FE450: Game Theory

Homework 5

Due October 16h   

Please indicate the students that you worked on this homework assignment with, if any.

1. Draw an extensive form with perfect information for the following: the terminal histories (possible sequence of actions) are (C,E), (C,F), (D,G) and (D,H). Player 1 moves first and player two moves second. Create payoffs such that player 1 prefers (C,F) to (D,G), (D,G) to (C,E) and (C,E) to (D,H) and player 2 prefers (D,G) to (C,F) and (C,F) to (D,H) and (D,H) to (C,E).
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(Other payoffs are acceptable as well)

a. What are the strategies to the above game?

Player 1: C, D

Player 2: EG, EH, FG, FH

b. What are the NE to the above game?

Need to model it as a strategic form game:

	1\2
	E/G
	E/H
	F/G
	F/H

	C
	1,0
	1,0
	3,2
	3,2

	D
	2,3
	0,1
	2,3
	0,1


EV1(C) = 1P2(E/G) + 3(1-P2(E/G)) = 3 – 2P2(E/G)

EV1(D) = 2P2(E/G) + 0 = 2P2(E/G)

3 – 2P2(E/G) = 2P2(E/G) ( 3 = 4P2(E/G)

P2(E/G) = ¾ so P2(F/H) = ¼ 

EV2(E/G) = 0 + 3(1-P1(C)) = 3 – 3P1(C)

EV2(F/H) = 2P1(C) + 1(1-P1(C)) = 1 +P1(C)

3 – 3P1(C) = 1 +P1(C) ( 2 = 4P1(C)

P1(C) = ½ and P1(D) = ½

NE = (D,G) (C,F) and (P1(C) = ½, P1(D) = ½, P2(E/G) = ¾ , and P2(F/H) = ¼)

c. What is the subgame perfect equilbria?

SPE = (C,FG). NOTE: all SPE are NE, but not all NE are SPE. In particular we would say the pure NE (D,EG) is a non-credible NE because player two cannot credibly commit to playing E/G regardless of what player 1 does. 

2. Assume two players can either choose “Left” or “Right”. If they both choose “Left”, player 1 earns 3 and player 2 earns 2. If they both choose “Right” player 1 earns 2 and player 2 earns 4. If player 1 chooses “Left” and player 2 chooses “Right”, player 1 earns 1 and player 2 earns 1. If player 1 chooses “Right” and player 2 chooses “Left”, player 1 earns 4 and player 2 earns 3.

a. Model this game as a simultaneous move game. Find the Nash equilibria.

	1|2
	Left
	Right

	Left
	3, 2
	1, 1

	Right
	4, 3
	2, 4


NE is (Right, Right)

b. Now model this game as a sequential move game in which player 1 moves first. Then find the Subgame Perfect Equilibria. Compare this to that found above.








SPE is (Left, LeftRight) – it is better for player 1 to move sequentially and worse for player 2.
c. Now model this game as an extensive form game with imperfect information. Specifically, assume that Player 1 moves first (choosing either “Left” or “Right”), but her action is not “perfectly observable”. That is, player 1 may choose “Left” when player 2 thinks player 1 has chosen “Right”. Therefore, after player 1 moves, assume player 2 observes the correct signal with probability 4/5 and that player 2 observes the incorrect signal with probability 1/5. Illustrate this in an extensive form game. Then find the Nash Equilibria.



To find the NE, we need to create a strategic form game with Expected values:

	
	Left, Left
	Left, Right
	Right, Left
	Right, Right

	Left
	3,2
	2.6, 1.8
	1.4, 1.2
	1,1

	Right
	4,3
	2.4, 3.8
	3.6, 3.2 
	2,4


EV1(L,(L,L)) = (4/5)3 + (1/5)3 = 3

EV2(L,(L,L)) = (4/5)2 + (1/5)2 = 2

EV1(L,(L,R)) = (4/5)3 + (1/5)1 = 2.6

EV2(L,(L,R)) = (4/5)2 + (1/5)1 = 1.8

EV1(L,(R,L)) = (4/5)1 + (1/5)3 = 1.4

EV2(L,(R,L)) = (4/5)1 + (1/5)2 = 1.2

EV1(L,(R,R)) = (4/5)1 + (1/5)1 = 1

EV2(L,(R,R)) = (4/5)1 + (1/5)1 = 1

EV1(R,(L,L)) = (4/5)4 + (1/5)4 = 4

EV2(R,(L,L)) = (4/5)3 + (1/5)3 = 3

EV1(R,(L,R)) = (4/5)2 + (1/5)4 = 2.4

EV2(R,(L,R)) = (4/5)4 + (1/5)3 = 3.8

EV1(R,(R,L)) = (4/5)4 + (1/5)2 = 3.6

EV2(R,(R,L)) = (4/5)3 + (1/5)4 = 3.2

EV1(R,(R,R)) = (4/5)2 + (1/5)2 = 2

EV2(R,(R,R)) = (4/5)4 + (1/5)4 = 4

So NE is (Right, (Right, Right)).

3. Consider the extensive-form game below. 









a. Find all subgame perfect equilibria of this game.

(Left, Right)
b. Suppose player 1 is a human and player 2 is a machine. If player 1 plays right, the machine plays left with probability p(left) and right with probability 1–p(left). Allow p(left) to vary from 0 to 1. For what range of values of p(left) is left the equilibrium strategy for player 1? For what range of values of p(left) is right the equilibrium strategy for player 1?

For player 1 to play left, p2(left) < 2/3, for player 1 to play right, p2(left) > 2/3. 

4. Navy Football facilities have to make a decision to provide hot drinks or cold drinks at the next home game. They have to place their orders before they realize the actual weather (and therefore demand for their drinks). The weather can either be “warm” which means fans will enjoy a cold drink more or the weather can be “cold” which means fans will enjoy a hot drink more. If the game can be model as an extensive form game as shown below, find the subgame perfect equilibria (note:  you will have to solve for probabilities for each state of nature to determine when the facilities should provide hot or cold drinks).


[image: image1]
There are 5 subgames (player two observes nature and can make the best decision to buy or don’t based on the weather and the possible drinks provided). Specifically, if hot drinks are provided, player 2 will buy on a cold day and don’t on a warm day; if cold drinks are provided, player 2 will buy on a warm day and don’t.

To find the SPE, we use this information and determine what the Prob(warm) has to be in order for Navy facilities to provide either a hot or a cold drink.

EV1(hot) = 0*Prob(warm) +4*(1 – Prob(warm)) = 4 – 4 Prob(warm) 
EV1(cold) = 1*Prob(warm) + 0*(1 – Prob(warm)) = Prob(warm)

To provide hot drinks, EV1(hot) > EV1(cold) ( 4 – 4Prob(warm) > Prob(warm)

Or 4/5 > Prob(warm)

To provide cold drinks, EV1(hot) < EV1(cold) ( 4 – 4Prob(warm) < Prob(warm)

Or 4/5 < Prob(warm)


So the SPE is if Prob(warm) < 4/5:

If it is a cold day: Hot, Buy 

If it is a hot day: Hot, Don’t buy

So the SPE is if Prob(warm) > 4/5:

If it is a cold day: Cold, Don’t Buy 

If it is a hot day: Cold, Buy
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