
Problem 1.1

(x2 + y2) cos2 ψ + z2 cot2 ψ = a2

(x2 + y2) sin2 cos2 ψ + z2 cos2 ψ = a2 sin2 ψ

(x2 + y2) cos2 ψ − (x2 + y2) cos4 ψ + z2 cos2 ψ = a2 − a2 cos2 ψ

(x2 + y2) cos4 ψ − (x2 + y2 + z2 + a2) cos2 ψ + a2 = 0

cos2 ψ =
x2 + y2 + z2 + a2 ±

√
(x2 + y2 + z2 + a2)− 4a2(x2 + y2)
2(x2 + y2)

ψ = cos−1

{
x2 + y2 + z2 + a2 ±

√
(x2 + y2 + z2 + a2)− 4a2(x2 + y2)
2(x2 + y2)

} 1
2

(x2 + y2) +
z2

sin2 ψ
− a2

cos2 ψ
= 0

2x +
−2z2 cosψ

sin3 ψ

∂ψ

∂x
+
−2a2 sinψ

cos3 ψ
∂ψ

∂x
= 0

∂ψ

∂x
=

x sin3 ψ cos3 ψ
z2 cos4 ψ + a2 sin4 ψ

z2 cos2 ψ = a2 sin2 ψ − (x2 + y2) sin2 ψ cos2 ψ

z2 cos4 ψ = a2 sin2 ψ cos2 ψ − (x2 + y2) sin2 ψ cos4 ψ

z2 cos4 ψ + a2 sin4 ψ = a2 sin2 ψ(cos2 ψ + sin2 ψ)− (x2 + y2) sin2 ψ cos2 ψ

z2 cos4 ψ + a2 sin4 ψ = a2 sin2 ψ − (x2 + y2) sin2 ψ cos4 ψ

∂ψ

∂x
=

x sin3 ψ cos3 ψ
a2 sin2 ψ − (x2 + y2) sin2 ψ cos4 ψ

=
x sinψ cos3 ψ

a2 − (x2 + y2) cos4 ψ

∂ψ

∂y
=

y sinψ cos3 ψ
a2 − (x2 + y2) cos4 ψ

2z
sin2 ψ

− 2z2 cosψ

sin3 ψ

∂ψ

∂z
− 2a2 sinψ

cos3 ψ
∂ψ

∂z
= 0

∂ψ

∂z
=

z sinψ cos3 ψ
z2 cos4 ψ + a2 sin4 ψ

=
z

x sin2 ψ

∂ψ

∂x
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∂ψ

∂z
=

z cos3 ψ
sinψ(a2 − (x2 + y2) cos4 ψ)

(
∂ψ

∂x

)2

+
(
∂ψ

∂y

)2

+
(
∂ψ

∂z

)2

=
(
x2 + y2 +

z2

sin4 ψ

)(
sinψ cos3 ψ

a2 − (x2 + y2) cos4 ψ

)2

(
∂ψ

∂x

)2

+
(
∂ψ

∂y

)2

+
(
∂ψ

∂z

)2

=
(
x2 + y2 +

z2

sin2 ψ
+
z2 − z2 sin2 ψ

sin4 ψ

)(
sinψ cos3 ψ

a2 − (x2 + y2) cos4 ψ

)2

(
∂ψ

∂x

)2

+
(
∂ψ

∂y

)2

+
(
∂ψ

∂z

)2

=
(

a2

cos2 ψ
+
z2 cos2 ψ
sin4 ψ

)(
sinψ cos3 ψ

a2 − (x2 + y2) cos4 ψ

)2

(
∂ψ

∂x

)2

+
(
∂ψ

∂y

)2

+
(
∂ψ

∂z

)2

=
a2 sin4 ψ + z2 cos4 ψ

sin4 ψ cos2 ψ

(
sinψ cos3 ψ

a2 − (x2 + y2) cos4 ψ

)2

(
∂ψ

∂x

)2

+
(
∂ψ

∂y

)2

+
(
∂ψ

∂z

)2

=
a2 − (x2 + y2) cos4 ψ

sin2 ψ cos2 ψ

(
sinψ cos3 ψ

a2 − (x2 + y2) cos4 ψ

)2

(
∂ψ

∂x

)2

+
(
∂ψ

∂y

)2

+
(
∂ψ

∂z

)2

=
cos4 ψ

a2 − (x2 + y2) cos4 ψ

cosα =
∂ψ
∂x√(

∂ψ
∂x

)2

+
(
∂ψ
∂y

)2

+
(
∂ψ
∂z

)2
=

x sinψ cos3 ψ
a2−(x2+y2) cos4 ψ√

cos4 ψ
a2−(x2+y2) cos4 ψ

cosα = x sinψ cosψ{a2 − (x2 + y2) cos4 ψ}− 1
2

sin2 ψ = 1− cos2 ψ =
x2 + y2 − z2 − a2 ∓

√
(x2 + y2 + z2 + a2)2 − 4a2(x2 + y2)
2(x2 + y2)

cosα =
x

√
(x2 + y2)2 −

{
z2 + a2 ±

√
(x2 + y2 + z2 + a2)− 4a2(x2 + y2)

}2

√
4a2(x2 + y2)2 − (x2 + y2)

{
x2 + y2 + z2 + a2 ±

√
(x2 + y2 + z2 + a2)2 − 4a2(x2 + y2)

}2

cosβ =
y

x
cosα

cos γ =
z

x sin2 ψ
cosα

∂ψ

∂x
=

x sinψ cos3 ψ
a2 − (x2 + y2) cos4 ψ

2



∂2ψ

∂x2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
({

sinψ cos3 ψ + x cos4 ψ
(
∂ψ

∂x

)
− 3x sin2 ψ cos2 ψ

(
∂ψ

∂x

)}{
a2 − (x2 + y2) cos4 ψ

}

−x sinψ cos3 ψ
{
−2x cos4 ψ + 4(x2 + y2) sinψ cos3 ψ

(
∂ψ

∂x

)})

∂2ψ

∂x2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
{
a2 sinψ cos3 ψ + (x2 − y2) sinψ cos7 ψ

+x
(
∂ψ

∂x

){
a2 cos4 ψ − 3a2 sin2 ψ cos2 ψ − (x2 + y2) cos6 ψ

}}

∂2ψ

∂x2
+
∂2ψ

∂y2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
{

2a2 sinψ cos3 ψ +
(
x

(
∂ψ

∂x

)
+ y

(
∂ψ

∂y

))

×
{
a2 cos4 ψ − 3a2 sin2 ψ cos2 ψ − (x2 + y2) cos6 ψ

}}

∂2ψ

∂x2
+
∂2ψ

∂y2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
(

2a2 sinψ cos3 ψ+

(x2 + y2) sinψ cos3 ψ
a2 − (x2 + y2) cos4 ψ

{
a2 cos4 ψ − 3a2 sin2 ψ cos2 ψ − (x2 + y2) cos6 ψ

})

∂2ψ

∂z2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
{

(a2 − (x2 + y2) cos4 ψ)
(

cos3 ψ
sinψ

− 3z sinψ cos2 ψ
sinψ

∂ψ

∂z
− z cos4 ψ

sin2 ψ

∂ψ

∂z

)

−z cos3 ψ
sinψ

(
4(x2 + y2) sinψ cos3 ψ

∂ψ

∂z

)}

∂2ψ

∂z2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
{

(a2−(x2+y2) cos4 ψ)
(

cos3 ψ
sinψ

)
−z ∂ψ

∂z

(
(a2 − (x2 + y2) cos4 ψ)

(
−3 cos2 ψ − cos4 ψ

sin2 ψ

)

−4(x2 + y2) cos6 ψ
)}

z
∂ψ

∂z
=

z2

x sin2 ψ

∂ψ

∂x
=
{
−(x2 + y2) +

a2

cos2 ψ

}
1
x

∂ψ

∂x

z
∂ψ

∂z
=
{
−(x2 + y2) +

a2

cos2 ψ

}
sinψ cos3 ψ

a2 − (x2 + y2) cos4 ψ

z
∂ψ

∂z
=
{
−(x2 + y2) cos4 ψ + a2 cos2 ψ

} sinψ
cosψ(a2 − (x2 + y2) cos4 ψ)

z
∂ψ

∂z
=
{
−(x2 + y2) cos4 ψ − a2 + a2 + a2 cos2 ψ

} sinψ
cosψ(a2 − (x2 + y2) cos4 ψ)

z
∂ψ

∂z
=

sinψ
cosψ

− a2 sin3 ψ

cosψ(a2 − (x2 + y2) cos4 ψ)
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∂2ψ

∂z2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
{

(a2 − (x2 + y2) cos4 ψ)
(

cos3 ψ
sinψ

)
−
(

sinψ
cosψ

− a2 sin3 ψ

cosψ(a2 − (x2 + y2) cos4 ψ)

)

×
(

(a2 − (x2 + y2) cos4 ψ)
(
−3 cos2 ψ − cos4 ψ

sin2 ψ

)
− 4(x2 + y2) cos6 ψ

)}

∂2ψ

∂z2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
{

(a2 − (x2 + y2) cos4 ψ)
(

cos3 ψ
sinψ

− 3 sinψ cosψ − cosψ
sinψ

)

−4(x2 + y2) sinψ cosψ + a2 sin3 ψ

(
3 cosψ +

cos3 ψ
sin2 ψ

)
+ 4a2 (x2 + y2) sin3 cos5 ψ

(a2 − (x2 + y2) cos4 ψ)

}

∂2ψ

∂z2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
{

(a2 − (x2 + y2) cos4 ψ)(−3 sinψ cosψ)− 4(x2 + y2) sinψ cos5 ψ + 3a2 sin3 ψ cosψ

−a2 sinψ cos3 ψ + 4a2 (x2 + y2) sin3 cos5 ψ
(a2 − (x2 + y2) cos4 ψ)

}

∂2ψ

∂z2
=
{
a2 − (x2 + y2) cos4 ψ

}−2
{
a2(3 sin3 ψ cosψ − 3 sinψ cosψ + sinψ cos3 ψ)

−(x2 + y2) cos4 ψ(−4 sinψ cosψ − 3 sinψ cosψ) + 4a2 (x2 + y2) sin3 cos5 ψ
(a2 − (x2 + y2) cos4 ψ)

}

∂2ψ

∂z2
=

sinψ cos3 ψ
{a2 − (x2 + y2) cos4 ψ}−2

{
− 2a2 − (x2 + y2) cos4 ψ cos2 ψ + 4a2 (x2 + y2) sin3 cos5 ψ

(a2 − (x2 + y2) cos4 ψ)

}

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
=

sinψ cos3 ψ
{a2 − (x2 + y2) cos4 ψ}−2

{
2a2 + (x2 + y2) cos4 ψ − 4a2 (x2 + y2) sin3 cos5 ψ

(a2 − (x2 + y2) cos4 ψ)

−2a2 − (x2 + y2) cos4 ψ cos2 ψ + 4a2 (x2 + y2) sin3 cos5 ψ
(a2 − (x2 + y2) cos4 ψ)

}
= 0

The ψ =constant surfaces are of the type

(x2 + y2)α2 + z2β2 = a2

x2

β2
+
y2

β2
+
z2

α2
= c2

The z = 0 cross-section is a circle; the x = 0 and y = 0 cross-sections are ellipses. The surface is an ellipsoid
of revolution around the z axis. The ellopsoids approach a sphere as ψ → π/2. The ψ = 0 “surface” is the disk
x2 + y2 ≤ a2. The ψ = π surface is identical to the ψ = 0 surface.
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Problem 1.2{√
x2 + y2 − ψ

}2

+ z2 = ψ2 − a2 a < ψ < ∞

x2 + y2 − 2ψ
√
x2 + y2 + ψ2 + z2 = ψ2 − a2

x2 + y2 + z2 + a2 = 2ψ
√
x2 + y2

ψ =
1
2
x2 + y2 + z2 + a2√

x2 + y2
=

1
2
ρ2 + z2 + a2

ρ

In the y = 0 plane

ψ =
1
2
x2 + z2 + a2

x

For ψ =constant

0 = x2 − 2xψ + z2 + a2

0 = (x − ψ)2 + z2 + a2 − ψ2

0 = x̄2 + z2 + a2 − ψ2

x̄2 + z2 = ψ2 − a2

This curve is a circle of radius
√
ψ2 − a2 centered at x = ψ. Since ψ is symmetric in x and y, the surface ψ =constant

is the surface of revolution of this circle around the z axis.

In the limiting case ψ = 0, a = 0 also and x = z = 0. The “surface” is the point at the origin. For ψ → ∞, z → ∞
for finite x2 + y2 > 0 and x2 + y2 →∞ for finite z. Also, ψ →∞ for finite z at x = y = 0. The “surface’ ψ →∞ is
the union of the sphere R =

√
x2 + y2 + z2 →∞ and the z axis.

∂ψ

∂x
=
∂ψ

∂ρ

∂ρ

∂x
=
(

1
2
− z2 + a2

2ρ2

)
x

ρ

∂ψ

∂y
=
∂ψ

∂ρ

∂ρ

∂y
=
(

1
2
− z2 + a2

2ρ2

)
y

ρ

∂ψ

∂z
=
z

ρ

cosα =
∂ψ
∂x√(

∂ψ
∂x

)2

+
(
∂ψ
∂y

)2

+
(
∂ψ
∂z

)2
=

(
1
2 −

z2+a2

2ρ2

)
x
ρ√(

1
2 −

z2+a2

2ρ2

)
x2+y2

ρ2 + z2

ρ2

cosα =

(
1
2 −

z2+a2

2ρ2

)
x
ρ√(

1
2 −

z2+a2

2ρ2

)
+ z2

ρ2
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cosβ =

(
1
2 −

z2+a2

2ρ2

)
y
ρ√(

1
2 −

z2+a2

2ρ2

)
+ z2

ρ2

cos γ =

(
1
2 −

z2+a2

2ρ2

)
z
ρ√(

1
2 −

z2+a2

2ρ2

)
+ z2

ρ2

∂2ψ

∂ρ2
=
z2 + a2

ρ3

∂2ψ

∂z2
=

1
ρ

∇2ψ =
∂2ψ

∂ρ2
+

1
ρ

∂ψ

∂ρ
+
∂2ψ

∂z2
=
z2 + a2

ρ3
+

1
ρ

(
1
z
− z2 + a2

2ρ2

)
+

1
ρ2

∇2ψ =
z2 + a2

2ρ3
+

3
2ρ

6= 0
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Problem 1.3

dx

Fx
=
dy

Fy
=
dz

Fz

Fx = 2zx Fy = 2zy Fz = a2 + z2 − x2 − y2

Fx dy = Fy dx

dy

y
=
dx

x

ln
(
y

y0

)
= ln

(
x

x0

)

y

x
=
y0
x0

= constant

y

x
= tanφ

Fx dz = Fz dx

2zx dz = (a2 + z2 − x2 − y2) dx

2zx dz = (a2 + z2 − x2 − x2 tan2 φ) dx

2zx dz =
(
a2 + z2 − x2

cos2 φ

)
dx

2zx dz − z2 dx =
(
a2 − x2

cos2 φ

)
dx

x d(z2) − z2 dx =
(
a2 − x2

cos2 φ

)
dx

x d(z2)− z2 dx

x2
=
(
a2

x2
− 1

cos2 φ

)
dx

d

(
z2

x

)
=
(
a2

x2
− 1

cos2 φ

)
dx

z2

x
− constant = −a

2

x
− x2

cos2 φ
= −a

2

x
− x

x2

x2+y2

z2 + a2 + x2 + y2

x
= constant
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From the symmetry of x and y,

x

x2 + y2 + z2 + a2
= c1

y

x2 + y2 + z2 + a2
= c2 tanφ =

c2
c1

√
x2 + y2

x2 + y2 + z2 + a2
=
√
c22 + c21

x2 + y2 + z2 + a2

2a
√
x2 + y2

=
1

2a
√
c21 + c22

= cothµ

∂Fz
∂y

= −2y
∂Fz
∂x

= −2x

∂Fy
∂x

= 2z
∂Fy
∂z

= 2y

∂Fx
∂y

= 2z
∂Fx
∂z

= 2x

Fx

(
∂Fz
∂y

− ∂Fy
∂z

)
+Fy

(
∂Fx
∂z

− ∂Fz
∂x

)
+Fz

(
∂Fy
∂x

− ∂Fx
∂y

)
= 2zx(−2y−2y)+2zy(2x−(−2x))+(a2+z2−x2−y2)(2z−2z)

Fx

(
∂Fz
∂y

− ∂Fy
∂z

)
+ Fy

(
∂Fx
∂z

− ∂Fz
∂x

)
+ Fz

(
∂Fy
∂x

− ∂Fx
∂y

)
= −8xyz + 8xyz + 0 = 0

Fx dx + Fy dy + Fz dz = 2zx dx+ 2zy dy + (a2 + z2 − x2 − y2) dz = 0

0 = z d(x2 + y2) − (x2 + y2) dz + (a2 + z2) dz

0 =
z d(x2 + y2)− (x2 + y2) dz

z2
+

(a2 + z2)
z2

dz

0 = d

(
x2 + y2

z

)
+
a2 + z2

z2
dz

constant =
x2 + y2

z
− a2

z
+ z =

x2 + y2 + z2 − a2

z

x2 + y2 + z2 − a2

2az
=

constant
2a

= cotψ

φ = tan−1
(y
x

)

∇φ =
1

1 + y2

x2

(
− y

x2
,
1
x
, 0
)

=
(−y, x, 0)
x2 + y2
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µ = tanh−1 2a
√
x2 + y2

x2 + y2 + z2 + a2

∇µ =
1

1− 4a2(x2+y2)
(x2+y2+z2+a2)2

(
2ax

(x2 + y2 + z2 + a2)
√
x2 + y2

− 4ax
√
x2 + y2

(x2 + y2 + z2 + a2)2 ,

2ay

(x2 + y2 + z2 + a2)
√
x2 + y2

− 4ay
√
x2 + y2

(x2 + y2 + z2 + a2)2 ,

−4az
√
x2 + y2

(x2 + y2 + z2 + a2)2

)

∇µ =
1

(x2 + y2 + z2 + a2)2 − 4a2(x2 + y2)

(
2ax(z2 + a2 − x2 − y2)2√

x2 + y2
,

2ay(z2 + a2 − x2 − y2)2√
x2 + y2

,

−4az(x2 + y2)√
x2 + y2

)

∇φ·∇µ =
(

1
x2 + y2

)(
1

(x2 + y2 + z2 + a2)2 − 4a2(x2 + y2)

)(
−2ayx(z2 + a2 − x2 − y2)√

x2 + y2
+

2ayx(z2 + a2 − x2 − y2)√
x2 + y2

+ 0

)

∇φ · ∇µ = 0

ψ = tan−1 2az
x2 + y2 + z2 − a2

∇ψ =
1

1 + 4a2z2

(x2+y2+z2−a2)2

(
− 4axz

(x2 + y2 + z2 − a2)2 ,
− 4ayz

(x2 + y2 + z2 − a2)2 ,

2a(x2 + y2 + z2 − a2)− 4az2

(x2 + y2 + z2 − a2)2

)

∇ψ =
1

(x2 + y2 + z2 − a2)2 − 4a2z2

(
−4axz,−4ayz, 2a(x2 + y2 − z2 − a2)

)

∇φ · ∇ψ =
(

1
x2 + y2

)(
1

(x2 + y2 + z2 − a2)2 − 4a2z2

)
(4axyz − 4axyz + 0)

∇φ · ∇ψ = 0

∇ψ · ∇µ =
(

1
(x2 + y2 + z2 − a2)− 4a2z2

)(
1

(x2 + y2 + z2 + a2)2 − 4a2(x2 + y2)

)
×

(
−8a2x2z(z2 + a2 − x2 − y2)√

x2 + y2
− 8a2y2z(z2 + a2 − x2 − y2)√

x2 + y2
+
−8a2z(x2 + y2)(−z2 − a2 + x2 + y2)√

x2 + y2

)

∇ψ · ∇µ = 0
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Problem 1.4

dx

Fx
=
dy

Fy
=
dz

Fz

Fx = 3xz Fy = 3yz Fz = 2z2 − x2 − y2

dx

3xz
=

dy

3yz

dx

x
=
dy

y

ln
(
x

x0

)
= ln

(
y

y0

)

y

x
= constant = tanφ φ = tan−1

(y
x

)
dx

3xz
=

dz

2z2 − x2 − y2
=

dz

2z2 − x2/ cos2 φ

(
2z2 − x2

cos2 φ

)
dx = 3xz dz

2z2 dx − 3xz dz =
x2

cos2 φ
dx

z2(2 dx) − 3
2
x d(z2) =

x2

cos2 φ
dx

−3
2
x7/3

{
z2

(
−4

3
x−7/3 dx

)
+ x−4/3 d(z2)

}
=

x2

cos2 φ
dx

−3
2
x7/3

{
d(z2x−4/3)

}
=

x2

cos2 φ
dx

d(z2x−4/3) = −2
3
x−1/3

cos2 φ
dx

z2x−4/3 + c1 = − x2/3

cos2 φ

c1 = z2x−4/3 +
x2/3

cos2 φ
= z2x−4/3 +

x2 + y2

x4/3
=
x2 + y2 + z2

x4/3

c2 =
x2 + y2 + z2

y4/3
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1
c1

+
1
c2

=
x4/3 + y4/3

x2 + y2 + z2

θ =
x2 + y2

(x2 + y2 + z2)3/2

3xz dx + 3yz dy + (2z2 − y2 − x2) dz = 0

3z
2
d(x2) +

3z
2
d(y2) − (y2 + x2) dz = −2z2 dz

3
2
z d(x2 + y2) − (x2 + y2) dz = −2z2 dz

3
2
z5/3

{
z−2/3 d(x2 + y2)− 2

3
z−5/3(x2 + y2) dz

}
= −2z2 dz

3
2
z5/3 d

[
(x2 + y2)z−2/3

]
= −2z2 dz

d
[
(x2 + y2)z−2/3

]
= −4

3
x1/3 dz

(x2 + y2)z−2/3 + constant = −z4/3

constant = z4/3 +
x2 + y2

z2/3
=
x2 + y2 + z2

z2/3

ψ =
z

(x2 + y2 + z2)3/2

∂ψ

∂x
= − 3zx

(x2 + y2 + z2)5/2

∂2ψ

∂x2
= −3z(x2 + y2 + z2) + 15zx2

(x2 + y2 + z2)7/2
=

12zx2 − 3zy2 − 3z3

(x2 + y2 + z2)7/2

∂2ψ

∂y2
= −3z(x2 + y2 + z2) + 15zy2

(x2 + y2 + z2)7/2
=
−3zx2 + 12zy2 − 3z3

(x2 + y2 + z2)7/2

∂2ψ

∂z2
=

∂

∂z

{
1

(x2 + y2 + z2)3/2
− 3z2

(x2 + y2 + z2)5/2

}
∂2ψ

∂z2
=

∂

∂z

{
x2 + y2 − 2z2

(x2 + y2 + z2)5/2

}
∂2ψ

∂z2
= −4z(x2 + y2 + z2)− 5z(x2 + y2 − 2z2)

(x2 + y2 + z2)7/2
=
−9zx2 − 9zy2 + 6z3

(x2 + y2 + z2)7/2

∇2ψ = (x2 + y2 + z2)−7/2
{
12zx2 − 3zy2 − 3y3 − 3zx2 + 12zy2 − 3z3 − 9zx2 − 9zy2 + 6z3

}
∇2ψ = (x2 + y2 + z2)−7/2{0} = 0.

Yes, ψ obeys Laplace’s Equation.
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Problem 1.5

Fx = 2zx Fy = 2zy Fz = a2 + z2 − x2 − y2

Complete sphere: ∮
F · n̂ dA =

∫ 2π

0

dφ

∫ π

0

sin θ dθ r2
{

2zx2 + 2zy2 + (a2 + z2 − x2 − y2)z√
x2 + y2 + z2

}

∮
F · n̂ dA =

∫ 2π

0

dφ

∫ π

0

sin θ dθ r{2(r cos θ)(r2 sin2 θ) + (a2 + r2 cos2 θ − r2 sin2 θ)r cos θ}

∮
F · n̂ dA =

∫ 2π

0

dφ

∫ π

0

sin θ dθ r{r3 sin2 θ cos θ + a2r cos θ + r3 cos3 θ}

∮
F · n̂ dA = 2π

∫ π

0

{r4 sin3 θ cos θ dθ + a2r2 sin θ cos θ dθ + r4 cos3 θ sin θ dθ}

∮
F · n̂ dA = 2π

{
r4

sin4 θ

4
+ a2r2

sin2 θ

2
− r4

cos4 θ
4

}∣∣∣∣π
0

∮
F · n̂ dA = 0

z > 0 hemisphere: ∫
F · n̂ dA = 2π

{
r4

sin4 θ

4
+ a2r2

sin2 θ

2
− r4

cos4 θ
4

}∣∣∣∣
π
2

0

∫
F · n̂ dA =

πr4

2
+ πa2r2 − πr4

2
= πa2r2

z < 0 hemisphere: ∫
F · n̂ dA = 2π

{
r4

sin4 θ

4
+ a2r2

sin2 θ

2
− r4

cos4 θ
4

}∣∣∣∣π
π
2

∫
F · n̂ dA = −πr

4

2
− πa2r2 +

πr4

2
= −πa2r2

z = 0 plane: ∫
F · n̂ =

∫ 2π

0

dφ

∫ r

0

r dr (−a2 + r2) = −2π
{
a2r2

2
− r4

4

}∣∣∣∣r
0

= −2π
{
a2r2

2
− r4

4

}
net=−2πa2r2 + π

2 r
4.
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Problem 1.6

Fx =
x− a

(x− a)2 + y2
− x

x2 + y2
Fy =

y

x2 + y2
− y

(x− a)2 + y2
Fz = 0

∂Fx
∂y

=
−2y(x− a)

[(x− a)2 + y2]2
+

2xy
(x2 + y2)2

∂Fy
∂x

=
2y(x− a)

[(x− a)2 + y2]2
− 2xy

(x2 + y2)2

∂Fx
∂y

− ∂Fy
∂x

=

∂Fx
∂z

− ∂Fz
∂x

=
∂Fy
∂z

− ∂Fz
∂y

= 0

Fx = 2zx Fy = 2zy Fz = a2 + z2 − x2 − y2

∂Fx
∂y

− ∂Fy
∂x

= 0

∂Fz
∂x

− ∂Fx
∂z

= −2x − 2x = −4x

∂Fy
∂z

− ∂Fz
∂y

= 2y − (−2y) = 4y

∇× F = i
(
∂Fz
∂y

− ∂Fy
∂z

)
+ j
(
∂Fx
∂z

− ∂Fz
∂x

)
+ k

(
∂Fy
∂x

− ∂Fx
∂y

)

∇ × F = −4yi − 4zj

φ = 0 implies y = x tanφ = 0. The path lies entirely in the y plane so that n = j.∫
(∇× F) · n dA =

∫
(−4z) dA =

∫ a√
1−c2

−a√
1−c2

dx

∫ √(c2−1)x2+a2

−
√

(c2−1)x2−a2
−4z dz

∫
(∇× F) · n dA =

∫ a√
1−c2

−a√
1−c2

dx · (−2z2)

∣∣∣∣∣∣
√

(c2−1)x2−a2

−
√

(c2−1)x2−a2

= 0

13



Problem 1.7

λ = {z + (x2 + y2 + z2)1/2}1/2 = {r cos θ + r}1/2

µ = {−z + (x2 + y2 + z2)1/2}1/2 = {−r cos θ + r}1/2

φ = tan−1 y

x

λ2 = r + r cos θ µ2 = r − r cos θ

λ2 + µ2 = 2r λ2 − µ2 = 2r cos θ

r =
1
2
(λ2 + µ2) θ = cos−1 λ

2 − µ2

λ2 + µ2
φ = φ

∂r

∂λ
= λ

∂r

∂µ
= µ

∂r

∂φ
= 0

∂θ

∂λ
=

−1√
1−

(
λ2−µ2

λ2+µ2

)2

{
2λ

λ2 + µ2
− (λ2 − µ2)(2λ)

(λ2 + µ2)2

}

=
−1√

1−
(
λ2−µ2

λ2+µ2

)2

{
2λ(λ2 + µ2)− 2λ(λ2 − µ2)

(λ2 + µ2)2

}

=
−4λµ2

(λ2 + µ2)
√

(λ2 + µ2)2 − (λ2 − µ2)2
=

−4λµ2

(λ2 + µ2)
√

4λ2µ2

=
−2µ

λ2 + µ2

∂θ

∂µ
=

2λ
λ2 + µ2

∂θ

∂φ
= 0

∂µ

∂λ
= 0

∂φ

∂µ
= 0

∂φ

∂φ
= 1

gλλ = grr

(
∂r

∂λ

)2

+ gθθ

(
∂θ

∂λ

)2

+ gφφ

(
∂φ

∂λ

)2

= λ2 + r2
4µ2

(λ2 + µ2)2

= λ2 +
1
4
(λ2 + µ2)2

4µ2

(λ2 + µ2)2
= λ2 + µ2

gµµ = grr

(
∂r

∂µ

)2

+ gθθ

(
∂θ

∂µ

)2

+ gφφ

(
∂φ

∂µ

)2

= µ2 + r2
4λ2

(λ2 + µ2)2

= µ2 +
1
4
(λ2 + µ2)2

4λ2

(λ2 + µ2)2
= λ2 + µ2
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gφφ = grr

(
∂r

∂φ

)2

+ gθθ

(
∂θ

∂φ

)2

+ gφφ

(
∂φ

∂φ

)2

= r2 sin2 θ

=
1
4
(λ2 + µ2)2

{
1− (λ2 − µ2)2

(λ2 + µ2)2

}
=

1
4
{
(λ2 + µ2)2 − (λ2 − µ2)2

}
= λ2µ2

√
x2 + y2 + z2 =

1
2
(λ2 + µ2) z =

1
2
(λ2 − µ2)

y

x
= tanφ

x2 + y2 + z2 =
1
4
(λ2 + µ2)2

x2 + x2 tan2 φ+
1
4
(λ2 − µ2)2 =

1
4
(λ2 + µ2)2

x2

cos2 θ
= λ2µ2

x = λµ cosφ
y = λµ sin θ

z =
1
2
(λ2 − µ2)

(∇ × F)ij = Fj,i − Fi,j

∇2ψ =
1
√
g

∂

∂xi

(
√
g
∂ψ

∂xj

)
gij

= ψ,ijg
ij +

g,i
2g
ψ,jg

ij

= gλλψ,λλ + gµµψ,µµ + gφφψ, φφ+
g,λ
2g
ψ,λ +

g,µ
2g
ψ,µ

g = gλλgµµgφφ = λ2µ2(λ2 + µ2)2

g,λ
2g

=
1
2

{
2
λ

+
4λ

λ2 + µ2

}
=

1
λ

+
2λ

λ2 + µ2
=

3λ2 + µ2

λ(λ2 + µ2)

g,µ
2g

=
3µ2 + λ2

µ(λ2 + µ2)

∇2ψ =
1

λ2 + µ2

∂2ψ

∂λ2
+

1
λ2 + µ2

∂2ψ

∂µ2
+

1
λ2 + µ2

∂2ψ

∂φ2
+

3λ2 + µ2

λ(λ2 + µ2)
∂ψ

∂λ
+

3µ2 + λ2

µ(λ2 + µ2)
∂ψ

∂µ

Fλ = Fx
∂x

∂λ
+ Fy

∂y

∂λ
+ Fz

∂z

∂λ

=
x/
√
x2 + y2 + z2

z +
√
x2 + y2 + z2

(µ cosφ) +
y/
√
x2 + y2 + z2

z +
√
x2 + y2 + z2

(µ sinφ) +
1√

x2 + y2 + z2
(λ)

=
λµ2 cos2 φ/ 1

2 (λ2 + µ2)
1
2 (λ2 − µ2) + 1

2 (λ2 + µ2)
+

λµ2 sin2 φ/ 1
2 (λ2 + µ2)

1
2 (λ2 − µ2) + 1

2 (λ2 + µ2)
+

λ
1
2 (λ2 + µ2)

=
λµ2

λ2(λ2 + µ2)
+

2λ
λ2 + µ2

=
µ2 + 2λ2

λ(λ2 + µ2)
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Fµ = Fx
∂x

∂µ
+ Fy

∂y

∂µ
+ Fz

∂z

∂µ

= =
λ2 + 2µ2

λ(λ2 + µ2)

Fφ = Fx
∂x

∂φ
+ Fy

∂y

∂φ
+ Fz

∂z

∂φ

=
x/
√
x2 + y2 + z2

z +
√
x2 + y2 + z2

(−λµ sinφ) +
y/
√
x2 + y2 + z2

z +
√
x2 + y2 + z2

(λµ cosφ) +
1√

x2 + y2 + z2
(0)

=
x/
√
x2 + y2 + z2

z +
√
x2 + y2 + z2

(−y) +
y/
√
x2 + y2 + z2

z +
√
x2 + y2 + z2

(x) = 0

∇ · F =
gij
√
g

∂

∂xi
(
√
gFj)

= Fi,jg
ij +

g,i
2g
Fjg

ij

= Fλ,λg
λλ + Fµ,µg

µµ + Fφ,φg
φφ +

g,λ
2g
Fλg

λλ +
g,µ
2g
Fµg

µµ

Fλ,λ = − µ4

λ2(λ2 + µ2)2

Fµ,µ = − λ4

µ2(λ2 + µ2)2

∇ · F = − µ4

λ2(λ2 + µ2)2
1

λ2 + µ2
+

µ2 + 2λ2

λ(λ2 + µ2)
3λ2 + µ2

λ(λ2 + µ2)
1

λ2 + µ2
− λ4

µ2(λ2 + µ2)2
1

λ2 + µ2
+

λ2 + 2µ2

µ(λ2 + µ2)
3µ2 + λ2

µ(λ2 + µ2)
1

λ2 + µ2

=
11

(λ2 + µ2)2
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Problem 1.8

φ = tan−1 y

x
µ = tanh−1 2a

√
x2 + y2

x2 + y2 + z2 + a2
ψ = tan−1 2az

x2 + y2 + z2 − a2

y = x tanφ y2 + x2 =
x2

cos2 φ

x2 + y2 + z2 + a2 = 2a cothµ
√
x2 + y2

x2

cos2 φ
+ z2 + a2 = 2a cothµ

x

cosφ
x2

cos2 φ
+ z2 = 2a cothµ

x

cosφ
− a2
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Problem 1.9

ξ = ln(x2 + y2) − 2z

∇ξ =
(

2x
x2 + y2

,
2y

x2 + y2
,−2

)

η =
1
2
(x2 + y2) + z

∇η = (x, y, 1)

φ = tan−1 y

x

∇φ =
(

−y
x2 + y2

,
x

x2 + y2
, 0
)

∇ξ · ∇η =
2x2

x2 + y2
+

2y2

x2 + y2
− 2 = 0

∇ξ · ∇φ =
−2xy
x2 + y2

+
2xy

x2 + y2
+ 0 = 0

∇η · ∇φ =
−xy

x2 + y2
+

xy

x2 + y2
+ 0 = 0

∣∣∣∣ ∂ξi∂xj

∣∣∣∣ =

∣∣∣∣∣∣
2x

x2+y2
2y

x2+y2 −2
x y 1
−y

x2+y2
x

x2+y2 0

∣∣∣∣∣∣ =
2x

x2 + y2

(
−x

x2 + y2

)
+

2y
x2 + y2

(
−y

x2 + y2

)
− 2 = −2

x2 + y2 + 1
x2 + y2

(
∂xi
∂ξj

)
=


x

2(x2+y2+1)
x

x2+y2+1 −y
y

2(x2+y2+1)
y

x2+y2+1 x
−x2−y2

2(x2+y2+1)
1

x2+y2+1 0


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Problem 1.11

âθ =
~aθ
|~aθ|

=
~aθ√
~aθ · ~aθ

=
~aθ√
gθθa2

θ

=

(
0,

1√
gθθ

, 0

)

(~aθ · ∇) ~A = gθθ(~aθ)θ
∂Ak
∂θ

=
gθθ√
gθθ

∂Ak
∂θ

=
√
gθθAk,θ

=
1
r

∂Ak
∂θ

(~aφ · ∇) ~B = gφφ(~aφ)φ
∂Bk
∂φ

=
gφφ√
gφφ

∂Bk
∂φ

=
√
gφφBk,φ

=
1

r sin θ
∂Bk
∂φ

x = a coshµ cos θ cosφ y = a coshµ cos θ sinφ z = a sinhµ sin θ

∂x

∂µ
= a sinhµ cos θ cosφ

∂y

∂µ
= a sinhµ cos θ sinφ

∂z

∂µ
= a coshµ sin θ

∂x

∂θ
= −a coshµ sin θ cosφ

∂y

∂θ
− = a coshµ sin θ sinφ

∂z

∂θ
= a sinhµ cos θ

∂x

∂φ
= −a sinhµ cos θ sinφ

∂y

∂φ
= a sinhµ cos θ cosφ

∂z

∂µ
= 0

gµµ =
(
∂x

∂µ

)2

+
(
∂y

∂µ

)2

+
(
∂z

∂µ

)2

= a2 sinh2 µ cos2 θ cos2 φ+ a2 sinh2 µ cos2 θ sin2 φ+ a2 cosh2 µ sin2 θ

= a2 sinh2 µ cos2 θ + a2 cosh2 µ sin2 θ

gφφ =
(
∂x

∂φ

)2

+
(
∂y

∂φ

)2

+
(
∂z

∂φ

)2

= a2 sinh2 µ cos2 θ sin2 φ+ a2 sinh2 µ cos2 θ cos2 φ
= a2 sinh2 µ cos2 θ

gθθ =
(
∂x

∂θ

)2

+
(
∂y

∂θ

)2

+
(
∂z

∂θ

)2

= a2 cosh2 µ sin2 θ cos2 φ+ a2 cosh2 µ sin2 θ sin2 φ+ a2 sinh2 µ cos2 θ
= a2 cosh2 µ sin2 θ + a2 sinh2 µ cos2 θ
= a2 sinh2 µ sin2 θ + a2 sin2 θ + a2 sinh2 µ cos2 θ
= a2 sinh2 µ+ a2 sin2 θ
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(~aθ · ∇) ~A =
1

a
√

sinh2 µ+ sin2 θ

∂Ak
∂θ

(~aφ · ∇) ~B =
1

a sinhµ cos θ
∂Bk
∂φ

20



Problem 1.13

{∇ × (u∇v)}i = g−1/2εijk(uv,k),j

{∇ × (u∇v)}i = g−1/2εijk(u,jv,k + uv,kj)

{∇ × (u∇v)}i = g−1/2εijku,jv,k

∇× (u∇v) =
1
√
g

(
∂u

∂ξ2

∂v

∂ξ3
− ∂u

∂ξ3

∂v

∂ξ2 ,

∂u

∂ξ3

∂v

∂ξ1
− ∂u

∂ξ1

∂v

∂ξ3 ,

∂u

∂ξ1

∂v

∂ξ2
− ∂u

∂ξ2

∂v

∂ξ1

)
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Problem 1.15

gθθ =
a2

(coshµ− cos θ)2
gφφ =

a2 sin2 θ

(coshµ− cos θ)2
gµµ = gθθ

Γθθθ =
1
2
gθθgθθ,θ =

1
2

(
coshµ− cos θ

a

)2{ −2a2 sin θ
(coshµ− cos θ)3

}
=

− sin θ
coshµ− cos θ

Γθθφ =
1
2
gθθgθθ,φ =

1
2

(
coshµ− cos θ

a

)2

(0) = 0

Γθθµ =
1
2
gθθgθθ,µ =

1
2

(
coshµ− cos θ

a

)2{ −2a2 sinhµ
(coshµ− cos θ)3

}
=

− sinhµ
coshµ− cos θ

Γθφφ =
1
2
gθθgφφ,θ = −1

2

(
coshµ− cos θ

a

)2{ −2a2 sin θ cos θ
(coshµ− cos θ)2

− 2a2 sin3 θ

(coshµ− cos θ)3

}
= − sin θ coshµ− sin θ

coshµ− cos θ

Γθφµ = 0

Γθµµ =
1
2
gθθ(−gµµ,θ ) =

1
2

(
coshµ− cos θ

a

)2{ 2a2 sin θ
(coshµ− cos θ)3

}
=

sin θ
coshµ− cos θ

Γφθθ =
1
2
gφφ(−gθθ,φ ) = 0

Γφθφ =
1
2
gφφgφφ,θ =

1
2

(
coshµ− cos θ

a sin θ

)2{ 2a2 sin θ cos θ
(coshµ− cos θ)2

− 2a2 sin3 θ

(coshµ− cos θ)3

}
=

coshµ− 1
sin θ(coshµ− cos θ)

Γφθµ = 0

Γφφφ =
1
2
gφφgφφ,φ = 0

Γφφµ =
1
2
gφφgφφ,µ =

1
2

(
coshµ− cos θ

a sin θ

)2{−2a2 sin2 θ sinhµ
(coshµ− cos θ)3

}
= − sinhµ

coshµ− cos θ

Γφµµ =
1
2
gφφ(−gµµ,φ ) = 0

Γµθθ =
1
2
gµµ(−gθθ,µ ) =

1
2

(
coshµ− cos θ

a

)2{ 2a2 sinhµ
(coshµ− cos θ)3

}
=

sinhµ
coshµ− cos θ

Γµθφ = 0

Γµθµ =
1
2
gµµgµµ,θ =

1
2

(
coshµ− cos θ

a

)2{ −2a2 sin θ
(coshµ− cos θ)3

}
=

sin θ
coshµ− cos θ
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Γµφφ =
1
2
gµµgφφ,µ =

1
2

(
coshµ− cos θ

a

)2{ 2a2 sin2 θ sinhµ
(coshµ− cos θ)3

}
=

sin2 θ sinhµ
coshµ− cos θ

Γµφµ =
1
2
gµµgµµ,φ = 0

Γµµµ =
1
2
gµµgµµ,µ =

1
2

(
coshµ− cos θ

a

)2{ −2a2 sinhµ
(coshµ− cos θ)3

}
=

− sinhµ
coshµ− cos θ

fθ;θ = fθ,θ + fαΓθαθ = fθ,θ + fθ
− sin θ

coshµ− cos θ
+ fµ

− sinhµ
coshµ− cos θ

fθ;φ = fθ,φ + fαΓθαφ = fθ,φ + fφ
sin θ − sin θ sinhµ

coshµ− cos θ

fθ;µ = fθ,µ + fαΓθαµ = fθ,mu + fµ
sin θ

coshµ− cos θ
+ fθ

− sinhµ
coshµ− cos θ

fφ;θ = fφ,θ + fαΓφαθ = fφ,θ + fφ
coshµ− 1

sin θ(coshµ− cos θ)

fφ;φ = fφ,φ + fαΓφαφ = fφ,φ + fφ
coshµ− 1

sin θ(coshµ− cos θ)
+ fµ

sinhµ
coshµ− cos θ

fφ;µ = fφ,µ + fαΓφαµ = fφ,µ + fφ
sinhµ

coshµ− cos θ

fµ;θ = fµ,θ + fαΓµαθ = fµ,θ + fµ
sinhµ

coshµ− cos θ
+ fµ

sin θ
coshµ− cos θ

fµ;φ = fµ,φ + fαΓµαφ = fµ,φ + fφ
sin2 θ sinhµ

coshµ− cos θ

fµ;µ = fµ,µ + fαΓµαµ = fµ,µ + fθ
sin θ

coshµ− cos θ
+ fµ

− sinhµ
coshµ− cos θ

x = λµ cosφ y = λµ sinφ z =
1
2
(λ2 − µ2)

∂x

∂λ
= µ cosφ

∂y

∂λ
= µ sinφ

∂z

∂λ
= λ

∂x

∂µ
= λ cosφ

∂y

∂µ
= λ sinφ

∂z

∂µ
= −µ

∂x

∂φ
= −λµ sinφ

∂y

∂φ
= λµ cosφ

∂z

∂φ
= 0

gλλ =
(
∂x

∂λ

)2

+
(
∂y

∂λ

)2

+
(
∂z

∂λ

)2

= µ2 cos2 φ+ µ2 sin2 φ+ λ2 = µ2 + λ2

gµµ =
(
∂x

∂µ

)2

+
(
∂y

∂µ

)2

+
(
∂x

∂µ

)2

= λ2 cos2 φ+ λ2 sin2 φ+ µ2 = λ2 + µ2

gφφ =
(
∂x

∂φ

)2

+
(
∂y

∂φ

)2

+
(
∂z

∂φ

)2

= λ2µ2 sin2 φ+ λ2µ2 cos2 φ = λ2µ2
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Γλλλ =
1
2
gλλgλλ,λ =

1
2

(
1

µ2 + λ2

)
(2λ) =

λ

µ2 + λ2

Γλλµ =
1
2
gλλgλλ,µ =

1
2

(
1

µ2 + λ2

)
(2µ) =

µ

λ2 + µ2

Γλλφ =
1
2
gλλgλλ,φ = 0

Γλµµ =
1
2
gλλgµµ,λ =

1
2

(
1

µ2 + λ2

)
(−2λ) = − λ

µ2 + λ2

Γλµφ = 0

Γλφφ =
1
2
gλλgφφ,λ =

1
2

(
1

µ2 + λ2

)
(−2λµ2) = − λµ2

µ2 + λ2

Γµλλ =
1
2
gµµ(−gλλ,µ ) =

1
2

(
1

µ2 + λ2

)
(−2λµ2) =

−µ
µ2 + λ2

Γµλµ =
1
2
gµµgµµ,λ =

1
2

(
1

µ2 + λ2

)
(λ) =

λ

µ2 + λ2
Γµλφ = 0

Γµµµ =
1
2
gµµgµµ,µ =

1
2

(
1

µ2 + λ2

)
(2µ) =

µ

µ2 + λ2

Γµµφ =
1
2
gµµgµµ,φ = 0

Γµφφ =
1
2
gµµgφφ,µ =

1
2

(
1

µ2 + λ2

)
(−2λ2µ) =

−λ2µ

µ2 + λ2

Γφλλ =
1
2
gφφ(−gλλ,φ ) = 0 Γφλµ = 0

Γφλφ =
1
2
gφφgφφ,λ =

1
2

(
1

λ2µ2

)
(2λµ2) =

1
λ

Γφµµ =
1
2
gφφ(−gµµ,φ ) = 0

Γφφµ =
1
2
gφφgφφ,µ =

1
2

(
1

λ2µ2

)
(λ2µ) =

1
µ

Γφφφ =
1
2
gφφgφφ,φ = 0

fλ;λ = fλ,λ + fαΓλαλ = fλ,λ + fλ
λ

µ2 + λ2
+ fµ

µ

µ2 + λ2

fλ;φ = fλ,φ + fαΓλαφ = fλ,φ + fφ
−λµ2

µ2 + λ2

fλ;µ = fλ,µ + fαΓλαµ = fλ,mu + fµ
−λ

µ2 + λ2
+ fλ

µ

µ2 + λ2

fφ;λ = fφ,λ + fαΓφαλ = fφ,λ + fφ
1
λ

fφ;φ = fφ,φ + fαΓφαφ = fφ,φ + fλ
1
λ

+ fµ
1
µ

fφ;µ = fφ,µ + fαΓφαµ = fφ,µ + fφ
1
µ

fµ;λ = fµ,λ + fαΓµαλ = fµ,λ + fλ
−µ

µ2 + λ2
+ fµ

λ

µ2 + λ2

fµ;φ = fµ,φ + fαΓµαφ = fµ,φ + fφ
−λ2µ

µ2 + λ2

fµ;µ = fµ,µ + fαΓµαµ = fµ,µ + fλ
λ

µ2 + λ2
+ fµ

µ

µ2 + λ2
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Problem 1.23

d2

dt2

 y1
y2

y3

 +

 ω2 −k2 0
−k2 ω2 −k2

0 −k2 ω2

 y1
y2
y3

 = 0

∣∣∣∣∣∣
ω2 − λ −k2 0
−k2 ω2 − λ −k2

0 −k2 ω2 − λ

∣∣∣∣∣∣ = (ω2 − λ)
{
(ω2 − λ)2 − k4

}
− k2

{
k2(ω2 − λ)

}
= 0

(ω2 − λ)
{
(ω2 − λ)2 − 2k4

}
= 0

λ1 = ω2 λ2,3 = ω2 ± k2
√

2

λ1 = ω2

0e1 −k2e2 +0e3 = 0
−k2e1 +0e2 −k2e3 = 0

0e1 −k2e2 +0e3 = 0
e2 = 0
e3 = −e1

eω2 =

 − 1√
2

0
1√
2



λ2,3 = ω2 ± k2
√

2

∓k2
√

2e1 −k2e2 +0e3 = 0
−k2e1 ∓k2

√
2e2 −k2e3 = 0

0e1 −k2e2 +0e3 = 0
e2 = ∓

√
2e1

e2 = ∓
√

2e3

e3 = e1

eω2±k2
√

2 =

 1
2

∓
√

2
2

1
2



25



Problem 1.31

Tµν =

 −ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p



T ′µν =

 γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1


 ρ 0 0 0

0 p 0 0
0 0 p 0
0 0 0 p


 γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1



T ′µν =

 γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1


 −ργ pβγ 0 0
−pβγ pγ 0 0

0 0 p 0
0 0 0 p



T ′µν =

 −ργ2 + pβ2γ2 ρβγ2 − pβγ2 0 0
ρβγ2 − pβγ2 −ρβ2γ2 + pγ2 0 0

0 0 p 0
0 0 0 p



β = 0.8 γ =
1√

1− 0.82
=

1
0.6

= 1.67

β2 = 0.64 γ2 = 2.78

T ′µν =

 −2.78ρ+ 1.78p 1.78ρ− 1.78p 0 0
1.78ρ− 1.78p 1.78ρ− 2.78p 0 0

0 0 p 0
0 0 0 p


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Problem 1.32
For a Lorentz boost along the x-direction,

S′ =
(
e−

α
2 0

0 e
α
2

)
S

For a space rotation (φθψ)

S =
(

cos θ2e
− i

2 (ψ+φ) sin θ
2e
− i

2 (ψ−φ)

− sin θ
2e

i
2 (ψ−φ) cos θ2e

i
2 (ψ+φ)

)
S′′

For the space rotation followed by the Lorentz boost,

S′ =
(
e−

α
2 0

0 e
α
2

)(
cos θ2e

− i
2 (ψ+φ) sin θ

2e
− i

2 (ψ−φ)

− sin θ
2e

i
2 (ψ−φ) cos θ2e

i
2 (ψ+φ)

)
S′′

S′ = S =
(

cos θ2e
− 1

2 (α+iφ+iψ) sin θ
2e
− 1

2 (α+iψ−iφ)

− sin θ
2e

1
2 (−α+iψ−iφ) cos θ2e

1
2 (α+iψ+iφ)

)
S′′
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Problem 2.1

Assumptions: adiabatic gas behavior
constant tension membrane
constant density membrane

pV γ = p0V
γ
0

p = p0V
γ
0 V

−γ

∆p = −γp0V
γ
0 V

−γ−1∆V

∆p = −γp0
V γ0
V γ

∆V
V

∆V =
∫
ψ dA

∆p = −γp
V

∫
ψ dA

Speed of sound under adiabatic conditions: c2 =
γp

ρ

∆p = −ρc
2

V

∫
ψ dA

Newton’s second law for a differential of area:

σ∆x∆y
∂2ψ

∂t2
= T∆x∆

∂ψ

∂y
+ T∆y∆

∂ψ

∂x
+ ∆p∆x∆y

σ∆x∆y
∂2ψ

∂t2
= T∆x∆y

∂2ψ

∂y2
+ T∆y∆x

∂2ψ

∂x2
− ρc2

V
∆x∆y

∫
ψ dA

σ

T

∂2ψ

∂t2
=

∂2ψ

∂y2
+

∂2ψ

∂x2
− ρc2

V T

∫
ψ dA

v2 =
( σ
T

)−1

1
v2

∂2ψ

∂t2
=

∂2ψ

∂y2
+

∂2ψ

∂x2
− ρc2

V T

∫
ψ dA
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Problem 2.4

The mechanical equation is

ρ
∂v
∂t

+ ρ(v · ∇)v = −∇p +
1
c
J ×B

J = σE

ρ
∂v
∂t

+ ρ(v · ∇)v = −∇p +
σ

c
E ×B

∇×H =
1
c

(
∂D
∂t

+ 4πJ
)

=
1
c

(
ε
∂E
∂t

+ 4πσE
)

∇ ×B =
µ

c

(
∂D
∂t

+ 4πJ
)

Inside a conductor,

E = −4πP D = E + 4πP = 0 D = εE ε = 0

∇ ×D =
4πµσ
c

E

E =
c

4πµσ
∇ × B

ρ
∂v
∂t

+ ρ(v · ∇)v = −∇p +
σ

c
B × c

4πµσ
∇×B

ρ
∂v
∂t

+ ρ(v · ∇)v = −∇p +
1

4πµ
B ×∇ ×B

∂B
∂t

= −c∇ × E′

E′ here is the field as seen by a stationary observer. The relationship J = σE is valid as seen by an observer moving
with the fluid, obtained through diffusion analysis on the force equation F = ρE. In the moving frame,
F = ρE′ +

ρ

c
v ×B, so that

E′ =
1
σ
J − 1

c
v × B

∂B
∂t

= −c∇ ×
{

1
σ
J− 1

c
v ×B

}

∂B
∂t

= −c∇×
{

c

4πµσ
∇×B− 1

c
v ×B

}

∂B
∂t

= ∇× (v ×B) − c2

4πµσ
∇×∇ ×B

∂B
∂t

= ∇ × (v ×B) +
c2

4πµσ
∇2B
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Problem 2.5

From the continuity equation,

∂c1
∂t

= −∇ · J

J = drift flux + concentration gradient flux

∂c1
∂t

= −c1v − A2
1∇c1

v = B1F = B1QE = −B1Q∇φ

J = −c1B1Q∇φ − A2
1∇c1

∂c1
∂t

= −∇ · J = A2
1∇2c1 + B1Q∇ · (c1∇φ)
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Problem 3.1
(a.)

pq̇ −H − PQ̇ +K = Ṡ S = S(q,Q, t)

pq̇ −H − d

dt
(QP ) + QṖ +K = Ṡ

pq̇ −H + QṖ +K = Ṡ +
d

dt
(QP )

pq̇ −H + QṖ +K = Ṡ′ S′ = S + QP

pdq + QdP + (K −H) dt = dS′

p dq + QdP + (K −H) dt =
∂S′

∂q
dq +

∂S′

∂P
+
∂S′

∂t

p =
∂S′

∂q
Q =

∂S′

∂P
K = H +

∂S′

∂t

(b.)

S′ = qP

p =
∂S′

∂q
= P Q =

∂S′

∂P
= q

∂S′

∂t
= 0

K = H +
∂S′

∂t
= H Q = q P = p

The new coordinate and new momentum are identical with the old.

(c.)

S′ = qP + εT (q, P ) = qP + εT (q, p) ε << 1

p =
∂S′

∂q
= P + ε

∂T

∂q
Q =

∂S′

∂P
= q + ε

∂T

∂P

P − p = P −
(
P + ε

∂T

∂q

)
= −ε∂T

∂q
Q− q = q + ε

∂T

∂P
− q = ε

∂T

∂P

(d.)

∆f = f(P,Q) − f(p, q)

∆f = f(p, q) +
∂f

∂p
(P − p) +

∂f

∂q
(Q − q) − f(p, q)

31



∆f =
∂f

∂p

(
−ε ∂T

∂q

)
+
∂f

∂q

(
ε
∂T

∂P

)
= ε

{
∂f

∂q

∂T

∂p
− ∂f

∂p

∂T

∂q

}

∆f = ε[f, T ]

Apply this to the Hamiltonian

∆H = ε[H,T ]

If the Hamiltonian is invariant,

∆H = 0 = ε[H,T ]

Since ε is arbitrary,

0 = [H,T ]

and T is a constant of the motion.

(e.)

R − r = ε×r = (−εy, εx, 0)

P − p = ε×p = (−εpy, εpx, 0)

X − x = −εy = ε
∂T

∂px

Y − y = εx = ε
∂T

∂py
T = −ypx + xpy + f(x, y, z)

Z − z = 0 = ε
∂T

∂pz

Px − px = −εpy = −ε∂T
∂x

Py − py = εpx = −ε∂T
∂y

T = xpy − ypx + g(px, py, pz)

Pz − pz = 0 = −ε∂T
∂z

T = xpy − ypx = (r × p)z = Mz
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Problem 3.2∫ t2

t1

L′ dt =
∫ t2

t1

(
L+

df

dt

)
=
∫ t2

t1

Ldt +
∫ t2

t1

dF

dt
dt

∫ t2

t1

L′ dt =
∫ t2

t1

Ldt +
∫ F2

F1

dF

∫ t2

t1

L′ dt =
∫ t2

t1

Ldt + F (t2) − F (t1)

δ

∫ t2

t1

L′ dt = δ

∫ t2

t1

Ldt + δ[(F (t2) − F (t1)]

δ

∫ t2

t1

L′ dt = δ

∫ t2

t1

Ldt

δ[F (t2) − F (t1)] = 0 because no variation is allowed at the endpoints. Minimizing both sides of the last equation
yields

∂L′

∂t
− d

dt

(
∂L′

∂ẋ

)
= 0

∂L

∂t
− d

dt

(
∂L

∂ẋ

)
= 0

and the form of the Lagrange equations is unchanged.

For a non-relativistic particle in an electromagnetic field,

T =
1
2
mv2

V = eφ − e

c
(v ·A)

and the simplest Lagrangian is

L = T − V =
1
2
mv2 − eφ +

e

c
(v ·A)

L = T − V =
1
2
mv2 − eφ +

e

c

(
dr
dt
·A
)

L = T − V =
1
2
mv2 − eφ +

e

c

(
d

dt
r ·A− r · dA

dt

)

L = T − V =
1
2
mv2 − eφ − e

c
r · dA

dt
+
e

c

d

dt
r ·A

The last term may be discarded as a total time derivative.

L = T − V =
1
2
mv2 − eφ − e

c
r ·
{
∂A
∂r

dr
dt

+
∂A
∂t

}
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L = T − V =
1
2
mv2 − eφ − e

c
r ·
{
∇A · v +

∂A
∂t

}

∂L

∂v
= mv − e

c
r · ∇A = p

H = p · r − L

H = p · r−

{
1
2
m

(
p + e

cr · ∇A
m

)2

− eφ− e

c
r ·
[
∇A ·

(
p + e

cr · ∇A
m

)
+
∂A
∂t

]}

H = p · r− 1
2m

(
p +

e

c
r · ∇A

)2

+ eφ+
e

c
r ·
{
∇A ·

(
p + e

cr · ∇A
m

)}
+
e

c
r · ∂A

∂t

H = p ·
(

p + e
cr · ∇A
m

)
− 1

2m
p ·
(
p +

e

c
r · ∇A

)
− 1

2m

(e
c
r · ∇A

)
·
(
p +

e

c
r · ∇A

)
+ eφ

+
1
m

(e
c
r · ∇A

)
·
(
p +

e

c
r · ∇A

)
+
e

c
r · ∂A

∂t

H =
p

2m
·
(
p +

e

c
r · ∇A

)
+

1
2m

(e
c
r · ∇A

)
·
(
p +

e

c
r · ∇A

)
+ eφ+

e

c
r · ∂A

∂t

H =
1

2m

∣∣∣p +
e

c
r · ∇A

∣∣∣2 + eφ +
e

c
r · ∂A

∂t
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Problem 3.3

I =
∫
V

∫
t

L
√
g dξ1 dξ2 dξ3 dt

The Lagrange-Euler equations are applied to L
√
g:

∂

∂ψ
(L
√
g) − ∂

∂ξα
∂

∂ψ,α
(L
√
g) − ∂

∂t

∂

∂ψ̇
(L
√
g) = 0

√
g
∂L

∂ψ
− ∂

∂ξα
√
g
∂L

∂ψ,α
−√

g
∂L

∂t

∂

∂ψ̇
= 0

∂L

∂ψ
− 1
√
g

∂

∂ξα
√
g
∂L

∂ψ,α
− ∂L

∂t

∂

∂ψ̇
= 0

If L = (∇ψ)2, then in cartesian coordinates,

L = δijψ,iψ,j

∂L

∂ψ
= 0

∂L

∂ψ,i
= 2δijψ,j

∂L

∂ψ̇
= 0

√
g = 1

− ∂L

∂xi
(2δijψ,j) = 0

−2δijψ,iψ,j = 0

−2∇2ψ = 0

Since this in an invariant statement,

L = gijψ,iψ,j

∂L

∂ψ
= 0

∂L

∂ψ,i
= 2gijψ,j

∂L

∂ψ̇
= 0

− 1
√
g

∂

∂ξi
√
g (2gijψ,i) = −2∇2ψ = 0

√
g = h1h2h3

gij =
3∏
i=1

(hi)−2

∇2ψ =
1

h1h2h3

3∑
i=1

∂

∂ξi
h1h2h3

3∏
i=1

h2
i

∂

∂ξi
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Problem 3.4

Mµνλ = Tµνxλ − Tµλxν

Mµνλ
;µ = Tµν ;µx

λ + Tµνxλ;µ − Tµλ;µx
ν − Tµλ;µx

ν − Tµλxν ;µ

Mµνλ
;µ = Tµν ;µx

λ − Tµλ;µx
ν + Tλν − T νλ

Tµν ;µ = 0

Mµνλ
;µ = Tλν − T νλ

Tµλ = Tλµ

Mµνλ
;µ = 0

M4νλ
;4 = −M iνλ

;i

Tµλ = Tλµ

M4µν = T 4µxν − T 4νxµ

M4ij = T 4ixj − T 4jxi

T 4i = P i = i component of momentum density

M4ij = P ixj − P jxi = k component of − P ×R

M4ij = (R × P)k i 6= j 6= k

M4ij = angular momentum density

H = total angular momentum

H =
∫

dV M4iv

dH

dt
=
∫

dV
∂

∂t
M4ij =

∫
dV

{
−∂M

kij

∂xk

}
= −

∫
dV ∇ ·Mkij

dH

dt
= −

∫
dA n̂k ·Mkij = −

∫
dA n̂k

{
T kixj − T kjxi

}

If the system is closed at a finite distance, T ij = 0 there and
dH

dt
= 0 or, total angular momentum is constant.
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Problem 4.1

∫ 2π

0

sin2 θ dθ

a+ b cos θ
=
∮ (

z−z∗
2i

)2

a+ b
(
z+z∗

2

) dz
iz

∫ 2π

0

sin2 θ dθ

a+ b cos θ
=
∮

z2 − 2zz∗ + (z∗)2

(−2i)(bz2 + 2az + bzz∗)
dz

∫ 2π

0

sin2 θ dθ

a+ b cos θ
=
∮

z2 + (z∗)2 − 2
−2i(bz2 + 2az + b)

dz

∫ 2π

0

sin2 θ dθ

a+ b cos θ
=
∮

z2 + (z∗)2 − 2

−2ib
(
z + a

b +
√

a2

b2 − 1
)(

z + a
b −

√
a2

b2 − 1
) dz

|z| =

∣∣∣∣∣−ab −
√
a2

b2
− 1

∣∣∣∣∣ = a

b
+

√
a2

b2
− 1 > 1 if a > b so that the only pole inside the contour is z = −a

b
−
√
a2

b2
− 1.

∫ 2π

0

sin2 θ dθ

a+ b cos θ
= 2πi

z2 + (z∗)2 − 2

(−2ib)
(
z + a

b +
√

a2

b2 − 1
)
∣∣∣∣∣∣∣∣
z=− a

b−
√

a2

b2
−1

∫ 2π

0

sin2 θ dθ

a+ b cos θ
= −π

b

2
(
−a
b +

√
a2

b2 − 1
)2

− 2

−a
b +

√
a2

b2 − 1 + a
b +

√
a2

b2 − 1

∫ 2π

0

sin2 θ dθ

a+ b cos θ
= −2π

b

a2

b2 −
a
b

√
a2

b2 − 1− 1√
a2

b2 − 1

∫ 2π

0

sin2 θ dθ

a+ b cos θ
= −2π

b

√
a2

b2
− 1 +

2aπ
b2

=
2π
b2

(
a−

√
a2 − b2

)
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Problem 4.3∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

=
∫ ∞

−∞

1
2

eix + e−ix

(x2 + a2)(x2 + b2)
dx

∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

=
∫ ∞

−∞

1
2

eix

(x2 + a2)(x2 + b2)
dx+

∫ ∞

−∞

1
2

e−ix

(x2 + a2)(x2 + b2)
dx

∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

=
∫ ∞

−∞

1
2

eix

(x2 + a2)(x2 + b2)
dx+

∫ −∞

−(−∞)

1
2

e−i(−u)

((−u)2 + a2)((−u)2 + b2)
d(−u)

∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

=
∫ ∞

−∞

1
2

eix

(x2 + a2)(x2 + b2)
dx+

∫ −∞

∞

1
2

−eiu

(u2 + a2)(u2 + b2)
du

∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

=
∫ ∞

−∞

1
2

eix

(x2 + a2)(x2 + b2)
dx+

∫ ∞

−∞

1
2

eix

(x2 + a2)(x2 + b2)
dx

∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

=
∫ ∞

−∞

eix

(x2 + a2)(x2 + b2)
dx

Close the contour with an infinite half-circle in the upper half-plane, whose contribution to the integral is zero.∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

=
∮

eiz

(z2 + a2)(z2 + b2)
dz =

∮
eiz dz

(z − ia)(z + ia)(z − ib)(z + ib)

∫ ∞

−∞

1
2

cosx dx
(x2 + a2)(x2 + b2)

= 2πi {f1(ia) + f2(ib)}

f1 =
eiz

(z + ia)(z − ib)(z + ib)

f2 =
eiz

(z + ia)(z − ia)(z + ib)

∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

= 2πi
{

e−ia

2ia(b2 − a2)
+

e−ib

2ib(a2 − b2)

}
∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

=
π

a2 − b2

{
e−b

b
+
e−a

a

}

For a = b, Re a > 0, ∫ ∞

−∞

cosx dx
(x2 + a2)2

=
∮

eiz dz

(z2 + a2)2
=
∮

eiz dz

(z − ia)2(z + ia)2

∫ ∞

−∞

cosx dx
(x2 + a2)(x2 + b2)

= 2πif ′(ia)
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f(z) =
eiz

(z + ia)2

f ′(z) =
ieiz(z + ia)− 2eiz

(z + ia)3

f ′(ia) =
ie−a(2ia)− 2e−a

(2ia)3
=
e−a(a+ 1)

4a3i

∫ ∞

−∞

cosx dx
(x2 + a2)2

=
π(a+ 1)e−a

2a3i
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Problem 4.4∫ 2π

0

ecos θ cos(nθ − sin θ) dθ =
∫ 2π

0

ecos θ
1
2
(
einθ−i sin θ + e−inθ+i sin θ

)
dθ

∫ 2π

0

ecos θ cos(nθ − sin θ) dθ =
∫ 2π

0

1
2
(
einθecos θ−i sin θ + e−inθecos θ+i sin θ

)
dθ

∫ 2π

0

ecos θ cos(nθ − sin θ) dθ =
∮

1
2
ez
∗
zn + ez(z∗)n

iz
dz

(
z = eiθ

)
f(z) =

1
2i

(
ez
∗
zn + ez(z∗)n

)

f(z) =
1
2i

(
zn{1 + z∗ +

1
2
(z∗)2 + . . .}+ (z∗){1 + z +

1
2
z2 + . . .}

)

f(z) =

({
zn + zn−1 + 1

2z
n−2 + . . .+ 1

n! + z∗

(n+1)! + . . .
}

+
{

(z∗)n + (z∗)n−1 + 1
2 (z∗)n−2 + . . .+ 1

n! + z
(n+1)! + . . .

})
2i

f(0) =
1
2i

(
1
n!

+
1
n!

)
=

1
in!

∫ 2π

0

ecos θ cos(nθ − sin θ) dθ =
∮

1
2
ez
∗
zn + ez(z∗)n

iz
dz = 2πif(0)

∫ 2π

0

ecos θ cos(nθ − sin θ) dθ = 2πi
(

1
in!

)
=

2π
n!
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Problem 4.5∮
z2a−1

(z − i)(z + i)
dz = lim

ρ→∞

∫ π

0

(ρeiθ)(2a−1)

(ρeiθ − i)(ρeiθ + 1)
ieiθ dθ +

∫ ∞

−∞

x2a−1

(x2 + 1)
dx

The only pole within the contour is z = i. The line integral along the half-circle at ρ→∞ is zero.∮
z2a−1

(z − i)(z + i)
dz = 2πf(i) =

∫ ∞

−∞

x2a−1

x2 + 1
dx

2π
{
i2a−1

2i

}
=
∫ 0

−∞

x2a−1

x2 + 1
dx +

∫ ∞

0

x2a−1

x2 + 1
dx

π(−1)a(i)−1 =
∫ 0

−(−∞)

(−x)2a−1

(−x)2 + 1
d(−x) +

∫ ∞

0

x2a−1

x2 + 1
dx

−iπ(−1)a =
∫ ∞

0

(−1)2a−1x2a−1

x2 + 1
dx +

∫ ∞

0

x2a−1

x2 + 1
dx

−iπ(−1)a =
(
1− (−1)2a

) ∫ ∞

0

x2a−1

x2 + 1
dx

−iπeiπa =
(
1− e2iπa

) ∫ ∞

0

x2a−1

x2 + 1
dx

∫ ∞

0

x2a−1

x2 + 1
dx =

−iπeiπa

1− ei2πa
=

−iπ
e−iπa − eiπa

∫ ∞

0

x2a−1

x2 + 1
dx =

iπ

eiπa − e−iπa
=

π/2
(eiπa − e−iπa)/2i

∫ ∞

0

x2a−1

x2 + 1
dx =

π/2
sinπa

=
π

2
cscπa
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Problem 4.6∫ ∞

−∞

x2 dx

(1 + x2) (1− 2x cos θ + x2)
+ lim
ρ→∞

∫ π

0

(ρeiθ)2 ieiθ dθ
(1 + ρ2e2iθ) (1− 2ρeiθ cos θ + ρ2e2iθ)

=
∮

z2 dz

(z − i)(z + i)(z − eiθ)(z + eiθ)

The line integral along the half-circle at +∞ is zero. The poles within the contour are z = i and z = eiθ.∫ ∞

−∞

x2 dx

(1 + x2) (1− 2x cos θ + x2)
= 2πi

(
f(i) + f(eiθ)

)
∫ ∞

−∞

x2 dx

(1 + x2) (1− 2x cos θ + x2)
= 2πi

{
i2

2i(i− eiθ)(i− e−iθ)
+

e2iθ

(eiθ − i)(eiθ + i)(eiθ − e−iθ)

}

∫ ∞

−∞

x2 dx

(1 + x2) (1− 2x cos θ + x2)
= 2πi

{
−1

2i(−1− ieiθ − ie−iθ + 1)
+

e2iθ

(e2iθ + 1)(eiθ − e−iθ)

}

∫ ∞

−∞

x2 dx

(1 + x2) (1− 2x cos θ + x2)
= 2πi

{
i

2(−i)(eiθ + e−iθ)
+

eiθ

(eiθ + e−iθ)(eiθ − e−iθ)

}

∫ ∞

−∞

x2 dx

(1 + x2) (1− 2x cos θ + x2)
= 2πi

{
−1

4 cos θ
+

eiθ

4i cos θ sin θ

}
∫ ∞

−∞

x2 dx

(1 + x2) (1− 2x cos θ + x2)
=

πi

2 cos θ

{
−1 +

cos θ + i sin θ
i sin θ

}
∫ ∞

−∞

x2 dx

(1 + x2) (1− 2x cos θ + x2)
=

πi

2 cos θ
{−i cot θ} =

π

2 sin θ
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Problem 4.7∫ 0

−∞

xa dx

(1 + x2)2
=
∫ 0

∞

(−1)axa d(−x)
(1 + (−x)2)2

=
∫ ∞

0

(−1)axa dx
(1 + x2)2

∫ ∞

0

(−1)axa dx
(1 + x2)2

+
∫ ∞

0

xa dx

(1 + x2)2
+ lim
ρ→∞

∫ π

0

(ρeiθ)a ieiθ dθ
(1 + ρ2e2iθ)2

=
∮

za dz

(1 + z2)2

The line integral along the half-circle at ρ→∞ is zero. The only pole within the contour is z = i.

(1 + (−1)a)
∫ ∞

0

xa dx

(1 + x2)2
=
∮

za dz

(1 + z2)2
= 2πf ′(i)

f =
za

(z + i)2

f ′ =
aza−1

(z + i)2
− 2za

(z + i)3

f ′ =
aza−1(z + i)− 2za

(z + i)3

f ′(i) =
aia−1(2i)− 2ia

(2i)3

f ′(i) =
2aia − 2ia

8i3
=

(a− 1)ia

4i3
=
a− 1

4
ia−3

(1 + (−1)a)
∫ ∞

0

xa dx

(1 + x2)2
= 2πi

(
a− i

4
ia−3

)
=

(a− 1)π
2

ia−2

∫ ∞

0

xa dx

(1 + x2)2
=

(a− 1)πia−2

2(1 + eiπa)
=

(a− 1)πe
iπa
2 (−1)

2(1 + eiπa)

∫ ∞

0

xa dx

(1 + x2)2
=

(1− a)π

4
{
e−

iπa
2 +e

iπa
2

2

} =
(1− a)π
4 cos(πa2 )
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Problem 4.10∫ ∞

0

x−a dx

1 + 2x cos θ + x2
=
∫ ∞

0

x−(a−1)−1 dx

1 + 2x cos θ + x2

∫ ∞

0

x−a dx

1 + 2x cos θ + x2
=

π

sin{−(a− 1)π}
× residues of all poles of

(−z)−a

a+ 2z cos θ + z2

z2 + 2z cos θ + 1 = 0

z =
−2 cos θ ±

√
4 cos2 θ − 4

2

z = − cos θ ± i sin θ = −e±iθ

∫ ∞

0

x−a dx

1 + 2x cos θ + x2
=

π

sin{−(a− 1)π}

{
(eiθ)−a

−eiθ + e−iθ
+

(e−iθ)−a

−e−iθ + eiθ

}
∫ ∞

0

x−a dx

1 + 2x cos θ + x2
=

π

− sin aπ cosπ + cos aπ sinπ

{
−e−iaθ + eiaθ

eiθ − e−iθ

}
∫ ∞

0

x−a dx

1 + 2x cos θ + x2
=

π

sin aπ
sin aθ
sin θ
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Problem 4.12∫ ∞

−∞

cos(px)− cos(qx)
x2

= lim
ξ→0

∫ ∞

−∞

cos(px)− cos(qx)
x2 − ξ2

dx

∫ ∞

−∞

cos(px)− cos(qx)
x2

= lim
ξ→0

∫ ∞

−∞

cos(px)
x2 − ξ2

dx − lim
ξ→0

∫ ∞

−∞

cos(qx)
x2 − ξ2

dx

From the previous problem,

lim
ξ→0

∫ ∞

−∞

cos(px)
x2 − ξ2

dx = −π
ξ

sin pξ

∫ ∞

−∞

cos(px)− cos(qx)
x2

= lim
ξ→0

{
−π sin(pξ)

ξ
dx+ π

sin(qξ)
ξ

dx

}

∫ ∞

−∞

cos(px)− cos(qx)
x2

= lim
ξ→0

{
−π

pξ − p3ξ3

3! + . . .

ξ
+ π

qξ − q3ξ3

3! + . . .

ξ

}

∫ ∞

−∞

cos(px)− cos(qx)
x2

= lim
ξ→0

{
π(q − p) + π

(p3 − q3)ξ2

3!
− . . .

}
∫ ∞

−∞

cos(px)− cos(qx)
x2

= π(q − p)
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Problem 4.13

f(z) =
eiz

(z + ia)(z + ib)
=

ei(x+iy)

((x+ i(a+ y)) (x+ i(b+ y))

f(z) =
e−yeix (x− i(a+ y)) (x− i(b+ y))

(x2 + (a+ y)2) (x2 + (b+ y)2)

f(z) =
e−y(cosx+ i sin y)

{(
x2 − (a+ y)(b+ y)

)
− ix(a+ b+ 2y))

}
(x2 + (a+ y)2) (x2 + (b+ y)2)

u(x, y) =
e−y cosx

(
x2 − (a+ y)(b+ y)

)
+ e−yx sinx(a+ b+ 2y)

(x2 + (a+ y)2) (x2 + (b+ y)2)

u(x, 0) =
cosx

(
x2 − ab)

)
+ x sinx(a+ b)

(x2 + a2) (x2 + b2)

v(x, y) =
e−y sinx

(
x2 − (a+ y)(b+ y)

)
− e−yx cosx(a+ b+ 2y)

(x2 + (a+ y)2) (x2 + (b+ y)2)

v(x, 0) =
sinx

(
x2 − ab

)
− x cosx(a+ b)

(x2 + a2) (x2 + b2)

∫ ∞

−∞

−(x2 − ab) sinx+ (a+ b)x cosx
x(x2 + a2)(x2 + b2)

dx = −
∫ ∞

−∞

v(x, 0)− v(0, 0)
x− 0

dx

∫ ∞

−∞

−(x2 − ab) sinx+ (a+ b)x cosx
x(x2 + a2)(x2 + b2)

dx = −πu(0, 0)

∫ ∞

−∞

−(x2 − ab) sinx+ (a+ b)x cosx
x(x2 + a2)(x2 + b2)

dx = −π
(
− ab

a2b2

)
∫ ∞

−∞

−(x2 − ab) sinx+ (a+ b)x cosx
x(x2 + a2)(x2 + b2)

dx =
π

ab
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Problem 4.14

The MacLaurin series expansion of tan−1 x is

tan−1 x = x − x3

3
+
x5

5
− x7

7
+ . . .

1
x

tan−1 x = 1 − x2

3
+
x4

5
− x6

7
+ . . .

1 − 1
x

tan−1 x =
x2

3
− x4

5
+
x6

7
+ . . .

1
x2

(
1− 1

x
tan−1 x

)
=

1
3
− x2

5
+
x4

7
− . . .

(1 + x2)
1
x2

(
1− 1

x
tan−1 x

)
=

1
3
− x2

5
+
x4

7
− . . . +

x3

3
− x4

5
+ . . .

(1 + x2)
1
x2

(
1− 1

x
tan−1 x

)
=

1
3

+
2x2

15
− 2x4

35
+ . . .

lim
x→0

ln
{(

1 + x2

x2

)(
1− tan−1 x

x

)}
= ln

(
1
3

)
= − ln 3

The integrand
1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z2

)}
has a first-order pole at z = 0. It is otherwise analytic throughout

the region −1 < Im(z) < 1.∮
1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz = 2πi lim

z→0
ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
∫ ∞−iβ

−∞−iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz +

∫ −∞+iβ

∞+iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz = −2πi ln 3

∫ ∞−iβ

−∞−iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz −

∫ ∞+iβ

−∞+iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz = −2πi ln 3

∫ ∞−iβ

−∞−iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz =

∫ −(∞−iβ)

−(−∞−iβ)

1
(−z′)

ln
{(

1 + (−z′)2

(−z′)2

)(
1− tan−1(−z′)

(−z′)

)}
d(−z′)

∫ ∞−iβ

−∞−iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz =

∫ −∞+iβ

∞+iβ

1
z′

ln

{(
1 + z′

2

z′2

)(
1− tan−1 z′

z′

)}
dz′

∫ ∞−iβ

−∞−iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz = −

∫ ∞+iβ

−∞+iβ

1
z′

ln

{(
1 + z′

2

z′2

)(
1− tan−1 z′

z′

)}
dz′

∫ ∞−iβ

−∞−iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz −

∫ −∞+iβ

∞+iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz = −2π ln 3

2
∫ ∞−iβ

−∞−iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz = −2π ln 3

1
2πi

∫ ∞−iβ

−∞−iβ

1
z

ln
{(

1 + z2

z2

)(
1− tan−1 z

z

)}
dz = −1

2
ln 3
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Problem 4.15

I(z) =
∫ ∞

0

f(t)
t− z

dt = lim
ε→0

{∫ z−ε

0

f(t)
t− z

dt+
∫ 0

−π

f(z + εeiθ)
(z + εeiθ)− z

d(z + εeiθ) +
∫ ∞

z+ε

f(t)
t− z

dt

}

I(z) = lim
ε→0

∫ 0

−π

f(z + εeiθ)
εeiθ

iεeiθ dθ + lim
ε→0

{∫ z−ε

0

f(t)
t− z

dt+
∫ ∞

z+ε

f(t)
t− z

dt

}

I(z) = lim
ε→0

∫ 0

−π

{
if(z) dθ + if ′(z)εeiθ dθ + . . .

}
+ P

∫ ∞

0

f(t)
t− z

dt

I(z) = if(z)
∫ 0

−π
dθ + lim

ε→0
iε

∫ 0

−π
f ′(z)eiθ dθ + . . . + P

∫ ∞

0

f(t)
t− z

dt

I(z) = iπf(z) + P
∫ ∞

0

f(t)
t− z

dt
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Problem 4.18

f(z) =
∞∑
n=0

Γ( 1
2 )(−z)n

Γ(1 + n)Γ( 1
2 − n)

The radius of convergence is

R = lim
n→∞

an
an+1

= lim
n→∞

Γ( 1
2 )(−1)n

Γ(1 + n)Γ( 1
2 − n)

/
Γ( 1

2 )(−1)n+1

Γ(2 + n)Γ(− 1
2 − n)

R = lim
n→∞

(−1)
Γ(2 + n)
Γ(1 + n)

Γ(− 1
2 − n)

Γ( 1
2 − n)

R = lim
n→∞

= (−1)
(1 + n)Γ(1 + n)

Γ(1 + n)
Γ(− 1

2 − n)
( 1
2 − n)Γ(− 1

2 − n)

R = lim
n→∞

− 1 + n
1
2 − n

= 1

For n odd

Γ( 1
2 ) > 0 Γ(1 + n) > 0 Γ( 1

2 − n) < 0

Γ( 1
2 − 1) = Γ(− 1

2 ) = Γ( 1
2 )

− 1
2
< 0

Γ( 1
2 − 2) = Γ(− 3

2 ) = Γ(− 1
2 )

− 3
2

> 0

Γ( 1
2 − n − 1) = Γ(− 1

2 − n) = Γ( 1
2 )

− 1
2−n−1

Γ( 1
2 − n − 1) = −(n + 1 − 1

2 )Γ(− 1
2 − n)

Since n+ 1 > 1
2 , Γ( 1

2 − n) changes sign for each increment in n.

n = 0 → Γ(
1
2
− n) > 0 n = 1 → Γ(

1
2
− n) < 0 n = 2m→ Γ(

1
2
− 2m) > 0 n = 1 + 2m→ Γ(

1
2
− 1− 2m) < 0

bn =
Γ( 1

2 )(−1)n

Γ(1 + n)Γ( 1
2 − n)

=
Γ( 1

2 )(−1)n

Γ(1 + n)(−1)n|Γ( 1
2 − n)|

=
Γ( 1

2 )
Γ(1 + n)|Γ( 1

2 − n)|
> 0

for all n. From the theorem at the top of page 387, z = 1 is a singular point.
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Problem 4.19

bn =
∏
i

(ai + n− 1)!
(ai − 1)!

∏
j

(cj − 1)!
(cj + n− 1)!

1
n!

R = lim
n→∞

bn
bn+1

=
{

n!
(n+ 1)!

}−1∏
i

(ai + n− 1)!
(ai + n)!

∏
j

(cj + n)!
(cj + n− 1)!

R = lim
n→∞

n
∏
i

1
(ai + n)

∏
j

(cj + n)

R → ∞

Assuming aj > 0 and cj > 0, then Re bn > 0 for all n and by the theorem at the top of page 387, F is singular at
z = 1.

bn =
s∏
i=1

(a0 + n− 1)!
(a0 − 1)!

(ai + n− 1)!
(ai − 1)!

(ci − 1)!
(ci + n− 1)!

1
n!

bn =
s∏
i=1

(ci − 1)!
(a0 − 1)!(ai − 1)!

(a0 + n− 1)!
n!

(ai + n− 1)!
(ci + n− 1)!

bn =
s∏
i=1

(ci − 1)!
(a0 − 1)!(ai − 1)!

(n+ 1)(n+ 2) . . . (a0 + n− 1)
(ai + n)(ai + n+ 1) . . . (ci + n− 1)

lim
n→∞

bn =
s∏
i=1

(ci − 1)!
(a0 − 1)!(ai − 1)!

na0−1

nci−ai
=

{
s∏
i=1

(ci − 1)!
(a0 − 1)!(ai − 1)!

}
na0−1+

∑s

i=1
ai−ci

lim
n→∞

bn =

{
s∏
i=1

Γ(ci)
Γ(a0)Γ(ai)

}
na0−1+

∑s

i=1
ai−ci

Let p = a0 +
s∑
i=1

ai − ci; bn =

{
s∏
i=1

Γ(ci)
Γ(a0)Γ(ai)

}
Γ(p)

np−1

(p− 1)!
.

F (a0, ai|ci|z)−→
z→1

{
s∏
i=1

Γ(ci)
Γ(a0)Γ(ai)

}
Γ(p)

np−1

(p− 1)!

per remarks at top of page 388.
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Problem 4.21

From the solution to Problem 4.24 below:

π coth(πa)
a

=
∞∑

n=−∞

1
n2 + a2

π coth(πb)
b

=
∞∑

n=−∞

1
n2 + b2

π

(
coth(πa)

a
− coth(πb)

b

)
=

∞∑
n=−∞

1
n2 + a2

− 1
n2 + b2

π

(
coth(πa)

a
− coth(πb)

b

)
=

∞∑
n=−∞

(n2 + b2)− (n2 + a2)
(n2 + b2)(n2 + a2)

π

(
coth(πa)

a
− coth(πb)

b

)
=

∞∑
n=−∞

(b2 − a2)
(n2 + b2)(n2 + a2)

∞∑
n=−∞

1
(n2 + b2)(n2 + a2)

=
π

b2 − a2

(
coth(πa)

a
− coth(πb)

b

)
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Problem 4.23

eaz − ebz = e
az
2 e

bz
2

(
e

az
2 −

bz
2 − e

bz
2 −

az
2

)

eaz − ebz = e
1
2 (a+b)z

(
e

1
2 (a−b)z − e

1
2 (a−b)z

)

eaz − ebz = e
1
2 (a+b)z2 sinh

1
2
(a− b)z

eaz − ebz = e
1
2 (a+b)z2

{
1
2

(a− b)z
}

sinh 1
2 (a− b)z

1
2 (a− b)z

eaz − ebz = e
1
2 (a+b)z(a − b)z

sinh 1
2 (a− b)z

1
2 (a− b)z

sinhw
w

is an even function.

sinhw
w

=
ew − e−w

2w
=
ei(

w
i ) − e−i(

w
i )

2i
(
w
i

) =
sin
(
w
i

)
w
i

sinhw
w

=
∞∏
n=1

(
1−

(
w
i

)2
n2π2

)
=

∞∏
n=1

(
1 +

w2

n2π2

)

sinh 1
2 (a− b)z

1
2 (a− b)z

=
∞∏
n=1

(
1 +

1
4 (a− b)2z2

n2π2

)

eaz − ebz = e
1
2 (a+b)z(a − b)z

∞∏
n=1

(
1 +

(a− b)2z2

4n2π2

)
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Problem 4.30∫
C

e−t
2
tn−λ−1 dt =

∫
C

e−u
(
u1/2

)n−λ−1 du

2u1/2
=

1
2

∫
C

e−uu
n−λ

2 −1 du

∫
C

e−t
2
tn−λ−1 dt =

1
2
(−1)

n−λ
2 −1

∫
C

e−u(−u)
n−λ

2 −1du

∫
C

e−t
2
tn−λ−1 dt =

1
2
(−1)

n−λ
2 −1(−2πi sinπz)Γ(z)

∫
C

e−t
2
tn−λ−1 dt = (−1)

n−λ
2 πi sinπzΓ(z)

∫
C

e−t
2
tn−λ−1 dt = πin+1−λ sinπzΓ(z)
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Problem 4.31

1 − cosπα
coshπz

=
coshπz − cosπα

coshπz

1 − cosπα
coshπz

=
cos iπz − cosπα

cos iπz

1 − cosπα
coshπz

=
2
{
cos2 iπz

2 − 1
2

}
− 2

{
cos2 πα

2 − 1
2

}
sin
(
π
2 + iπz

)

1 − cosπα
coshπz

=
2
{
cos2 iπz

2 − cos2 πα
2

}
sin
(
π
2 + iπz

)

1− cosπα
coshπz

=
2
{
cos2 iπz

2 sin2 πα
2 + cos2 iπz

2 cos2 πα
2 − sin2 iπz

2 cos2 πα
2 − cos2 iπz

2 cos2 πα
2

}
sin
(
π
2 + iπz

)

1 − cosπα
coshπz

=
2
{
cos2 iπz

2 sin2 πα
2 − sin2 iπz

2 cos2 πα
2

}
sin
(
π
2 + iπz

)

1− cosπα
coshπz

=
2
{
cos iπz2 sin πα

2 − sin iπz
2 cos πα2

}{
cos iπz2 sin πα

2 + sin iπz
2 cos πα2

}
sin
(
π
2 + iπz

)

1 − cosπα
coshπz

= 2
sinπ

(
α−iz)

2

)
sinπ

(
α+iz

2

)
sinπ

(
1
2 + iz

)

1− cosπα
coshπz

= 2
Γ
(

1
2 + iz

)
Γ
(
1−

(
1
2 + iz

))
π

π

Γ
(
α−iz

2

)
Γ
(
1− α−iz

2

) π

Γ
(
α+iz

2

)
Γ
(
1− α+iz

2

)

1 − cosπα
coshπz

=
2πΓ

(
1
2 + iz

)
Γ
(

1
2 − iz

)
Γ
(
α+iz

2

)
Γ
(
α−iz

2

)
Γ
(
1− α+iz

2

)
Γ
(
1− α−iz

2

)
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Problem 4.32

Γ(iy)Γ(−iy) =

{
iyeγ(iy)

∞∏
m=1

(
1 +

iy

m

)
e
−iy
m

}−1

+

{
−iyeγ(−iy)

∞∏
m=1

(
1− iy

m

)
e

iy
m

}−1

Γ(iy) {Γ(iy)}∗ =

{
y2

∞∏
m=1

(
1 +

y2

m2

)}−1

|Γ(iy)|2 =

{
y2

∞∏
m=1

(
1− (iπy)2

m2π2

)}−1

|Γ(iy)|2 =

{
y

iπ
(iπy)

∞∏
m=1

(
1− (iπy)2

m2π2

)}−1

|Γ(iy)|2 =
{ y
iπ

sin(iπy)
}−1

|Γ(iy)|2 =
iπ

y sin(iπy)
=

π

−iy sin(iπy)
=

π

y sinh(πy)
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Problem 4.44

1
2

cos−1 z2 = − i
2

ln
{
z2 ±

√
z4 − 1

}

w = tan
(

1
2

cos−1 z2

)
= −i

{
z2 ±

√
z4 − 1

} 1
2 −

{
z2 ±

√
z4 − 1

}− 1
2{

z2 ±
√
z4 − 1

} 1
2 +

{
z2 ±

√
z4 − 1

}− 1
2

w = −iz
2 ±

√
z4 − 1− 1

z2 ±
√
z4 − 1 + 1

= −i
(z2 − 1)±

√
(z2 − 1)(z2 + 1)

(z2 + 1)±
√

(z2 − 1)(z2 + 1)

w = −i
√
z2 − 1
z2 + 1

√
z2 − 1±

√
z2 + 1√

z2 + 1±
√
z2 − 1

= ∓i
√
z2 − 1
z2 + 1

= ∓i
√

(z − 1)(z + 1)√
(z − i)(z + i)

w2 = −z
2 − 1
z2 + 1

w2(z2 + 1) = −z2 + 1

z2(w2 + 1) = 1 − w2

z2 =
1− w2

1 + w2
=

(1− w)
1
2 (1 + w)

1
2

(w + i)
1
2 (w − i)

1
2

= i(w − 1)
1
2 (w + 1)

1
2 (w + i)−

1
2 (w − i)−

1
2

The point z = 0 is at w = ±1. The points z = ±i are at infinity. The points z = ±1 are at w = 0. Suitable problems:
heat or electromagnetic radiation from crossed sources.
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Problem 4.48

F−(s) =
∫ 1

0

f(x)xs−1 dx

Assume that f(x) is analytic for 0 ≤ x ≤ 1. Expand f(x) in a MacLaurin series,

f(x) = f(0) + xf ′(0) +
1
2
x2f ′′(0) + . . .

f(x) → cxα as x→ 0 and f(x)xs−1 → cxα+s−1. For the integral to converge at the point s,

cxα+s−1 = cxα+Re(s)−1xiIm(s)

has to be non-singular for x→ 0, so that

α + Re(s) − 1 > 0

Re(s) > σ0 = 1 − α

F+(s) =
∫ ∞

1

f(x)xs−1 dx

For F+(s) to be analytic the integral must converge at the point s. Assuming f(x) is analytic,

f(x)xs−1 = f(x)xRe(s)−1xiIm(s) → 0 as x → ∞.

Convergence is possible for any f(x) for which

f(x) → cxα as x → ∞.

f(x)xs−1 = f(x)xRe(s)−1xiIm(s) → 0 as x → ∞.

f(x)xs−1 → cxα+Re(s)−1xiIm(s) → 0

if

α + Re(s) − 1 < 0

Re(s) < 1 − α − σ1
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Problem 5.2

x = aξ3

√
1− ξ22

ξ1 − ξ2
; y = a

√
(1− ξ22)(1− ξ23)

ξ1 − ξ2
; z = a

√
ξ21 − 1

ξ1 − ξ2

∂x

∂ξ1
= −aξ3

√
1− ξ22

(ξ1 − ξ2)2
;

∂x

∂ξ2
= aξ3

(1− ξ1ξ2)
(ξ1 − ξ2)2

√
1− ξ22

;
∂x

∂ξ3
= a

√
1− ξ22

ξ1 − ξ2

∂y

∂ξ1
= −a

√
(1− ξ22)(1− ξ23)

(ξ1 − ξ2)2
;

∂y

∂ξ2
= a

(1− ξ1ξ2)
√

1− ξ23

(ξ1 − ξ2)2
√

1− ξ22
;

∂y

∂ξ3
= −aξ3

√
1− ξ22

(ξ1 − ξ2)
√

1− ξ23

∂z

∂ξ1
= a

1− ξ1ξ2

(ξ1 − ξ2)2
√
ξ21 − 1

;
∂z

∂ξ2
= a

√
(ξ21 − 1)

(ξ1 − ξ2)2
;

∂z

∂ξ3
= 0

gξ1ξ1 =
(
∂x

∂ξ1

)2

+
(
∂y

∂ξ1

)2

+
(
∂y

∂ξ1

)2

gξ1ξ1 = a2ξ23
1− ξ22

(ξ1 − ξ2)4
+ a2 (1− ξ22)(1− ξ23)

(ξ1 − ξ2)4
+ a2 (1− ξ1ξ2)2

(ξ1 − ξ2)4(ξ21 − 1)
=

a2

(ξ1 − ξ2)2(ξ21 − 1)

gξ1ξ2 =
∂x

∂ξ1

∂x

∂ξ2
+

∂y

∂ξ1

∂y

∂ξ2
+

∂z

∂ξ1

∂z

∂ξ2

gξ1ξ2 =
−a2ξ23(1− ξ1ξ2)

(ξ1 − ξ2)4
+
−a2(1− ξ1ξ2)(1− ξ23)

(ξ1 − ξ2)4
+
a2(1− ξ1ξ2)
(ξ1 − ξ2)4

= 0

gξ1ξ3 =
∂x

∂ξ1

∂x

∂ξ3
+

∂y

∂ξ1

∂y

∂ξ3
+

∂z

∂ξ1

∂z

∂ξ3

gξ1ξ3 =
−a2ξ3(1− ξ22)

(ξ1 − ξ2)3
+
a2ξ3(1− ξ22)
(ξ1 − ξ2)3

+ 0 = 0

gξ2ξ2 =
(
∂x

∂ξ2

)2

+
(
∂y

∂ξ2

)2

+
(
∂y

∂ξ2

)2

gξ2ξ2 = a2ξ23
(1− ξ1ξ2)2

(ξ1 − ξ2)4(1− ξ22)
+ a2 (1− ξ1ξ2)2(1− ξ23)

(ξ1 − ξ2)4(1− ξ22)
+ a2 (ξ21 − 1)

(ξ1 − ξ2)4
=

a2

(ξ1 − ξ2)2(1− ξ22)

gξ2ξ3 =
∂x

∂ξ2

∂x

∂ξ3
+

∂y

∂ξ2

∂y

∂ξ3
+

∂z

∂ξ2

∂z

∂ξ3

gξ2ξ3 =
aξ3(1− ξ1ξ2)

(ξ1 − ξ2)3
+
−aξ3(1− ξ1ξ2)

(ξ1 − ξ2)3
+ 0 = 0

gξ3ξ3 =
(
∂x

∂ξ3

)2

+
(
∂y

∂ξ3

)2

+
(
∂y

∂ξ3

)2
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gξ3ξ3 = a2 1− ξ22
(ξ1 − ξ2)2

+ a2ξ23
(1− ξ22)

(ξ1 − ξ2)2(1− ξ23)
+ 0 =

a2(1− ξ22)
(ξ1 − ξ2)2(1− ξ23)

gξ1ξ1 =
(ξ1 − ξ2)2(ξ21 − 1)

a2
; gξ2ξ2 =

(ξ1 − ξ2)2(1− ξ22)
a2

; gξ3ξ3 =
(ξ1 − ξ2)2(1− ξ23)

a2(1− ξ22)

g = gξ1ξ1gξ2ξ2gξ3ξ3 =
a6

(ξ1 − ξ2)6(ξ21 − 1)(1− ξ23)

∇2ψ =
(
gijψ,i

)
,j +gij

g,i
2g
ψ,j = 0

0 =
(
gξ1ξ1ψ,ξ1

)
,ξ1 +

(
gξ2ξ2ψ,ξ2

)
,ξ2 +

(
gξ3ξ3ψ,ξ3

)
,ξ3 +gξ1ξ1

gξ1
2g
ψ,ξ1 +gξ1ξ2

gξ2
2g
ψ,ξ2 +gξ1ξ3

gξ3
2g
ψ,ξ3

0 = gξ1ξ1ψ,ξ1ξ1 +gξ2ξ2ψ,ξ2ξ2 +gξ3ξ3ψ,ξ3ξ3

+ψ,ξ1

(
gξ1ξ1 ,ξ1 +gξ1ξ1

g,ξ1
2g

)
+ ψ,ξ2

(
gξ2ξ2 ,ξ2 +gξ2ξ2

g,ξ2
2g

)
+ ψ,ξ3

(
gξ3ξ3 ,ξ3 +gξ3ξ3

g,ξ3
2g

)

0 =
(ξ1 − ξ2)2

a2

{
(ξ21 − 1)ψ,ξ1ξ1 +(1− ξ22)ψ,ξ2ξ2 +

(1− ξ23)
(1− ξ22)

ψ,ξ3ξ3

}
+

ψ,ξ1

{
2(ξ1 − ξ2)(ξ21 − 1) + 2ξ1(ξ1 − ξ2)2

a2
− (ξ1 − ξ2)2(ξ21 − 1)

a2

(
3

(ξ1 − ξ2)
+

ξ1
ξ21 − 1

)}
+

ψ,ξ2

{
−2(ξ1 − ξ2)(1− ξ22)− 2ξ2(ξ1 − ξ2)2

a2
+

(ξ1 − ξ2)2(1− ξ22)
a2

3
(ξ1 − ξ2)

}
+

ψ,ξ3

{
−2ξ3(ξ1 − ξ2)2

a2(1− ξ22)
+

(ξ1 − ξ2)2(1− ξ23)
a2(1− ξ22)

ξ3
1− ξ23

}

0 = (ξ21 − 1)ψ,ξ1ξ1 +(1− ξ22)ψ,ξ2ξ2 +
(1− ξ23)
(1− ξ22)

ψ,ξ3ξ3 +
(1− ξ1ξ2)
(ξ1 − ξ2)

ψ,ξ1 +
(1− 2ξ1ξ2 + ξ22)

(ξ1 − ξ2)
ψ,ξ2 −

ξ3
1− ξ22

ψ,ξ3

0 = (ξ21−1)(1−ξ22)ψ,ξ1ξ1 +
(1− ξ1ξ2)(1− ξ22)

(ξ1 − ξ2)
ψ,ξ1 +(1−ξ22)2ψ,ξ2ξ2 +

(1− 2ξ1ξ2 + ξ22)(1− ξ22)
(ξ1 − ξ2)

ψ,ξ2 +(1−ξ23)ψ,ξ3ξ3 −ξ3ψ,ξ3

Let ψ = X(ξ1, ξ2)X3(ξ3).

0 = (ξ21 − 1)(1− ξ22)X,ξ1ξ1 X3 +
(1− ξ1ξ2)(1− ξ22)

(ξ1 − ξ2)
X,ξ1 X3 + (1− ξ22)2X,ξ2ξ2 X3

+
(1− 2ξ1ξ2 + ξ22)(1− ξ22)

(ξ1 − ξ2)
X,ξ2 X3 + (1 − ξ23)XX3,ξ3ξ3 −ξ3XX3,ξ3

0 = (1− ξ22)(ξ21 − 1)
X,ξ1ξ1
X

+ +
(1− ξ1ξ2)

(ξ1 − ξ2)(ξ21 − 1)
X,ξ1
X

+ (1− ξ22)2
X,ξ2ξ2
X

+
(1− 2ξ1ξ2 + ξ22)
(ξ1 − ξ2)(1− ξ22)

X,ξ2
X
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+(1 − ξ23)
Xξ3ξ3

X
− ξ3

X,ξ3
X

(1 − ξ23)
Xξ3ξ3

X
− ξ3

X,ξ3
X

= k2
3

Let X = Y R.

X,ξ1 = Y,ξ1 R + Y R,ξ1 X,ξ1ξ1 = Y,ξ1ξ1 +2Y,ξ1 R,ξ1 +Y R,ξ1ξ1

X,ξ2 = Y,ξ2 R + Y R,ξ2 X,ξ2ξ2 = X,ξ2ξ2 +2Y,ξ2 R,ξ2 +Y R,ξ2ξ2

0 = (1−ξ22)(ξ21−1)
{
Y,ξ1ξ1
Y

+
(

2
R,ξ1
R

+
(1− ξ1ξ2)

(ξ1 − ξ2)(ξ21 − 1)

)
Y,ξ1
Y

}
+(1−ξ22)2

{
Y,ξ2ξ2
Y

+
(

2
R,ξ2
R

+
(1− 2ξ1ξ2 + ξ22)
(ξ1 − ξ2)(1− ξ22)

)
Y,ξ2
Y

}

+
{

(1− ξ22)(ξ21 − 1)
R,ξ1ξ1
R

+ (1− ξ22)2
R,ξ2ξ2
R

+
(1− ξ1ξ2)(1− ξ22)

(ξ1 − ξ2)
R,ξ1
R

+
(1− 2ξ1ξ2 + ξ22)(1− ξ22)

(ξ1 − ξ2)
R,ξ2
R

}
+ k2

3

0 = (ξ21 − 1)
{
Y,ξ1ξ1
Y

+
(

2
R,ξ1
R

+
(1− ξ1ξ2)

(ξ1 − ξ2)(ξ21 − 1)

)
Y,ξ1
Y

}
+ (1− ξ22)

{
Y,ξ2ξ2
Y

+
(

2
R,ξ2
R

+
(1− 2ξ1ξ2 + ξ22)
(ξ1 − ξ2)(1− ξ22)

)
Y,ξ2
Y

}

+(ξ21 − 1)
R,ξ1ξ1
R

+ (1− ξ22)
R,ξ2ξ2
R

+
(1− ξ1ξ2)
(ξ1 − ξ2)

R,ξ1
R

+
(1− 2ξ1ξ2 + ξ22)

(ξ1 − ξ2)
R,ξ2
R

+
k2
3

(1− ξ22)

For the equation in Y to be separable,

u(ξ1) = 2
R,ξ1
R

+
(1− ξ1ξ2)

(ξ1 − ξ2)(ξ21 − 1)
=

{
ln
R2(ξ21 − 1)

1
2

ξ1 − ξ2

}
,ξ1

R2 =
(ξ1 − ξ2)U(ξ1)V (ξ2)

(ξ1 − 1)
1
2

v(ξ2) = 2
R,ξ2
R

+
(1− 2ξ1ξ2 + ξ22)
(ξ1 − ξ2)(1− ξ22)

=
{

ln
R2(1− ξ22)
ξ1 − ξ2

}
,ξ2

R2 = (ξ1 − ξ2)Ū(ξ1)V̄ (ξ2)

The simplest form for R is

U(ξ1) = (ξ21 − 1)
1
2 V (ξ2) = 1

R = (ξ1 − ξ2)
1
2 R,ξ1 =

1
2(ξ1 − ξ2)

1
2

R,ξ1ξ1 =
−1

4(ξ1 − ξ2)
3
2

R,ξ2 =
−1

2(ξ1 − ξ2)
1
2

R,ξ2ξ2 =
−1

4(ξ1 − ξ2)
3
2

Laplace’s Equation becomes

0 = (ξ21 − 1)
{
Y,ξ1ξ1
Y

+
ξ1

ξ21 − 1
Y,ξ1
Y

}
+ (1− ξ22)

{
Y,ξ2ξ2
Y

− ξ2
1− ξ22

Y,ξ2
Y

}
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+(ξ21 − 1)
−1

4(ξ1 − ξ2)2
+

(1− ξ1ξ2)
(ξ1 − ξ2)

1
2(ξ1 − ξ2)

+ (1− ξ22)
−1

4(ξ1 − ξ22)
+

(1− 2ξ1ξ2 + ξ22)
ξ1 − ξ2

−1
2(ξ2 − ξ2)

+
k2
3

(1− ξ22)

0 = (ξ21 − 1)
Y,ξ1ξ1
Y

+ ξ1
Y,ξ1
Y

+ (1 − ξ22)
Y,ξ2ξ2
Y

− ξ2
Y,ξ2
Y

+
1
4

+
k2
3

(1− ξ22)

Let Y (ξ1, ξ2) = X1(ξ1)X2(ξ2).

0 = (ξ21 − 1)
X1,ξ1ξ1
X1

+ ξ1
X1,ξ1
X1

+ (1− ξ22)
X2,ξ2ξ2
X2

− ξ2
X2,ξ2
X2

+
1
4

+
k2
3

(1− ξ22)

(ξ21 − 1)
X1,ξ1ξ1
X1

+ ξ1
X1,ξ1
X1

+
1
4

= k2
1

(1 − ξ22)
X2,ξ2ξ2
X2

− ξ2
X2,ξ2
X2

+
k2
3

(1− ξ22)
= −k2

1

(ξ21 − 1)X ′′
1 + ξ1X

′
1 − (

1
4

+ k2
1)X1 = 0

(1 − ξ22)2X ′′
2 − ξ2(1 − ξ22)X ′

2 + {k2
3 + k2

1(1 − ξ22)}X2 = 0

The value for R given in the problem is incorrect; the proper value is given on page 665.
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Problem 5.4

ξ = ln(x2 + y2) − 2z

η =
1
2
(x2 + y2) + z

φ = tan−1 y

x

(
∂ξi
∂xj

)
=

 2x
x2+y2

2y
x2+y2 −2

x y 1
−y

x2+y2
x

x2+y2 0

 =
2x

x2 + y2

(
−x

x2 + y2

)
+

2y
x2 + y2

(
−y

x2 + y2

)
− 2 = −2

x2 + y2 + 1
x2 + y2

(
∂xi
∂ξj

)
=


x

2(x2+y2+1)
x

x2+y2+1 −y
y

2(x2+y2+1)
y

x2+y2+1 x
−x2−y2

2(x2+y2+1)
1

x2+y2+1 0


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Problem 5.10

∇2ψ = 0

grrψ,rr +gφφψ,φφ +
(
grr,r +grr

g,r
2g

)
ψ,r +

(
gφφ,φ +gφφ

g,φ
2g

)
ψ,φ = 0

grr = 1 gφφ =
1
r2

g = r2

ψ,rr +
1
r2
ψ,φφ +

1
r
ψ,r = 0

(
r2ψ,rr +rψ,r

)
+ ψ,φφ = 0

r2
X ′′

X
+ r

X ′

X
+
Y ′′

Y
= 0

r2
X ′′

X
+ r

X ′

X
− k2 = 0

Y ′′

Y
+ k2 = 0

Y ′′ = −k2Y

Y = Aeikφ + Be−ikφ

Y (φ + 2π) = Aeikφei2πk + B−ikφe−i2πk

Y (φ + 2π) = Aeikφ + Be−ikφ

ei2πk = 1

k = integer

r2
X ′′

X
+ r

X ′

X
− k2 = 0

p(r) =
1
r

q(r) = −k
2

r2

r = 0 is a simple pole of p(r) and a second-order pole of q(r). r = 0 is a regular singular point with F = 1 and
G = −k2. The indicial equation is

s2 + (F − 1)s + G = s2 − k2 = 0; s = ±k.

Then

X = rku1

X ′′ = k(k − 1)rk−2u1 + 2krk−1u′1 + rku′′1
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X ′ = krk−1u1 + rku′1

X ′′ +
1
r
X ′ − k2

r2
X = k(k − 1)rk−2u1 + 2krk−1u′1 + rku′′1 + krk−2u1 + rk−1u′1 − k2rk−2u1 = 0

0 = u′′1 + u′1

(
2k + 1
r

)
Simplest solution: u = c; X1 = crk.

Since s1 − s2 = 2k =integer

X2 = BX1

∫
e−
∫
p dr dr

X2
1

= Brk
∫
e−
∫

1
r dr

dr

r2k

X2 = Brk
∫
e− ln r dr

r2k
= Brk

∫
dr r−2k−1 = − B

2k
r−k

At the ordinary point a 6= 0, the basic set of solutions is

X1 = 1 − 1
2
q(a)(r − a)2 +

1
6
[q(a)p(a) − q′(a)](r − a)3 + . . .

X1 = 1 − 1
2

(
−k

2

a2

)
(r − a)2 +

1
6

[
−k

2

a2

(
1
a

)
−
(

2k2

a3

)]
(r − a)3 + . . .

X1 = 1 +
k2

2a2
(r − a)2 − k2

2a3
(r − a)3 + . . .

X2 = (r − a) − 1
2
p(a)(r − a)2 +

1
6
[p2(a) − p′(a) − q(a)](r − a)3 + . . .

X2 = (r − a) − 1
2a

(r − a)2 +
1
6

[
1
a2
−
(
− 1
a2

)
+
k2

a2

]
(r − a)3 + . . .

X2 = (r − a) − 1
2a

(r − a)2 +
2 + k2

6a2
(r − a)3 + . . .

For Y ′′ + k2Y = 0, p(φ) = 0 and q(φ) = k2 and

Y1 = 1 − 1
2
k2φ2 +

1
6
[0]φ3 + . . .

Y2 = φ − k2

6
φ3 + . . .
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Problem 5.11

ψ′′ + (k − x2)ψ = 0 p(x) = 0 q(x) = k − x2

At x = 0:

y1 = 1 − 1
2
q(0)x2 +

1
6

[q(0)p(0)− q′(0)]x3 + . . .

y1 = 1 − 1
2
kx2 +

1
6

[k · 0− (−2 · 0)]x3 + . . .

y1 = 1 − 1
2
kx2 + . . .

y2 = x − 1
2
p(0)x2 +

1
6
[
p2(0)− p′(0)− q(0)

]
x3 + . . .

y2 = x − k

6
x3 + . . .

65



Problem 5.12
The homogeneous equation

ψ′′ − 6
x2
ψ = 0

has a regular singular point at x = 0: F (x) = 0; G(x) = 6. The indicial equation is

s2 + (F (0)− 1) s + G(0) = (s − 3)(s + 2) = 0

s1 = 3; s2 = −2

X1 = x−2u1

X ′
1 = −2x−3u1 + x−2u′1

X ′′
1 = 6x−4u1 − 4x−3u′1 + x−2u′′1

6x−4u1 − 4x−3u′1 + x−2u′′1 −
6
x2

(x−2u1) = 0

u′′ =
4
x
u′1

lnu′1 = 4 lnx; u′1 = x4; u1 =
1
5
x5

The simplest solution is u = c.

X1 = c1x
−2

X2 = BX1

∫
e−
∫
p dx dx

X2
1

X2 = Bc1x
−2

∫
dx

c21x
−4

=
B

c1
x−2

∫
x4 dx

X2 =
B

c1
x−2

(
x5

5

)
=

B

5c1
x3 = c2x

3

ψ − c1x
−2 + c2x

3

The inhomogeneous equation

ψ′′ − 6
x2
ψ = x lnx

is solved by Eq. 5.2.19, p. 530:

ψ = X1

[
c1 −

∫
r(x)X2 dx

∆

]
+X2

[
c2 +

∫
r(x)X1 dx

∆

]
with
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r(x) = x lnx

∆ = (X1X
′
2 −X ′

1X2) =
{
x−2(3x2)− x3(−2x−3)

}
= 5

ψ = x−2

[
c1 −

∫
(x lnx)(x3) dx

5

]
+ x3

[
c2 +

∫
(x lnx)(x−2) dx

5

]

ψ = c1x
−2 + c2x

3 − 1
5
x−2

∫
x4 lnx dx +

1
5
x3

∫
lnx dx
x

ψ = c1x
−2 + c2x

3 − 1
5
x−2

{
1
5
x5 lnx−

∫
1
5
x4 dx

}
+

1
5
x3

∫
lnx d(lnx)

ψ = c1x
−2 + c2x

3 − 1
5
x−2

{
x5 lnx

5
− x5

25

}
+

1
5
x3

{
(lnx)2

2

}

ψ = c1x
−2 + c2x

3 − x3 lnx
25

+
x3

125
+
x3(lnx)2

10
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Problem 5.18

∇2ψ +
2m
h̄2 (E − V )ψ = 0

ψ′′ +
2m
h̄2

(
E +

h̄2A2

2m
sech2x

d

)
ψ = 0

ψ′′ +
(

2mE + h̄2A2

h̄2 −A2 tanh2 x

d

)
ψ = 0

z =
1
2

+
1
2

tanh
x

d

dz

dx
=

1
2d cosh2 x

d

=
1
2d

(
1− tanh2 x

d

)
=

1
2d
(
1− (2z − 1)2

)
=

2z(1− z)
d

d2z

dx2
= − 1

d2

sinhxd
cosh3 x

d

=
1
d2

tanh
x

d

(
tanh2 x

d
− 1
)

=
1
d2

(2z − 1)
(
(2z − 1)2 − 1

)
=

4z(z − 1)(2z − 1)
d2

d2ψ

dz2

(
dz

dx

)2

+
dψ

dz

d2z

dx2
+
(

2mE
h̄2 + 4A2z(z − 1)

)
ψ = 0

d2ψ

dz2

4z2(1− z)2

d2
+
dψ

dz

4z(z − 1)(2z − 1)
d2

+
(

2mE
h̄2 − 4A2z(z − 1)

)
ψ = 0

d2ψ

dx2
+

2z − 1
z(z − 1)

dψ

dx
+
(

2mEd2 − 4h̄2A2d2z(z − 1)
4h̄2z2(z − 1)2

)
ψ = 0

This equation has two regular singular points located at z = 0 and z = 1. For the singularity at z = 0,

F (z) =
2z − 1
z − 1

G(z) =
2mEd2 − 4h̄2A2d2z(z − 1)

4h̄2(z − 1)2

F (0) = 1 G(0) =
mEd2

2h̄2 s2 +
mEd2

2h̄2 = 0

s = ±d
h̄

√
mE

2

For the singularity at z = 1,

F (z) =
2z − 1
z

G(z) =
2mEd2 − 4h̄2A2d2z(z − 1)

4h̄2z2

F (1) = 1 G(1) =
mEd2

2h̄2 s2 +
mEd2

2h̄2 = 0

s = ±d
h̄

√
mE

2
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For the point at infinity,

P (w) =
1

w − 1
=
w(w − 1)

w
Q(w) =

2mEd2w2 + 4h̄2A2d2(1− w)
4h̄2w2(1− w)2

and w = 0 is a regular singular point. Let

ψ = {z(1 − z)} d
h̄

√
mE
2 F.

f = {z(1 − z)} d
h̄

√
mE
2

f ′

f
= −d

h̄

√
mE

2
1− 2z
z(z − 1)

f ′′

f
=
(
f ′

f

)′
+
(
f ′

f

)2

= −2d
h̄

√
mE

2
2z2 − 2z + 1
z2(z − 1)2

+
d2mE

2h̄2

(2z − 1)2

z2(z − 1)2

ψ′

ψ
=
d

h̄

√
mE

2
2z − 1
z(z − 1)

+
F ′

F

ψ′′

ψ
= −2d

h̄

√
mE

2
1

(z − 1)2
+

2d
h̄

√
mE

2
2z − 1
z(z − 1)

F ′

F
+
F ′′

F

ψ′′

ψ
+

2z − 1
z(z − 1)

ψ′

ψ
+

2mEd2 − 4h̄2A2d2z(z − 1)
4h̄2z2(z − 1)2

= 0

F ′′

F
+
F ′

F

{
2d
h̄

√
mE

2
2z − 1
z(z − 1)

+
2z − 1
z(z − 1)

}
+

2mEd2 − 4h̄2A2d2z(z − 1)
4h̄2z2(z − 1)2

− 2d
h̄

√
mE

2
1

(z − 1)2

+
2d
h̄

√
mE

2
2z − 1
z(z − 1)

+
d

h̄

√
mE

2
(2z − 1)2

z2(z − 1)2
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Problem 5.20

∇2ψ + k2ψ = 0

gαβψ,αβ +
(
gαβ ,β +gαβ

g,β
g

)
ψ,α +k2ψ = 0

grr = 1 gθθ =
1
r2

gφφ =
1

r2 sin2 θ
g = r2 sin θ

ψ,rr +
2
r
ψ,r +

1
r2
ψ,θθ +

1
r2

cot θψ,θ +
1

r2 sin2 θ
ψ,φφ +k2ψ = 0

Let ψ = ψ(r)T (θ)Φ(φ).

ψ′′

ψ
+

2
r

ψ′

ψ
+

1
r2
T ′′

T
+

1
r2

cot θ
T ′

T
+

1
r2 sin2 θ

Φ′′

Φ
+ k2 = 0

sin2 θ

{
r2
ψ′′

ψ
+ 2r

ψ′

ψ
+ r2k2 +

T ′′

T
+ cot θ

T ′

T

}
−m2 = 0

Φ′′

Φ
+m2 = 0

Φ′′

Φ
= −m2 Φ = eimφ + e−imφ

sin2 θ

{
r2
ψ′′

ψ
+ 2r

ψ′

ψ
+ r2k2 +

T ′′

T
+ cot θ

T ′

T

}
−m2 = 0

r2
ψ′′

ψ
+ 2r

ψ′

ψ
+ r2k2 − n(n+ 1) = 0

T ′′

T
+ cot θ

T ′

T
+ n(n+ 1)− m2

sin2 θ
= 0

T ′′ + cot θT ′ +
{
n(n+ 1)− m2

sin2 θ

}
T = 0

Let u = cos θ.

T ′′ − 2u
1− u2

T ′ + {n(n+ 1)(1− u2) −m2} T

(1− u2)2
= 0

This is the associated Legendre equation with solutions which are polynomial when n is an integer.

T = Pnm(u) + Qnm(u)

r2
ψ′′

ψ
+ 2r

ψ′

ψ
+ r2k2 − n(n + 1) = 0

Let x = kr.

ψ′′ +
2
x
ψ′ + 1 − n(n+ 1)

x2
= 0

1
x2

d

dx

(
x2 dψ

dx

)
+
[
1− n(n+ 1)

x2

]
ψ = 0

Let ψ = fJ .
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J ′′ +
[
2f ′

f
+

2
x

]
J ′ +

[
1− n(n+ 1)

x2
+

1
x

2f ′

f
+
f ′′

f

]
J = 0

Set

2f ′

f
+

2
x

=
1
x

so that

f ′

f
= − 1

2x
f = x−

1
2

f ′′

f
=
(
f ′

f

)′
+
(
f ′

f

)2

=
3

4x2

J ′′ +
1
x
J ′ +

[
1−

(n+ 1
4 )2

x2

]
J = 0

This is Bessel’s equation with solutions √
π

2
Jn+ 1

2
(x);

√
π

2
Nn+ 1

2
(x).

ψn = fJ =
√

π

2x
Jn+ 1

2
(x),

√
π

2x
Nn+ 1

2
(x)

Set ψ = fF = xse−txF .

f ′

f
=
s

x
− t

f ′′

f
=
s(s− 1)
x2

− 2st
x

+ t2

ψ′

ψ
=
s

x
− t +

F ′

F

ψ′′

ψ
=
s(s− 1)
x2

− 2st
x

+ t2 + 2
( s
x
− t
) F ′
F

+
F ′′

F

ψ′′

ψ
+

2
x

ψ′

ψ
+ 1 − n(n+ 1)

x2
= 0

F ′′

F
+
F ′

F

{
2(s+ 1)

x
− 2t

}
+ 1 + t2 − 2(s+ 1)t

x
− n(n+ 1)− s(s+ 1)

x2
= 0

This is the confluent hypergeometric equation

zF ′′ + (c − z)F ′ − aF = 0

if

t = −i s = n z = 2ix c = −2(n + 1) a = −n − 1

so that

ψn = xneixF (−n − 1| − 2n − 2|2ix).

Or

t = −i s = n − 1 z = 2ix c = −2n a = −n

so that

ψn = xn−1eixF (−n| − 2n|2ix).

The proposed solution given in the book is in error.
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Problem 5.21

∇2ψ +
(

2mE
h̄2 +

2me2Z
h̄2r

)
ψ = 0

gαβψ,αβ +
(
gαβ ,β +gαβ

g,β
g

)
ψ,α +

(
2mE
h̄2 +

2me2Z
h̄2r

)
ψ = 0

grr = 1 gθθ =
1
r2

gφφ =
1

r2 sin2 θ
g = r2 sin θ

ψ,rr +
2
r
ψ,r +

1
r2
ψ,θθ +

1
r2

cot θψ,θ +
1

r2 sin2 θ
ψ,φφ +

(
2mE
h̄2 +

2me2Z
h̄2r

)
ψ = 0

Let ψ = ψ(r)T (θ)Φ(φ).

ψ′′

ψ
+

2
r

ψ′

ψ
+

1
r2
T ′′

T
+

1
r2

cot θ
T ′

T
+

1
r2 sin2 θ

Φ′′

Φ
+
(

2mE
h̄2 +

2me2Z
h̄2r

)
= 0

sin2 θ

{
r2
ψ′′

ψ
+ 2r

ψ′

ψ
+ r2

(
2mE
h̄2 +

2me2Z
h̄2r

)
+
T ′′

T
+ cot θ

T ′

T

}
−m2 = 0

Φ′′

Φ
+m2 = 0

Φ′′

Φ
= −m2 Φ = eimφ + e−imφ

sin2 θ

{
r2
ψ′′

ψ
+ 2r

ψ′

ψ
+ r2

(
2mE
h̄2 +

2me2Z
h̄2r

)
+
T ′′

T
+ cot θ

T ′

T

}
−m2 = 0

r2
ψ′′

ψ
+ 2r

ψ′

ψ
+ r2

(
2mE
h̄2 +

2me2Z
h̄2r

)
− n(n+ 1) = 0

T ′′

T
+ cot θ

T ′

T
+ n(n+ 1)− m2

sin2 θ
= 0

T ′′ + cot θT ′ +
{
n(n+ 1)− m2

sin2 θ

}
T = 0

Let u = cos θ.

T ′′ − 2u
1− u2

T ′ + {n(n+ 1)(1− u2) −m2} T

(1− u2)2
= 0

This is the associated Legendre equation with solutions which are polynomial when n is an integer.

T = Pnm(u) + Qnm(u)

ψ′′

ψ
+

2
r

ψ′

ψ
+

2mE
h̄2 +

2me2Z
h̄2r

− n(n+ 1)
r2

= 0

Set ψ = fF = rse−trF .

f ′

f
=
s

r
− t

f ′′

f
=
s(s− 1)
r2

− 2st
r

+ t2

ψ′

ψ
=
s

r
− t +

F ′

F

ψ′′

ψ
=
s(s− 1)
r2

− 2st
r

+ t2 + 2
(s
r
− t
) F ′
F

+
F ′′

F
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ψ′′

ψ
+

2
r

ψ′

ψ
+

2mE
h̄2 +

2me2Z
h̄2r

− n(n+ 1)
r2

= 0

F ′′

F
+
F ′

F

{
2(s+ 1)

r
− 2t

}
+

2mE
h̄2 + t2 − 2(s+ 1)t

r
+

2me2Z
h̄2r

− n(n+ 1)− s(s+ 1)
r2

= 0

This is the confluent hypergeometric equation

zF ′′ + (c − z)F ′ − aF = 0

if

t = k =
√
−2mE
h̄

s = n z = 2kr c = 2(n+ 1) a = n+ 1− e2Z

h̄

√
m

−2E

so that

ψn = rne
−r
√

−2mE

h̄2 F

(
n+ 1− e2Z

h̄

√
m

−2E
|2(n+ 1)| r

√
−2mE
h̄2

)
.

Independence of θ and φ means n = 0. The two asymptotic series for this function are

F1 = Az−n−1+ e2Z
h̄

√
m
−2E

1 +

(
1− e2Z

h̄

√
m
−2E

)(
− e2Z

h̄

√
m
−2E

)
z

+

(
1− e2Z

h̄

√
m
−2E

)(
2− e2Z

h̄

√
m
−2E

)(
− e2Z

h̄

√
m
−2E

)(
1− e2Z

h̄

√
m
−2E

)
2!z2

+ . . .


and

F2 = Az−1− e2Z
h̄

√
m
−2E

1 +

(
e2Z
h̄

√
m
−2E

)(
1 + e2Z

h̄

√
m
−2E

)
z

+

(
e2Z
h̄

√
m
−2E

)(
1 + e2Z

h̄

√
m
−2E

)(
1 + e2Z

h̄

√
m
−2E

)(
2 + e2Z

h̄

√
m
−2E

)
2!z2

+ . . .


The two series truncate when

n′ ± e2Z

h̄

√
m

−2E
= 0 − E =

2h̄2n′
2

me4Z2
.

The solution is finite for all values of r when E ≤ 0.
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Problem 5.23

∇2ψ +
2m
h̄2 (E − V )ψ = 0

V =
h̄2

2m
U0

[
cos2

πx

lx
+ cos2

πy

ly
+ cos2

πz

lz

]

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
+
(

2mE
h̄2 − U0

[
cos2

πx

lx
+ cos2

πy

ly
+ cos2

πz

lz

])
ψ = 0

{
∂2ψ

∂x2
− U0 cos2

πx

lx
ψ

}
+
{
∂2ψ

∂y2
− U0 cos2

πy

ly
ψ

}
+
{
∂2ψ

∂z2
− U0 cos2

πz

lz
ψ

}
= −2mE

h̄2 ψ

ψ(x, y, z) = X(x)Y (y)Z(z)

{
X ′′

X
− U0 cos2

πx

lx

}
+
{
Y ′′

Y
− U0 cos2

πy

ly

}
+
{
ZY ′′
Z

− U0 cos2
πz

lz

}
= −2mE

h̄2

This equation is separable into three parts, each of which is of the form

Xi
′′

Xi
+

2mαξi
E

h̄2 − U0 cos2
πξi
lξi

= 0

where

αx + αy + αz = 1.

This is Mathieu’s equation

∂2Xi

∂φ2
+ (b − h2 cos2 φ)Xi = 0

with

φ =
πξi
lξi

b =
2mαξi

lξi

2E

π2h̄2 h2 =
l2ξi
U0

π2
.

74



Problem 5.30

z
d3ψ

dz3
− ψ = 0

f(t) = t3 F (t) = −1
∫
F (t)
f(t)

dt =
∫
− 1
t3
dt =

1
2t2

ψ =
∫
ezt+

1
2t2

dt

t3
t =

i

u
dt = − i

u2
du

ψ =
∫
e

iz
u e−

1
2u

2
u du

P (u)|∞−∞ = e
iz
u e−

1
2u

2
|∞−∞ = 0

ψ =
∫ ∞

−∞
e

iz
u e−

1
2u

2
u du =

∫ ∞

−∞
cos
( z
u

)
e−

1
2u

2
u du+ i

∫ ∞

−∞
sin
( z
u

)
e−

1
2u

2
u du

The first integral is odd and therefore → 0. The second integral is even and

ψ = 2i
∫ ∞

−∞
sin
( z
u

)
e−

1
2u

2
u du.
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Problem 5.33
If it is true for all k ≤ n, then it is true for n+ 1:

Qn(z) =
1
2
Pn(z) ln

(
z + 1
z − 1

)
−Wn−1(z)

Qn−1(z) =
1
2
Pn−1(z) ln

(
z + 1
z − 1

)
−Wn−2(z)

From the recurrence relation

(n + 1)pn+1(z) − (2n + 1)zpn(z) + npn−1(z) = 0

obtain

(n+ 1)Qn+1(z) = (2n+ 1)zQn(z)− nQn−1(z)

= (2n+ 1)z
{

1
2
Pn(z) ln

(
z + 1
z − 1

)
−Wn−1(z)

}
− n

{
1
2
Pn−1(z) ln

(
z + 1
z − 1

)
−Wn−2(z)

}
=

1
2

ln
(
z + 1
z − 1

)
{(2n+ 1)zPn(z)− nPn−1(z)} − (2n+ 1)zWn−1(z) + nWn−2(z)

=
1
2

ln
(
z + 1
z − 1

)
(n+ 1)Pn+1(z)− (2n+ 1)zWn−1(z) + nWn−2(z)

Qn+1(z) =
1
2

ln
(
z + 1
z − 1

)
Pn+1(z)−

2n+ 1
n+ 1

zWn−1(z) +
n

n+ 1
Wn−2(z)

2n+ 1
n+ 1

zWn−1(z)−
n

n+ 1
Wn−2(z) =

2n+ 1
n+ 1

z
{
an−1z

n−1 + . . .+ a0

}
− n

n+ 1
{
bn−2z

n−2 . . .+ b0
}

2n+ 1
n+ 1

zWn−1(z)−
n

n+ 1
Wn−2(z) =

2n+ 1
n+ 1

an−1z
n +

2n+ 1
n+ 1

an−2z
n−1 +

{
(2n+ 1)an−3 − nbn−2

n+ 1

}
zn−2 + . . .+ b0

= Wn(z)

It is true for n = 0:

Q0(z)P ′0(z) − P0(z)Q′0(z) =
1

1− z2

P0 = 1; P ′0(z) = 0

−Q′0(z) =
1

z2 − 1

Q0(z) =
∫ ∞

z

du

u2 − 1
=

1
2

ln
(
z + 1
z − 1

)
=

1
2
P0(z) ln

(
z + 1
z − 1

)
It is true for n = 1: From the recurrence relation

p′(z)n+ 1 − zp′(z)n = (n + 1)pn(z)

P ′1(z)− zP ′0(z) = P0(z)
P ′1(z) = 1 + z(0)

P1(z) =
∫ z

0

du = z

Q1(z)P ′1(z)− P1(z)Q′1(z) =
1

1− z2
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Q1(z)− zQ′1(z) =
1

1− z2

Q1(z)− zQ′1(z)
z2

=
1

z2(1− z2)
d

dz

(
Q1(z)
z

)
=

1
z2(z2 − 1)

=
1− z2 + z2

z2(z2 − 1)

= − 1
z2

+
1

z2 − 1
=

d

dz

{
1
z

+
1
2

ln
(
z + 1
z − 1

)}
Q1(z) =

1
2
P1(z) ln

(
z + 1
z − 1

)
+ 1

=
1
2
P1(z) ln

(
z + 1
z − 1

)
+W0(z)

From Eq. 5.3.29, page 597, z cannot be a real number between −1 and +1. ln
(
z+1
z−1

)
has branch points at these

two values so that the line connecting them is a branch cut. The difference across the cut is 2πi.

Qn(x + iε) =
1
2
Pn(x + iε) ln

(
x+ 1 + iε

x− 1 + iε

)
−Wn−1(x + iε)

Qn(x − iε) =
1
2
Pn(x + iε)

{
ln
(
x+ 1 + iε

x− 1 + iε

)
+ 2πi

}
−Wn−1(x + iε)

Expanding each term on the right side in a Launrent series,

Qn(x+ iε) =
1
2
{Pn(x) + P ′n(x) + . . .}

[
ln
(
x+ 1
x− 1

)
+

iε

x2 − 1
+ . . .

]
−Wn−1(x)− iεW ′

n−1(x) + . . .

=
1
2
Pn(x) ln

(
x+ 1
x− 1

)
−Wn−1(x) + iε

{
1
2
P ′n(x) ln

(
x+ 1
x− 1

)
+

1
2
Pn(x)
x2 − 1

−W ′
n−1(x)

}
+ . . .

Qn(x− iε) =
1
2
{Pn(x) + P ′n(x) + . . .}

[
ln
(
x+ 1
x− 1

)
+ 2πi− iε

x2 − 1
+ . . .

]
−Wn−1(x) + iεW ′

n−1(x) + . . .

=
1
2
Pn(x)

{
ln
(
x+ 1
x− 1

)
+ 2πi

}
−Wn−1(x)− iε

[
1
2
P ′n(x)

{
ln
(
x+ 1
x− 1

)
+ 2πi

}
+

1
2
Pn(x)
x2 − 1

−W ′
n−1(x)

]
+ . . .

Qn(x+ iε)−Qn(x− iε) = −πiPn(x) + iε

{
P ′n(x) ln

(
x+ 1
x− 1

)
+ 2πi+

Pn(x)
x2 − 1

− 2W ′
n−1(x)

}
+ . . .

lim
ε→0

{Qn(x+ iε)−Qn(x− iε)} = −πiPn(x)
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Problem 5.34
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Problem 5.37
From Equation 5.3.65, page 620,

Jm(z) =
e−iπm/2

π

∫ π

0

eiz cosφ cos(mφ) dφ

=
e−iπm/2

π

∫ −π

0

eiz cos(−u) cos(−mu) d(−u)

=
e−iπm/2

π

∫ 0

−π
eiz cosu cos(mu) du

2Jm(z) =
e−iπm/2

π

{∫ 0

−π
eiz cosu cos(mu) du+

∫ π

0

eiz cosφ cos(mφ) dφ
}

Jm(z) =
(e−iπ/2)m

2π

∫ 2π

0

eiz cosu cos(mu) du

=
(−i)m

2π

∫ 2π

0

eiz cosu cos(mu) du

=
1

2πim

∫ 2π

0

eiz cosu cos(mu) du
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Problem 5.38

U2(a|c|z) =
eiaπz−a

Γ(a)

∫ ∞

0

e−uua−1
(
1 +

u

z

)c−a−1

du

=
eiaπz−a

Γ(a)

∫ ∞

0

e−uua−1
∞∑
m=0

Γ(c− a)
Γ(m+ 1)Γ(c− a−m)

(
−u
z

)m
du

=
eiaπz−aΓ(c− a)

Γ(a)

∞∑
m=0

z−m

Γ(m+ 1)Γ(c− a−m)

∫ ∞

0

e−uua+m−1 du

=
eiaπz−aΓ(c− a)

Γ(a)

∞∑
m=0

z−mΓ(a+m)
Γ(m+ 1)Γ(c− a−m)

Equation 5.3.3, page 579:

2πi
∞∑
m=0

G(m)zm

m!
=
∫ i∞

−i∞
G(t)Γ(−t)(−z)t dt

U2(a|c|z) =
eiaπz−aΓ(c− a)

2πiΓ(a)

{
2πi

∞∑
m=0

Γ(a+m)
Γ(c− a−m)

( 1
z )
m

m!

}

=
eiaπz−aΓ(c− a)

2πiΓ(a)

∫ i∞

−i∞

Γ(a+ t)
Γ(c− a− t)

Γ(−t)(−z)−t dt

=
eiaπz−a

2πiΓ(a)

∫ i∞

−i∞

Γ(c− a)Γ(a+ t)
Γ(c− a− t)

Γ(−t)(−z)−t dt

=
eiaπz−a

2πiΓ(a)

∫ i∞

−i∞

(c− a− 1)(c− a− 2) . . . (c− a− t)Γ(c− a− t)Γ(a+ t)
Γ(c− a− t)

Γ(−t)(−z)−t dt

=
eiaπz−a

2πi

∫ i∞

−i∞

(1 + a− c)(2 + a− c) . . . (t+ a− c)Γ(a+ t)
Γ(a)

Γ(−t)z−t dt

=
eiaπz−a

2πi

∫ i∞

−i∞

Γ(1 + a− c)(1 + a− c)(2 + a− c) . . . (t+ a− c)Γ(a+ t)
Γ(1 + a− c)Γ(a)

Γ(−t)z−t dt

=
eiaπz−a

2πi

∫ i∞

−i∞

Γ(t+ a− c+ 1)Γ(t+ a)
Γ(a− c+ 1)Γ(a)

Γ(−t)z−t dt

The contour passes just to the right of the imaginary axis, bending to the right to bypass the poles of Γ(t+ a) and
Γ(t+a− c+1), passing to the left of t = 0 to avoid the poles of Γ(−t), and then closes by joining +i∞ to −i∞ along
the semi-circle R → ∞ enclosing the left-hand side of the plane. The integral is evaluated by summing the residues
at all the poles of Γ(t+ a) and Γ(t+ a− c+ 1). The residue of Γ(−n) is (−1)n/Γ(n+ 1) (see page 419).

U2(a|c|z) =
eiaπz−a

2πiΓ(a− c+ 1)Γ(a)

∫ i∞

−i∞
Γ(t+ a− c+ 1)Γ(t+ a)Γ(−t)z−t dt

=
eiaπz−a

2πiΓ(a− c+ 1)Γ(a)

{ ∞∑
n=0

(−1)nΓ(c− n− 1)Γ(1 + a− c+ n)
Γ(n+ 1)

z1+a−c+n

+
∞∑
n=0

Γ(1− c− n)(−1)nΓ(a+ n)
Γ(n+ 1)

za+n

}

=
eiaπz1−c

2πiΓ(a− c+ 1)Γ(a)

∞∑
n=0

(−1)nΓ(1− [n− c+ 2])Γ(1 + a− c+ n)zn

n!

+
eiaπ

2πiΓ(a− c+ 1)Γ(a)

∞∑
n=0

(−1)nΓ(1− c− n)Γ(a+ n)zn

n!
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U2(a|c|z) =
eiaπz1−c

2πiΓ(a− c+ 1)Γ(a)

∞∑
n=0

(−1)nπΓ(1 + a− c+ n)zn

Γ(2− c+ n) sinπ(2− c+ n)n!

+
eiaπ

2πiΓ(a− c+ 1)Γ(a)

∞∑
n=0

(−1)nπΓ(a+ n)zn

Γ(c+ n) sinπ(c+ n)n!

=
eiaπz1−c

2iΓ(a− c+ 1)Γ(a)

∞∑
n=0

(−1)nΓ(1 + a− c+ n)zn

Γ(2− c+ n)n! cosnπ sinπ(2− c)

+
eiaπ

2iΓ(a− c+ 1)Γ(a)

∞∑
n=0

(−1)nΓ(a+ n)zn

Γ(c+ n)n! cosnπ sinπc

=
eiaπz1−c

2iΓ(a− c+ 1)Γ(a)

∞∑
n=0

Γ(1 + a− c+ n)zn

Γ(2− c+ n)n! sinπ(2− c)

+
eiaπ

2iΓ(a− c+ 1)Γ(a)

∞∑
n=0

Γ(a+ n)zn

Γ(c+ n)n! sinπc

=
eiaπz1−c

2iΓ(a− c+ 1)Γ(a)

∞∑
n=0

Γ(1 + a− c+ n)Γ(2− c)Γ(c− 1)zn

Γ(2− c+ n)n!π

+
eiaπ

2iΓ(a− c+ 1)Γ(a)

∞∑
n=0

Γ(a+ n)Γ(c)Γ(1− c)zn

Γ(c+ n)n!π

=
eiaπz1−cΓ(c− 1)

2πiΓ(a)

∞∑
n=0

Γ(1 + a− c+ n)Γ(2− c)zn

Γ(a− c+ 1)Γ(2− c+ n)n!

+
eiaπΓ(1− c)

2πiΓ(a− c+ 1)

∞∑
n=0

Γ(a+ n)Γ(c)zn

Γ(a)Γ(c+ n)n!

=
eiaπz1−cΓ(c− 1)

2πiΓ(a)
F (1 + a− c|2− c|z) +

eiaπΓ(1− c)
2πiΓ(a− c+ 1)

F (a|c|z)
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Problem 6.1

φ(m,n) =
1
4
[φ(m − 1, n) + φ(m + 1, n) + φ(m,n − 1) + φ(m,n + 1)]

which may be written as

0 = −φ(m− 1, n)− φ(m+ 1, n) + 4φ(m,n)− φ(m,n − 1)− φ(m,n + 1)

Let φi = φ(m,n) where i = 4(m− 1) + n, 1 ≤ m,n ≤ 4, so that this last equation becomes

0 = −φi−4 − φi+4 + 4φi − φi−1 − φi+1

= −φi−4 − φi−1 + 4φi − φi+1 − φi+4

This is a system of sixteen linear equations in sixteen unknowns (the φi, 1 ≤ i ≤ 16) where the values of φ(0, n),
φ(5, n), φ(m, 0) and φ(m, 5) are known quantities (henceforth known as φν , 1 ≤ ν ≤ 16). The system can now be
written as a matrix equation

Bi = Aijφj

with Aii = 4, all other Aij either −1 or 0, and

Bi = Ciνφν .

The matrix is symmetric and may be diagnolized without changing the trace, Tr = 416. The determinant of a
diagonal matrix is equal to its trace, and in this case is not equal to zero. The system therefore has an inverse and a
solution for the unknowns exists in the form

φi = (A−1)ijBj = (A−1)ijCjνφν

= Giνφν =
∑
ν

G(m,n|ν)φν

The values of G(m,n|ν) represent the solution of the system when the νth boundary point has unit value (φν = 1)
and all other boundary points are zero.

Reflection symmetry insures that the G’s for boundary points (0,4), (1,0), (1,5), (4,0), (4,5), (5,1) and (5,4) are all
related to G for (0,1). Likewise, (0,3), (2,0), (2,5), (3,0), (3,5), (5,2) and (5,3) are all related to (0,2). To calculate
φ(m,n) for the boundary point φ(0, 1), first calculate φ(m,n) for the case φ(1, 0) = φ(4, 0) = 1. From symmetry,
φ(1, n) = φ(4, n), and φ(2, n) = φ(3, n).

1 = 4φ(1, 1)− φ(1, 2)− φ(2, 1)
0 = φ(1, 1)− 4φ(1, 2) + φ(1, 3) + φ(2, 2)
0 = φ(1, 2)− 4φ(1, 3) + φ(1, 4) + φ(2, 3)
0 = φ(1, 3)− 4φ(1, 4) + φ(2, 4)
0 = φ(1, 1)− 3φ(2, 1) + φ(2, 2)
0 = φ(1, 2) + φ(2, 1)− 3φ(2, 2) + φ(2, 3)
0 = φ(1, 3) + φ(2, 2)− 3φ(2, 3) + φ(2, 4)
0 = φ(1, 4) + φ(2, 3)− 3φ(2, 4)

This readily reduced by successive eliminations:

1 = 4φ(1, 1)− φ(1, 2)− φ(2, 1)
0 = φ(1, 1)− 4φ(1, 2) + φ(1, 3) + φ(2, 2)
0 = φ(1, 2)− 4φ(1, 3) + φ(1, 4) + φ(2, 3)
0 = 3φ(1, 3)− 11φ(1, 4) + φ(2, 3)
0 = φ(1, 1)− 3φ(2, 1) + φ(2, 2)
0 = φ(1, 2) + φ(2, 1)− 3φ(2, 2) + φ(2, 3)

0 =
3
8
φ(1, 3) +

1
8
φ(1, 4) +

3
8
φ(2, 2)− φ(2, 3)
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1 = 4φ(1, 1)− φ(1, 2)− φ(2, 1)
0 = φ(1, 1)− 4φ(1, 2) + φ(1, 3) + φ(2, 2)

0 =
8
3
φ(1, 2)− 29

3
φ(1, 3) + 3φ(1, 4) + φ(2, 2)

0 = 9φ(1, 3)− 29φ(1, 4) + φ(2, 2)
0 = φ(1, 1)− 3φ(2, 1) + φ(2, 2)

0 =
8
21
φ(1, 2) +

1
7
φ(1, 3) +

1
21
φ(1, 4) +

8
21
φ(2, 1)− φ(2, 2)

1 = 4φ(1, 1)− φ(1, 2)− φ(2, 1)

0 =
21
8
φ(1, 1)− 19

2
φ(1, 2) + 3φ(1, 3) +

1
8
φ(1, 4) + φ(2, 1)

0 = 8φ(1, 2)− 25φ(1, 3) + 8φ(1, 4) + φ(2, 1)
0 = φ(1, 2) + 24φ(1, 3)− 76φ(1, 4) + φ(2, 1)

0 =
21
55
φ(1, 1) +

8
55
φ(1, 2) +

3
55
φ(1, 3) +

1
55
φ(1, 4)− φ(2, 1)

55 = 199φ(1, 1)− 63φ(1, 2)− 3φ(1, 3)− φ(1, 4)

0 = 21φ(1, 1)− 588
9
φ(1, 2) +

192
9
φ(1, 3) + φ(1, 4)

0 =
7

1347
φ(1, 1) +

448
4041

φ(1, 2)− 458
1347

φ(1, 3) + φ(1, 4)

0 =
1

199
φ(1, 1) +

9
597

φ(1, 2) +
431
1393

φ(1, 3)− φ(1, 4)

Switch to decimals.

55 = 199φ(1, 1)− 63φ(1, 2)− 3φ(1, 3)− φ(1, 4)
0 = 21φ(1, 1)− 65.33333333φ(1, 2) + 21.33333333φ(1, 3) + φ(1, 4)
0 = 0.005196733φ(1, 1) + 0.110863648φ(1, 2)− 0.340014848φ(1, 3) + φ(1, 4)
0 = 0.005025126φ(1, 1) + 0.015075377φ(1, 2) + 0.309404164φ(1, 3)− φ(1, 4)

16.61930586 = 60.13015184φ(1, 1)− 19.04121475φ(1, 2)− φ(1, 3)
0 = 0.864071004φ(1, 1)− 3.125741961φ(1, 2) + φ(1, 3)
0 = 0.00076615φ(1, 1) + 0.339872845φ(1, 2)− φ(1, 3)

0.749733311 = 2.751583072φ(1, 1)− φ(1, 2)
0 = 0.312912247φ(1, 1)− φ(1, 2)

0.30123508 = φ(1, 1) = φ(4, 1)
0.095342534 = φ(1, 2) = φ(4, 2)
0.032639641 = φ(1, 3) = φ(4, 3)

0.0130795 = φ(1, 4) = φ(4, 4)
0.13351497 = φ(2, 1) = φ(3, 1)

0.092330984 = φ(2, 2) = φ(3, 2)
0.048498922 = φ(2, 3) = φ(3, 3)
0.020526141 = φ(2, 4) = φ(3, 4)

Next, calculate φ(m,n) for the case φ(1, 0) = −φ(4, 0) = 1. From symmetry, φ(1, n) = −φ(4,m), φ(2, n) = −φ(3, n)
and
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0 = 4φ(1, 1)− φ(1, 2)− φ(2, 1)
0 = φ(1, 1)− 4φ(1, 2) + φ(1, 3) + φ(2, 2)
0 = φ(1, 2)− 4φ(1, 3) + φ(1, 4) + φ(2, 3)
0 = φ(1, 3)− 4φ(1, 4) + φ(2, 4)
1 = φ(1, 1)− 5φ(2, 1) + φ(2, 2)
0 = φ(1, 2) + φ(2, 1)− 5φ(2, 2) + φ(2, 3)
0 = φ(1, 3) + φ(2, 2)− 5φ(2, 3) + φ(2, 4)
0 = φ(1, 4) + φ(2, 3)− 5φ(2, 4)

This readily reduced by successive eliminations:

0 = 4φ(1, 1)− φ(1, 2)− φ(2, 1)
0 = φ(1, 1)− 4φ(1, 2) + φ(1, 3) + φ(2, 2)
0 = φ(1, 2)− 4φ(1, 3) + φ(1, 4) + φ(2, 3)
0 = 5φ(1, 3)− 9φ(1, 4) + φ(2, 3)
1 = φ(1, 1)− 5φ(2, 1) + φ(2, 2)
0 = φ(1, 2) + φ(2, 1)− 3φ(2, 2) + φ(2, 3)

0 =
5
24
φ(1, 3) +

1
24
φ(1, 4) +

5
24
φ(2, 2)− φ(2, 3)

0 = 4φ(1, 1)− φ(1, 2)− φ(2, 1)
0 = φ(1, 1)− 4φ(1, 2) + φ(1, 3) + φ(2, 2)

0 =
24
5
φ(1, 2)− 91

5
φ(1, 3) + 5φ(1, 4) + φ(2, 2)

0 = 25φ(1, 3)− 93φ(1, 4) + φ(2, 2)
1 = φ(1, 1)− 5φ(2, 1) + φ(2, 2)

0 =
24
67
φ(1, 2) +

5
67
φ(1, 3) +

1
67
φ(1, 4) +

24
67
φ(2, 1)− φ(2, 2)

0 = 4φ(1, 1)− φ(1, 2)− φ(2, 1)

0 =
67
24
φ(1, 1)− 41

16
φ(1, 2) + 3φ(1, 3) +

1
24
φ(1, 4) + φ(2, 1)

0 =
72
5
φ(1, 2)− 253

5
φ(1, 3) + 14φ(1, 4) + φ(2, 1)

0 = φ(1, 2) + 70φ(1, 3)− 3115
12

φ(1, 4) + φ(2, 1)

67
311

=
24
311

φ(1, 1) +
24
311

φ(1, 2) +
15
311

φ(1, 3) +
1

311
φ(1, 4)− φ(2, 1)

55 = 199φ(1, 1)− 63φ(1, 2)− 3φ(1, 3)− φ(1, 4)

0 = 21φ(1, 1)− 588
9
φ(1, 2) +

192
9
φ(1, 3) + φ(1, 4)

0 =
7

1347
φ(1, 1) +

448
4041

φ(1, 2)− 458
1347

φ(1, 3) + φ(1, 4)

0 =
1

199
φ(1, 1) +

9
597

φ(1, 2) +
431
1393

φ(1, 3)− φ(1, 4)

Switch to decimals.

55 = 199φ(1, 1)− 63φ(1, 2)− 3φ(1, 3)− φ(1, 4)
0 = 21φ(1, 1)− 65.33333333φ(1, 2) + 21.33333333φ(1, 3) + φ(1, 4)
0 = 0.005196733φ(1, 1) + 0.110863648φ(1, 2)− 0.340014848φ(1, 3) + φ(1, 4)
0 = 0.005025126φ(1, 1) + 0.015075377φ(1, 2) + 0.309404164φ(1, 3)− φ(1, 4)
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16.61930586 = 60.13015184φ(1, 1)− 19.04121475φ(1, 2)− φ(1, 3)
0 = 0.864071004φ(1, 1)− 3.125741961φ(1, 2) + φ(1, 3)
0 = 0.00076615φ(1, 1) + 0.339872845φ(1, 2)− φ(1, 3)

0.749733311 = 2.751583072φ(1, 1)− φ(1, 2)
0 = 0.312912247φ(1, 1)− φ(1, 2)

0.30123508 = φ(1, 1) = φ(4, 1)
0.095342534 = φ(1, 2) = φ(4, 2)
0.032639641 = φ(1, 3) = φ(4, 3)

0.0130795 = φ(1, 4) = φ(4, 4)
0.13351497 = φ(2, 1) = φ(3, 1)

0.092330984 = φ(2, 2) = φ(3, 2)
0.048498922 = φ(2, 3) = φ(3, 3)
0.020526141 = φ(2, 4) = φ(3, 4)
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