Review Sheet and Guide for Numerical Problems

FE431  PUBLIC FINANCE
I have found that some students in upper-level elective courses in economics have the most difficulty with certain numerical problems (probably because they have forgotten some of what they learned in FE210 (Intro to Econ) and FE341 (Microeconomics). The following review sheet should be helpful in refreshing your skills and providing basic guidance for many of the most common numerical problems in FE431 Public Finance and other microeconomics-based courses.  The review is arranged by general topic area and type of problems to help you find the help you need.
I. Competitive Market Equilibrium Price and Quantity (including calculation of  consumer/producer surplus and the inclusion of taxes and externalities)
a. Competitive Market Equilibrium

· Perhaps the most important concept in economics is that of a “competitive market equilibrium” (a price/quantity pair) that results from the interaction of supply and demand in a free market. Supply and demand may be expressed numerically as either “quantity as a function of price”, or “price as a function of quantity”. The latter is more accurately called an “inverse” demand or supply curve, although it is most common because we usually graph supply and demand with price on the Y-axis, and therefore let price be the y-variable. The “inverse” is typically dropped and we just call these the supply and demand curves. The supply curve is usually flat or upward-sloping, and the demand curve is flat or downward-sloping. The equilibrium price and quantity is the point where they cross and is the unique pair that yields neither a surplus nor a shortage of the good. That is, the market is in equilibrium in the sense that the quantity that sellers wish to supply and sell at that price is equal to the quantity that consumers wish to purchase at the price.
· The competitive equilibrium price (Pe) and quantity (Qe) are found by setting the right-hand sides of the two equations equal and solving.

Figure 1. Competitive equilibrium quantity (Qe) and price (Pe)
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Example:
Assume the U.S. corn market is perfectly competitive and the yearly market demand (or “marginal benefit”) for corn is approximated by:
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where P is the price per bushel, and Q is the total yearly quantity demanded (in billions of bushels). The supply (or “marginal cost”) of corn is given by:
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So, in equilibrium we have

11 – 0.2Q = 1 + 0.3Q

10 = 0.5Q

QE = 20 billion bushels

PE = (11 – 0.2*20) = $7 per bushel (found by plugging Qe = 20 back into the demand curve)
b. Consumer Surplus and Producer Surplus

· A market exchange at an equilibrium price typically benefits both consumers and producers → consumers pay a price that is below what they would have been willing to pay for the good, and producers receive a price that is above what they would have been willing to accept for the good.
· Consumer surplus (CS) puts a $ value on the net benefit (total benefit – price paid) to consumers as a group. It is calculated as the area under the demand curve, but above the price paid.
Figure 2. Consumer surplus (in a competitive market with no externalities)
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Using the same supply and demand information in the example above, the consumer surplus would be (½ * base * height) or

CS = ½ *20*(11 – 7) = $40 (billion) per day.

The base is 20 because Qe = 20, and the height is the y-intercept of the demand curve (11) minus Pe, which is 7.
· Producer surplus (PS) puts a $ value on the net benefit (total amount received – additional production costs) to producers. It is calculated as the area below the price received, but above the supply curve.
Figure 3. Producer surplus (in a competitive market with no externalities)
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Using the same supply and demand information in the example above, the consumer surplus would be (½ * base * height) or

PS = ½ *20*(7-1) = $60 (billion) per day.

The base is 20 because Qe = 20, and the height is Pe (which is 7) minus the y-intercept of the supply curve (which is 1).
*** Note that “producer surplus” and “producers’ profits” are not the same thing. Producers’ profits = Producer Surplus – Fixed Costs.
· Total net benefit = CS + PS = 40+60 = $100 (billion) per day.
c. Deadweight Loss

· Because the equilibrium price and quantity maximizes the total net benefit of exchange for society (except if there are “externalities” → see next section), any deviation from this “efficient” quantity results in a loss of benefits to society, called a “deadweight loss”. A deadweight loss can result from either too little of the good being exchanged, or too much of the good being exchanged. See the next section on “externalities” for how this could occur in a free market. Swope’s Rule → DWL is always the area between the marginal (social) benefit curve and the marginal (social) cost curve from where you are (the actual level of production) to where you want to be (the efficient level of production).
d. Externalities

· We generally assume that the “supply curve” in a market reflects all of the costs involved in producing and selling a good, and the “demand curve” represents all of the benefits that are generated by purchasing and consuming a good. Therefore, the total net benefit of exchanging the good in markets is accurately given by the consumer and producer surplus calculations above, and total net benefit is maximized at the free market competitive equilibrium price and quantity.

· Negative externalities: What if there are real costs (such as pollution or other uncompensated damages) that are imposed on third-parties. In this case, the true costs associated with production of this good (called marginal social cost) will be higher than the costs actually paid by producers (called marginal private cost). In this case, the total net benefit to society will be maximized at Q*, not at the free market quantity Qe. For each unit produced and exchanged beyond Q*, the marginal cost to society is greater than the marginal benefit, and a net loss is incurred. The combined net loss for the units from Q* to Qe (called the deadweight loss) can be measured by calculating the area between the marginal social cost curve and marginal (social) benefit curve from Q* to Qe.
Figure 4. Deadweight loss in an unregulated competitive market with a negative externality.
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Example:
Assume the same demand and supply of corn given above:

Demand → 
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Supply → 
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We know the free market competitive equilibrium is QE = 20 billion bushels and PE = $7 per bushel.
Suppose there is a “marginal external cost” of 0.5Q, so that the marginal social cost is

MSC = marginal private cost + marginal external cost

or

MSC = 1+0.8Q
Setting marginal social cost equal to marginal social benefit (here, still given by the original demand curve if there are no positive externalities to include), we have
MSC = MSB

1+0.8Q = 11 – 0.2Q

Q* = 10

The “efficient” quantity (the quantity that maximizes total net benefit) is 10, while the free market equilibrium quantity is 20. This results in a DWL if the market is not regulated (through taxes or some other means to reduce the quantity sold or eliminate the externality). To calculate the DWL, we must know the dimensions of the triangle in Figure 4. One side (the “width”) is the difference between Q* and Qe, (which is 20-10=10). The other dimension (the “height, this is the tricky part) can be found by finding the point on the marginal social cost curve corresponding to Qe = 20, and subtracting Pe = 7. The MSC = 1+0.8Q; substituting Q = 20 yields MSC = 17. So the height of the triangle is 17-7 = 10.
The DWL at the competitive equilibrium, therefore, is

DWL = ½ *10*10 = $50 (billion) per day
· Positive externalities: What if there are benefits that are imposed on third-parties. In this case, the true benefits associated with consumption of this good (called marginal social benefit) will be higher than the benefits actually reflected in the consumers’ demand curve (called marginal private benefit). In this case, the total net benefit to society will be maximized at Q*, not at the free market quantity Qe. For each unit produced and exchanged beyond Qe to Q*, there is an additional net benefit that is not being realized. The combined net additional benefit for the units from Qe to Q* (which we also call deadweight loss if it goes unrealized) can be measured by calculating the area between the marginal social cost curve and marginal (social) benefit curve from Qe to Q*.

Figure 5. Deadweight loss in an unregulated competitive market with a positive externality.
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Example:
Assume the same demand and supply of corn given above:

Demand → 
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Supply → 
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We know the free market competitive equilibrium is QE = 20 billion bushels and PE = $7 per bushel.

Suppose there is a “marginal external benefit” of 0.1Q, so that the marginal social benefit is

MSB = marginal private benefit + marginal external benefit = 11 – 0.2Q + 0.1Q
or

MSB = 11-0.1Q
Setting marginal social cost (here, still given by the original supply curve) equal to marginal social benefit, we have

MSC = MSB

1+0.3Q = 11 - 0.1Q

Q* = 25
The “efficient” quantity (the quantity that maximizes total net benefit) is 25, while the free market equilibrium quantity is 20. This results in a DWL. To calculate the DWL, we must know the dimensions of the triangle in Figure 5. One side (the “width”) is the difference between Qe and Q*, (which is 25-20=5). The other dimension (the “height, this is the tricky part) can be found by finding the point on the marginal social benefit curve corresponding to Qe = 20, and subtracting Pe = 7. The MSB = 11-0.1Q; substituting Q = 20 yields MSB = 9. So the height of the triangle is 9-7 = 2.

The DWL at the competitive equilibrium, therefore, is

DWL = ½ *5*2 = $5 (billion) per day
e. Taxes and Subsidies
· Per-unit commodity taxes and subsidies on goods are often levied by governments for various purposes (including to raise revenue or to increase / decrease consumption of the good). Numerically, taxes and subsidies are straightforward to incorporate into a market equilibrium analysis.

Per-unit tax collected from producers
· Taxes collected directly from producers increase their marginal costs (for every unit they sell producers must now also pay the government the amount of the tax) and, therefore, must be added to the supply curve, causing it to shift up. This causes the price paid by consumers to rise (though not necessarily by the amount of the tax), and it causes the after-tax price received by producers to fall. Whether a tax causes a DWL depends on whether the market was efficient to begin with (and now is inefficient due to the tax), or whether there was an inefficiency that the tax was imposed to correct (such as a negative externality).

Figure 6. Effect of a per-unit commodity tax imposed on sellers.
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Example:
Assume the same demand and supply of corn given above:

Demand → 
[image: image13.wmf]Q

P

2

.

0

11

-

=




Supply → 
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We know the free market competitive equilibrium (with no taxes) is QE = 20 billion bushels and PE = $7 per bushel.

Now suppose a $2 per bushel tax is collected from sellers of corn. The supply curve with the tax is
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And the new equilibrium price of corn paid by consumers is

11 – 0.2Q = 1 + 0.3Q + 2

8 = 0.5Q

QEtax = 16 billion bushels

PEtax = 11 – 0.2(16) = $7.80 per bushel (found by plugging Qetax = 16 back into the demand curve)

***Notice how the price paid by consumers only rose $0.80 when a $2 tax was added! (In general, the price paid by consumers will only rise by the full amount of the tax if demand is….perfectly inelastic! Evidently, demand in this example is fairly elastic).

***Also notice that producers must by the government $2 out of the $7.80 they receive from consumers. So the after-tax price received by producers falls to $5.80 per bushel. Both consumers and producers are hurt by the tax. In fact, the producers bear about 60% of the tax (they bear $1.20 of the $2), while consumers bear only 40% of the tax (their price only goes up by $0.80).
Per-unit tax collected from consumers
· Taxes collected directly from consumers (which are relatively rare) reduce the demand for a good, and therefore, must be subtracted from the demand curve, causing it to shift down. In fact, it is easy to show that, in principle, it doesn’t matter whether we collect a tax from the producers or consumers of the good. The “real” outcome is the same.
Figure 7. Effect of a per-unit commodity tax imposed on buyers.
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Example:
Assume the same demand and supply of corn given above:

Demand → 
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Supply → 
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We know the free market competitive equilibrium (with no taxes) is QE = 20 billion bushels and PE = $7 per bushel.

Now suppose a $2 per bushel tax is collected from consumers of corn. The demand curve with the tax is
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And the new equilibrium price of corn paid by consumers is

11 – 0.2Q - 2 = 1 + 0.3Q 
8 = 0.5Q

QEtax = 16 billion bushels

PEtax = 11 – 0.2(16) = $5.80 per bushel (found by plugging Qetax = 16 back into the demand curve with the tax included)

***Notice how the price falls to $5.80 as a result of the drop in demand. This is the price received by producers per bushel of corn (exactly the same as the after-tax price received in the previous example when the tax was collected from sellers).
***Also notice that consumers must pay the government an additional $2 (assuming the government could enforce this). In the end, the consumer pays $7.80 per bushel for corn, the same as in the example above when the tax was collected from the sellers. The only difference between the two cases is the “shelf” price of corn. It rises when the tax is collected from sellers, but falls when the tax is collected from buyers. But all of the real effects are the same.
Per-unit subsidy given to producers
· A per-unit subsidy given to producers has the opposite effects of a tax. The subsidy lowers the marginal costs of producing and selling a good and is subtracted from the supply curve causing it to shift down. This increases the market quantity and lowers the price paid by consumers. The net after-subsidy price received by producers rises, so both consumers and producers benefit from the subsidy. Whether the subsidy results in a DWL depends on whether there was an inefficiency (such as a positive externality) that this subsidy was imposed to correct.

Per-unit subsidy given to consumers
· Again, in principle, it doesn’t matter whether a subsidy is given to producers or consumers of a good. A per-unit subsidy given to consumers increases the demand for the good and is added to the demand curve, causing the demand curve to shift up. The market price and quantity both rise (so producers receive more per-unit of the good than before), but the consumers receive the subsidy, resulting in a net decrease per-unit paid by them.
II. Indifference Curves
· “Indifference curves” show all the bundles of goods over which an individual is indifferent (i.e. would have the same level of utility). Higher indifference curves correspond to higher utility.
· Indifference curves reflect the fact that an individual may be willing to sacrifice some amount of one good for more another and still have the same utility. The person’s marginal rate of substitution (or MRSXY) measures numerically the rate at which the individual is willing to give up Y for more of good X. That is, it gives the slope of an indifference curve at a particular combination of Y and X.
· In general, the  MRSXY = Marginal utility of X/Marginal utility of Y, or in calculus terms,

[image: image20.wmf]Y

U

X

U

MU

MU

MRS

Y

X

XY

¶

¶

¶

¶

=

=

/

/


a. Person likes both good X and good Y (e.g. U = X*Y or U = X1/2Y1/2). Note that the general form for a “Cobb-Douglas” production function is U = XaYb where 0<a<1 and 0<b<1. All of these utility functions have the same typically-shaped “concave” indifference curves.
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· Notices that if U = XY the person’s MRSXY in this case is 
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It is important to notice that for these types of utility functions and their corresponding “concave” indifference curves, the MRS depends on how much of each good you have. For example, if you have 20 Y and 2 X, the MRS = 20/2 = 10 (you’d give up a lot of good Y for one more unit of good X), but if you have 4 Y and 8 X, the MRS = 4/8=1/2 (you’d only give up about a ½ a unit of good Y for one more unit of good X.) This should make intuitive sense to you.

Here are some other common utility functions and indifference curves:

b. Person likes good X, but is indifferent (i.e. doesn’t care either way) about good Y (e.g. U = X).
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· Notices that the person’s MRSXY in this case is 
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c. Person likes good Y, but is indifferent (i.e. doesn’t care either way) about good X (e.g. U = Y).
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· Notices that the person’s MRSXY in this case is 
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d. Person will always be willing to trade 1 X for 1 Y. That is, they are “perfect 1 to 1 substitutes” (e.g. U = X + Y).
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· Notices that the person’s MRSXY in this case is 
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III. Constrained Maximization Problems (including utility maximization and profit maximization by a monopolist)
· The two most common types of maximization problems in economics are utility maximization (by consumers) and profit maximization (by firms), but there are others. They all have the same basic structure (an “objective function” and a “constraint”), so they can be solved in the same manner using calculus. Here are examples:
A. Utility maximization by a consumer

Suppose a consumer has utility over goods X and Y of U = X*Y. The consumer has income, I=10, to spend on the two goods. Good X has a price Px = 2 and good Y has a price Py =1. How much of each good should the consumer buy to maximize his utility?

Figure 8. Diagram of consumer’s utility maximization problem.
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***The substitution method for constrained maximization problems:
· All constrained maximization problems have an objective function (which we are typically trying to “maximize”) and a constraint that our solution has to satisfy.

· For utility maximization problems, the objective function is the utility function (e.g. U = X*Y), and the constraint is the budget constraint (e.g. Income = PX*X+PY*Y or 10 = 2*X+1*Y if good X has a price of 2 and good Y has a price of 1).

· So here we want to “maximize U=X*Y subject to 10=2X+Y

· The easiest way to do this is the “substitution method” whereby we first solve the constraint for one of the two variables in the objective function (e.g. Y = 10 – 2X)

· We then substitute this solution into the objective function

· You will then have an objective function that contains only one variable (e.g. U = 10X – 2X2
· Maximize by taking the derivative (10-4X) and setting it equal to 0 (e.g.  Solve this expression and you will have the optimal value for X. Call this X* (e.g. X*= 2.5).

· You can then find the corresponding optimal value Y* by using the expression Y = 10-2X that we found for the constraint. Solving for Y*=5.
B. Profit maximization by a single-price monopolist
Suppose a monopolist faces an (inverse) demand curve given by

P = 100 – 0.01Q

where P is the price per unit (in $) and Q is the number of units demanded per day. Further suppose that the monopolist has a fixed cost of $50,000 per day (i.e. this cost does not depend on how many units it sells) and a constant marginal cost of $10 for each unit it produces. What price should the monopolist charge and how many units should it sell each day to maximize its daily profits?
Figure 9. Monopoly diagram with constant marginal cost (as in example above)
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Figure 10. Monopoly diagram with increasing marginal cost
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***Again, the substitution method for constrained maximization problems:

· All constrained maximization problems have an objective function (which we are typically trying to “maximize”) and a constraint that our solution has to satisfy.

· For profit maximization problems, the objective function is the profit function (e.g. Profits = Total Revenue – Total Costs), which here is Profits = PQ – (10Q+50000) because Total Revenue = Price*Quantity and Total Costs = Fixed Costs + Variable Costs. Fixed costs are obviously 50000, but variable costs are 10Q because the marginal cost is 10 per unit.

· The constraint is the demand curve for the good (e.g. P = 100 – 0.01Q)
· So here we want to maximize “Profits” subject to P = 100 – 0.01Q.
· The easiest way to do this is the “substitution method” whereby we first solve the constraint for one of the two variables in the objective function (e.g. P = 100 – 0.01Q since we already have price solved in terms of quantity)

· We then substitute this solution into the objective function

· You will then have an objective function that contains only one variable (e.g. Profits = (100 – 0.01Q)Q – 10Q – 50000, or Profits = 90Q – 0.01Q2 – 50000.
· Maximize by taking the derivative (90 – 0.2Q) and setting it equal to 0 (e.g.  Solve this expression and you will have the optimal value for Q. Call this QM (e.g. QM= 4500).
· You can then find the corresponding optimal value PM by using the expression P = 100 – 0.01Q that we found for the constraint. Solving for PM=$55.
· So the monopolist’s optimal price is $55. It would sell 4500 units per day at this price, earning a maximum Profit = 55*4500 – (10*4500+50000) or Profits = 247,500 – 95,000 = $152,500 per day.
· Notice that the monopolists’ fixed costs do not affect its profit-maximizing quantity (that is, we could change the $50000 to $100000, and the optimal price and quantity wouldn’t change). Fixed costs only affect profits.

· Note that the single-price monopolist’s problem can also be solved using the “marginal revenue = marginal cost” (MR=MC) rule for profit-maximizing firms. The marginal revenue is the derivative of total revenue. Total Revenue above is PQ or (100-0.01Q)Q = 100Q – 0.01Q2. Taking the derivative yields MR = 100-0.02Q. Marginal cost is the derivative of total cost, which above is 10Q+50000. Taking the derivative yields MC = 10 (we already knew this from the problem). Setting MR = MC we have 100-0.02Q=10, or QM=4500, exactly what we got before.
· Deadweight loss for a single-price monopoly (there will always be some) is calculated the same as in our previous examples. It is the area between the marginal (social) benefit curve and the marginal (social) cost curve from the actual market quantity (the monopolist’s output choice) to the efficient quantity.
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