2—c+n)n'
ia e +TL)
+27er‘(afc+1 nz;)I‘ (c+n sm7r( +n)n!
elamyl—c Z (-D)"T(1+a—c+n)z"
2il(a—c+ 1T I'2—c+n) n'cosmrsmﬁ(?—c)
’Laﬂ' Z +n)
2zF(a—c+1 IN(E +n n'cosnﬂ'smﬂ'c
glamyl—c = 'l4a—c+n)z"

2il'(a —c+1)I(a) £= (2 = c+ n)nlsinT(2 - ¢)

7 oo
5La7

I'a +
o yo Hatn):
2iT(a — ¢+ 1)T'(a) = T'(c+ n)n!sinme

elamyl=c i F'l4+a—c+n)'(2—=c)T(c—1)z"

2iT'(a — ¢+ 1)I'(a) P'(2—c+n)nlr

_ eiarrzl—cr(c _ 1)

n=0
L etam i F(a + n)r(c)r(l — C)Zn
2T (a — ¢ + 1)r( ) I'(c+n)nlm
piam 51— CI‘c—l IF'(l4+a—c+n)(2—c)z"
st 2 T(a—c+ DG — el

e““T(l - c) 2 T(a+n)T(c)z"
2mil(a — ¢+ 1) ng() I'(@)T(c+n)n!

¢TD(1 — c)

F(l4+a—c|2—c¢lz)+ F(alc|z)

2mil'(a) 2ril'(a —c+1)
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Problem 6.1
Blm,m) = $16(m — 1) + 6 -+ L) + 6(m,n — 1) + $(m, n + 1)
which may be written as
0=—¢(m—1,n) — p(m+ 1,n) + 4p(m,n) — ¢(m,n —1) — p(m,n + 1)
Let ¢; = ¢(m,n) where i = 4(m — 1) +n, 1 < m,n < 4, so that this last equation becomes

0=—0i—a— Qita+4¢i — Pi—1 — Pit1
= —¢i—a — i1 +4¢i — Piy1 — Pita
This is a system of sixteen linear equations in sixteen unknowns (the ¢;, 1

i
¢(5,n), ¢(m,0) and ¢(m,5) are known quantities (henceforth known as ¢, 1 S
written as a matrix equation

< 16) where the values of ¢(0,n),
v < 16). The system can now be

B; = Ai;jp;
with A;; =4, all other A;; either —1 or 0, and
B; = Civ¢y.

The matrix is symmetric and may be diagnolized without changing the trace, Tr = 4'6. The determinant of a
diagonal matrix is equal to its trace, and in this case is not equal to zero. The system therefore has an inverse and a
solution for the unknowns exists in the form

¢i = (A1)i;Bj = (A71)i;Cju ¢
= Givy = Y _ G(m,n|v)o,

The values of G(m,n|v) represent the solution of the system when the vth boundary point has unit value (¢, = 1)
and all other boundary points are zero.

Reflection symmetry insures that the G’s for boundary points (0,4), (1,0), (1,5), (4,0), (4,5), (5,1) and (5,4) are all
related to G for (0,1). Likewise, (0,3), (2,0), (2,5), (3,0), (3,5), (5,2) and (5,3) are all related to (0,2). To calculate
¢(m,n) for the boundary point ¢(0,1), first calculate ¢(m,n) for the case ¢(1,0) = ¢(4,0) = 1. From symmetry,

o(1,n) = ¢p(4,n), and ¢(2,n) = ¢(3,n).

1= 49(1,1) — 6(1,2) - 6(2,1)
0= 6(1,1) — 46(1,2) + 6(1,3) + $(2,2)
0= 6(1,2) — 46(1,3) + B(1,4) + 6(2,3)
0= 6(1,3) — 46(1,4) + 6(2, 4)
0= 6(1,1) - 36(2,1) + 6(2,2)
0= 6(1,2) + 9(2,1) — 36(2,2) + 6(2,3)
0= 6(1,3) + 6(2,2) — 36(2,3) + $(2,4)
0=¢(1,4)+ ¢<2’ 3) - 3¢(2a 4)
This readily reduced by successive eliminations:
1=4¢(1,1) - ¢(172) $(2,1)
0=0¢(1,1) — 49(1,2) + &(1,3) + ¢(2,2)
0=0(1,2) = 4¢(1,3) + &(1,4) + ¢(2,3)
0=3¢(1,3) — 11¢(1,4) + ¢(2,3)
0=0¢(1,1) = 30(2,1) + 6(2,2)
0=0(1,2) + (2,1) = 36(2,2) + ¢(2,3)
0= 20(1,3) + 56(1,4) + 56(2,2) — 6(2,3
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Switch to decimals.

Next, calculate ¢(m,n) for the case ¢(1,0) =

and

1=4¢(1,1) —

0= o(1,1)

0="Se01,2) —
S0(L,

29
3

¢(172) -
- 4¢(1’ 2) + ¢(1a 3) + ¢(27 2)

$(2,1)

0= 96(1,3) — 206(1,4) + 6(2,2)
0= ¢(1a 1) - 3¢(27 1) + ¢(2a 2)

8

1 1 3
0= 576(1,2) + =6(1,3) + 5 é(1,4) + 56(2,1) =

7(25(17 3) + 3¢(17 4) + ¢(27 2)

$(2,2)

1= 46(1,1) ~ 9(1,2) — (2, 1)
0= 206(1,1) = 50(1,2) +36(1,3) + (1, 4) +6(2,1)
0 =8¢(1,2) —25¢(1,3)+8¢(1,4)+¢( 1)
0= 001,2) +240(1,3) = 6604 + 6(2.1)
0= 226(1,1) + £ 6(1,2) + 26(1,3) + z20(1,4) — H(2, 1)
55 = 1996(1,1) — 63¢(1,2) — 3(1,3) — ¢(1,4)
0= 216(1,1) @qsa 2) + @qsu 3) + 6(1,4)
448 458
= 1347¢( 1)+ M¢( 2) - @‘?(1 3) + ¢(1,4)
431
199¢( 1)+ @d)(l 2)+ @éﬁ(l 3) —¢(1,4)
55 = 1996(1,1) — 63¢(1,2) — 3¢(L1,3) — (1, 4)

0=21¢(1,1)

0 = 0.005196733¢(1,1) + 0.1108636484(1, 2)
0 = 0.005025126¢(1,1) + 0.015075377¢(1,

— 65.33333333¢(1,2) + 21.333333336(1, 3) + ¢(1,4)

— 0.340014848¢(1, 3) + (1, 4)

16.61930586 = 60.13015184¢(1, 1) — 19.04121475¢(1, 2) —

0 = 0.864071004¢(1
0 = 0.00076615¢(1,

0.749733311 = 2.7515830726(1,1) —
0 = 0.312912247¢(1,1) —

0.30123508 = ¢
0.095342534 = ¢

0.032639641 =
0.0130795 =

0.13351497 = ¢
0.092330984 = ¢
0.048498922 = ¢

0.020526141 =

(
(
(
&
(
(
(
(

1,1) = ¢(4,1)
1,2) = ¢(4,2)
1,3) = ¢(4,3)
1,4) = ¢(4,4)
2,1) =¢(3,1)
2,2) = ¢(3,2)
2,3) = ¢(3,3)
2,4) = ¢(3,4)

—¢(4,0) = 1. From symmetry, ¢(1,n) =

83

2) + 0.3094041646(1, 3) — ¢(1,4)
¢(1,3)
,1) — 3.125741961¢(1, 2) + (1, 3)
1) + 0.339872845¢(1,2) — ¢(1,3)
¢(1,2)
¢(1,2)

*¢(4a m)a ¢(2a n) =

7¢(37 n)



0=4¢(1,1) — ¢(1,2) — ¢(2,1)
0=0¢(1,1) —49(1,2) + &(1,3) + ¢(2,2)
0= ¢(1a 2) - 4¢(173) + ¢(1ﬂ4) + ¢(2a 3)
0= d)(l’ 3) - 4¢(174) + ¢(254)
1= 6(1,1) ~ 56(2,1) + 6(2,2)
0=¢(1,2) + ¢(2,1) = 56(2,2) + ¢(2,3)
0=¢(1,3) + ¢(2,2) — 5¢(2,3) + $(2,4)
0=¢(1,4) + ¢(2,3) — 5¢(2,4)
This readily reduced by successive eliminations:
0= 46(1,1) — 6(1,2) — $(2,1)
0= ¢(1a 1) - 4¢(17 2) + ¢(17 3) + ¢(23 2)
0= d)(lv 2) - 4¢(17 3) + ¢(17 4) + ¢(2’ 3)
0=>56¢(1,3) — 99(1,4) + ¢(2,3)
1=¢(1,1) = 5¢(2,1) + 6(2,2)
0=¢(1,2) +¢(2,1) = 30(2,2) + ¢(2,3)
0= %(b(lv 3) + i(b(l,ﬁl) + %(25(27 2) ¢(2’ 3)
0= 46(1,1) — 6(1,2) — $(2,1)
0=0(1,1) —49(1,2) + ¢(1,3) + ¢(2,2)
0= 26(1,2) T 6(1,3) + 56(1,4) + (2,2

0= 256(1,3) — 936(1,4) + 6(2,2)
1= ¢(17 1) - 5¢(2’ 1) + ¢(27 2)

24 5 1 24
0= G-0(1:2) + Zo(13) + o(1,4) + (= 6(2,1) - 6(2,2)

0= 4¢(17 1) - d)(lv 2) - ¢(2’ 1)

67 41 1
0=g76(L1) = 76(1,2) +36(1,3) + 5 16(1.4) + $(2,1)
0 %ﬁ(l,g) _ ?W,g) +146(1,4) + $(2,1)
0= 6(1,2) + 704(1,3) — %Mm) +¢(2,1)
67 24 24 15 1
317 = 3 Ab D 3oL 2) + g7 0(13) + 537 6(14) = 6(2,1)

55 = 1996(1,1) — 63(1,2) — 36(1,3) — #(1,4)

0=21¢(1,1) — ?qﬁ(l, 2) + %qb(l, 3) +o(1,4)
7 448 458
1 9 431

Switch to decimals.
55 = 1996(1, 1) — 63(1,2) — 36(1,3) — $(1,4)
0=21¢(1,1) — 65.33333333¢(1, 2) + 21.33333333¢(1, 3) + ¢(1,4)
0 =0.005196733¢(1,1) + 0.1108636484(1,2) — 0.340014848¢(1, 3) + &(1,4)
0 = 0.005025126¢(1,1) + 0.0150753774(1, 2) + 0.309404164¢(1, 3) — (1, 4)
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16.61930586 = 60.13015184¢(1, 1) — 19.04121475¢(1,2) — ¢(1,3)
0 = 0.864071004¢(1, 1) — 3.125741961¢(1, 2) + ¢(1, 3)
0 = 0.00076615¢(1, 1) + 0.339872845¢(1,2) — ¢(1,3)

0.749733311 = 2.7515830726(1, 1) — ¢(1,2)
0 = 0.3129122476(1,1) — ¢(1,2)

0.30123508 = ¢(1,1) = ¢(4, 1)
0.095342534 = $(1,2) = ¢(4,2)
0.032639641 = (1, 3) = ¢(4,3)

0.0130795 = ¢(1,4) = ¢(4,4)

0.13351497 = ¢(2,1) = ¢(3,1)
0.092330984 = ¢(2,2) = ¢(3,2)
0.048498922 = $(2,3) = ¢(3,3)
0.020526141 = $(2,4) = ¢(3,4)
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