Name:____Solutions______

FE431:  PUBLIC FINANCE





Assignment 9: Due Wednesday, Oct. 24
· Make sure you show your work and that ALL answers are complete and neatly written.

· Only work that follows these instructions and represents a “Good Faith Effort” to answer the questions posed will receive a check. (Copying answers from a classmate without working through the problems is unacceptable conduct).

· Stop by during my office hours (Tuesdays periods, 9, 10) if you have questions, or set up another time to meet with me.
Answer the following questions which cover material from Chapter 3 of your textbook (Public Goods):

The key to understanding the efficient provision of public (i.e. non-rival) goods is to recognize that the market demand (or marginal social benefit) for a public/non-rival good is the vertical summation of individual demand curves, assuming demand is graphed with price on the y-axis (that is, we want to sum the benefit that each consumer obtains from a given quantity of the public good to get the total benefit that the community places on each additional unit of the public good). For public goods, we are interested in the question, “What is the benefit or value to the community of a given unit of the public good?” This is in contrast to the market demand for a private/rival good, which is the horizontal summation of individual demand curves. For private goods, we are interested in the question, “What is the total quantity that consumers would be willing to purchase at a given price?”

The easiest way to get horizontal versus vertical summation correct in numerical problems is to follow these rules:

· Horizontal summation requires first expressing demand in the form of quantity as a function of price (e.g.Tom’s weekly demand for bananas is qTom = 20 – 2P). Because we typically write demand in the form of price as a function of quantity (e.g. P = 10 – 0.5qTom), you may first need to rearrange demand to get it into the right form before adding. After that, simply add the right-hand-side (r-h-s) of the demand curve (e.g. Q=qTom+qJerry+…). Substitute the r-h-s of each individual demand in for qTom, qJerry, etc, then add. You should then have Q as a function of price, which is the market demand. To graph market demand in the typical manner, rearrange to get P as a function of Q. 

· Vertical summation requires first expressing demand in the form of price as a function of quantity (e.g.Tom’s weekly demand for television programming is P = 10 – 0.5qTom). Because we typically write demand in the form of price as a function of quantity, you don’t need to do anything – just sum the right-hand-side of the demand curve for individuals to get the market demand for a public good.

1. Earl lives in Smallville and enjoys crab. Earl’s demand for crab can be written as

P = 100 – 10qEarl
where P is the price of crab (in $ per pound) and qEarl is the quantity of crab (in lbs per month) Earl would demand at various prices. Suppose there are only three other residents in Smallville who like crab (Randy, Joy, and Darnell), and they have individual demands for crab that are identical to Earl’s. Calculate the market demand for crab in Smallville, and graph Earl’s demand and the market demand with price on the y-axis and quantity on the x-axis.

Q = qEarl+qRandy+qJoy+qDarnell=(10-0.1P)+(10-0.1P)+(10-0.1P)+(10-0.1P)
Q=40-0.4P

or

P = 100 – 2.5Q

Earl’s demand is a downward-sloping line with a y-intercept at 100 and an x-intercept at 10 (lbs of crab). The market demand is a downward-sloping line with a y-intercept also at 100, but an x-intercept at 40 (lbs of crab).

2. Earl lives in Smallville and enjoys rock concerts. Earl’s demand for concerts can be written as

P = 100 – 10qEarl
where P is how much Earl would pay (in $) per concert and qEarl is the quantity of concerts Earl would go see at various prices.

a. Suppose there are 99 other residents in Smallville who like rock concerts (the rest only like other music), and they all have individual demands for concerts that are identical to Earl’s. Calculate the market demand for concerts in Smallville, and graph Earl’s demand and the market demand with price on the y-axis and quantity on the x-axis.

To get market demand for a public (non-rival) good, vertically sum the individual demand curves. Rather than add the right-hand-side of Earl’s demand 100 times (which we could do) it is easiest to simply multiply the r-h-s by 100, since everyone is identical. This yields

P = 10000 – 1000Q

Earl’s demand is a downward-sloping line with a y-intercept at 100 and an x-intercept at 10 (concerts). The market demand is also a downward-sloping line with a y-intercept at 10000 and an x-intercept also at 10 (concerts).

b. Many local bands will play a rock concert for free, but the marginal cost of putting on a concert in Smallville is about $1000 (for setup, equipment, security, all that good stuff). In a Lindahl Equilibrium, how many concerts would be provided, and how much would each person in the community be paying per concert?
If the MC of concerts is 1000, the efficient quantity is where ∑ MBconcerts=MCconcerts, or where the market demand intersects the MC curve.
10000 – 1000Q = 1000

Q* = 9

In a Lindahl equilibrium, nine rock concerts would be provided during the year, and those who value rock concerts (Earl and the 99 others) which each pay the appropriate price from their demand curves, which is $10 per concert. Those who have no value for rock concerts (everyone else) would pay $0.

c. Given the above information, can private markets be expected to provide concerts efficiently in Smallville? Think about it, then briefly explain your thinking.
The first question to address is “excludability”. If the concerts (based on location, etc) are not excludable, then we might expect many of those who actually value rock concerts to try to free ride and not pay. It is unlikely that a private firm, therefore, could raise the $1000 needed to cover the cost of a concert. Concerts would probably be underprovided by private markets in this case. Perhaps the city could put on the shows, but then how should they pay for them? With local income or sales taxes?

If concerts are excludable (say performed in a hall or gymnasium) where free riders could be excluded, then a private firm could charge ticket prices. If they charged $10 per ticket, Earl and the 99 others would attend all 9 concerts, and concerts would be efficiently provided. However, in a truly free market, why wouldn’t concert providers charge more than $10 (i.e. charge monopoly prices)? Perhaps there is sufficient competition between potential providers to keep prices low, in which case private markets may provide concerts efficiently.

It should be noted, however, that in reality people are not all identical and would, therefore, have different prices they are willing to pay for concerts. If the marginal cost of one more person attending a concert is zero (which it is likely to be, assuming the hall is not overcrowded / “congested”), then there is a DWL if anyone who values a concert is excluded because ticket prices are higher than they are willing to pay.
Answer the following questions which cover material on public goods and public choice:
3. Kory’s local school district is contemplating construction of a new middle school, to be financed by an increase in local property taxes. The new school being considered will cost between $4 - $15 million, depending on several final characteristics (e.g. size of the auditorium, science lab space, number of tennis courts, etc). Kory’s preferences over the middle school project can be represented by
UK = 30Q – 3.5Q2
where Q is the “quality” of the final middle school project (represented by its $ cost, in millions) and UK is Kory’s utility level from a given level of spending on the new school and the associated property taxes to finance it.

Are Kory’s preferences single-peaked? Show that Kory prefers the city to be rather frugal in its spending on the new middle school?
Kory’s utility function over the school project has a parabola shape with a peak at 30/7 or $4  2/7 million. So, yes, his preferences are single-peaked, and his most-preferred level of spending on the school can be found by taking the derivative of his utility function, setting it equal to 0, and solving.

Answer the following questions which cover material on redistribution:
4. Sarah has two children, Hannah and Rebecca, who receive a weekly allowance. This week Sarah has $30 to allocate between her two children. Sarah believes that Hannah has utility of income, 
[image: image1.wmf]H

H

I

U

10

=

 where IH is Hannah’s weekly income. Sarah believes that Rebecca’s utility from income is given by 
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a. Show (by finding the optimal distribution) that the optimal outcome if Sarah follows a utilitarian philosophy of social welfare (that is, if the social welfare function is additive) is to give $10 to Rebecca and the rest to Hannah.
If Sarah is a utilitarian, she believes that social welfare is the sum of the two girl’s utilities. 
This can be solved by maximizing the social welfare function

W=10Ih  + 50Ir – 2Ir2
Subject to the constraint

30=Ih+Ir

Alternatively, we know she should allocate the $30 such that the marginal utility of income is equal for both. Hannah’s MU = 10. Rebecca’s MU = 50 – 4IR. Setting these equal, we find that IR* = 10. That is, Sarah will give Rebecca $10, which lowers her MU to that of Hannah. Then Sarah gives Hannah the remaining $20.
b. Show that the optimal distribution if the social welfare function is Rawlsian (that is, W=min(UH , UR)) is for Rebecca to get less than $10 and for Hannah to get more than $20. Find the exact optimum distribution. Can you explain in words why this answer differs from part (i) above?
Sarah wants to maximize the utility of the girl with the lowest utility. Because we have a fixed amount of money available (and no other complications) this case requires the girls’ utilities to be equal (otherwise Sarah should reallocate $ from the girl with the higher utility to the girl with the lower utility.) Setting the utilities equal
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and using the constraint
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you can solve for IH and IR. You get two sets of solutions:

(IR* = 23.66, IH* = 6.33)
(IR* = 6.33, IH* = 23.66)

The first of these yields U=63.33 for both individuals.

The second yields U=236.66 for both. Therefore, (IR* = 6.33, IH* = 23.66) is the optimal solution.
c. Finally, assume that Sarah gives all $30 to Hannah, but Hannah’s utility depends on Rebecca’s income. Specifically, assume Hannah’s utility is given by:
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Show (by finding her optimum outcome) that Hannah will give Rebecca exactly $7.50, and keep the rest for herself.
Starting with $30, Hannah can increase her utility by giving some $ to Rebecca. Note that Hannah’s marginal utility from Rebecca’s income (25 – 2IR) is greater initially than her marginal utility from her own income (10). She will give Rebecca $ until 25 – 2IR = 10. Thus, she will give Rebecca $7.50 and keep $22.50.
This can also be solved by maximizing Hannah’s objective function (i.e. her utility), which is

Uh = 10Ih + 25Ir-Ir2
Subject to the constraint

30=Ih+Ir
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