Lesson 19:

Phasors and impedance




Complex numbers
m A complex number zis a number of the form
Z=X+ ]y
where X, y are realnumbers and j =v-1

X Is the real part of z,

y Is the imaginary part of z
Re(z) = X
Im(2) =y



Complex numbers

m The complex number z can be represented
geometrically by plotting it in the complex plane.
The x axis is the real axis.
The y axis is the imaginary axis.

Imaginary axis
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Complex numbers
m The complex number z can be represented three
ways:
Z=X+ ]y rectangular form
Z=rZ¢ polar form
z=re" exponential form

B =X +y° ¢=tan1¥

o X =T COS¢ y=rsing

0 —>» Real axis
X

Z=X+ |y=rZ¢=r(cosg+ | Sing)
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Complex numbers operations
m Given two complex numbers z,, z, defined

4 =X+ jyl — r14¢1 and L, =X+ jyz — rzlﬁbz

m Addition: Z+2,=(X%+%)+](%+,)
m Subtraction: z-z,=(%-%)+j(¥.—Y,)
0 I\/IuItipIication: 2122:r1r24(¢1+¢2)

m Division: i=il(¢1—¢z)
z, T,



Complex numbers operations

. 1 1
m Reciprocal: E=FZ—¢

m Square root: Jz=r2(¢12)

m Complex conjugate:

Z'=X—jy=rZ—¢=re” )

:.>Re
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Complex number properties

m Powers of |
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Complex number on the
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See handout or Voyage 200 Guidebook page 935-937
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Example Problem 1

Evaluate these complex numbers.
1/2
(40£50°+ 204 —30°)

(10£-30°+(3- j4))
(2+]4)(3- ]9




Euler’s identity
m Euler’s identity

e =cosg + jsing

shows that we may regard cos ¢ and sin ¢ as the
real and imaginary parts of el?

Re(e'’) = cos¢
Im(e”’) =sing



Representation of sinusoids

m Using Euler’s identity, we can represent the
sinusoid

V(t) =V, cos(wt +¢) = Re(V, ") = Re(V,e""e )
Thus,
v(t) = Re(Ve') where V =V, e =V, /¢

m V Is the phasor representation of the sinusoid v(t).

A phasor is a complex representation of the magnitude
and phase of a sinusoid.



Representation of Vel

Rotation at w rad/s

A A o(t) = Re(Vef“’")




Phasors

m Phasors are complex quantities and may be
expressed in rectangular, polar or exponential
form.

m Phasors have magnitude and direction and
behave as vectors (printed in boldface).

ConsiderV =V, Z¢and | =1_~/-6.



Phasors
m Phasors diagramof V=V _Z¢and | =1_~/-6.
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Time-phasor points to remember

1. v(t) is the instantaneous or time domain
representation, while V is the frequency or
phasor domain representation.

2. V(1) Is the time dependent, V Is not.

3. V(1) Is always real with no complex term, while
V Is generally complex.

4. Phasor analysis only applies when frequency Is
constant.



'_
-Ie Problem 2

Transform these sinusoids to phasors.

| = 6cos(50t —40°) A

v =—4sin(30t +50°) V



'—
-Ie Problem 3

Find the sinusoids represented by these phasors.

| =3+ j4 A

V= j8e 'V



Phasor relationship for resistors

m \We want to develop voltage-current
relationships for circuit elements in the phasor

domain.
i |
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v R V R
time phasor

domain domain



Phasor relationship for resistors

m The voltage-current relation in phasor domain is
unchanged from the time domain.

V=R

m Voltage and current are in phase.
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Phasor relationship for inductors

m Consider an inductor in which

| =1_cos(wt + ¢)
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Phasor relationship for inductors

m The voltage-current relation in phasor domain is

V = joll

m Current lags voltage by 90°.
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Phasor relationship for capacitors
m Consider a capacitor in which

v=V_cos(wt+¢)

+ +
=i \Y% == I




Phasor relationship for capacitors
m The voltage-current relation in phasor domain is

| = joCV = V =_i|
JoC
m Current leads voltage by 90°.
i I Im A
I X
v == VvV == I Vv
o— o— ¢
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Summary of phasor relations

Summary of voltage-current relationships.

TABLE 9.2

Element Time domain Frequency domain
R v = Ri V =RI
di
L = L— V = jowlLl
U di Jw
. dv I
C i = C— V=——

dt JjoC
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Example Problem 4

The voltage v = 12 cos(60t + 45°) is applied to a 0.1-H

iInductor. Find the steady-state current through the
iInductor.



Impedance
m Previously we obtained the voltage-current
relations
. 1
V=R, V=joLl, V=—"-oI
JoC

m These could be written in terms of the ratio of
phasor voltage to phasor current as

X:R !:Mi,vz_l
I I | JoC
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Impedance

m From these equations we obtain Ohm'’s law In
phasor form for any element as

Z:¥ or V=IZ

where Z is a frequency-dependent quantity
known as impedance, measure in ohms.



Frequency dependency

m The impedance of capacitors and inductors Is
dependent on frequency.

m Consider o =0 (dc sources)

Z, =joL=0Q and Zcz_i—moQ
JawC

m Consider o — « (high frequency)

Z —jol>0Q ad Z.———=00
JoC



Frequency dependency

m Inductors

m Capacitors

M M)
S h—

I Short circuit at dc

.—O O—
Open circuit at
high frequencies

.—O O.—
C Open circuit at dc

T @
S L

Short circuit at
high frequencies




Impedance

m Impedance is a complex quantity and may be
expressed in rectangular form

Z =R+ jX
where R Is the resistance and X iIs called

reactance.

m Thus,

Z = R+ X is said to be inductive.
Z = R—|X Is said to be capacitive.



Impedance
m Impedance may also be expressed in polar form

Z=\z|£6

m Since Z=R+jX =|Z|£0

Z| =R+ X2, Q:tan‘lé

R=|Z|cosf, X =|Z|sinb



Admittance
m Admittance is the reciprocal of impedance

Y —

i_r

Z V

which can also be expressed
Y=G+|B

where G iIs the conductance and B is called the
susceptance.
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- Problem 5

Find v(t) and i(t) in the circuit below.
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v,= 10 cos 41 (f)

0.1F =

| = 4




