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Updown Categories

A partially ordered set can be modeled as a category by setting

Hom(x, ) = {{X DA

0, otherwise.
For example, N is the category with object set {0,1,2,...} and
morphisms {i — j | i < j}.
The idea of an updown category is to take this model of a
poset and relax the condition that the nonempty sets
Hom(x, y) have only one element. We allow Hom(x, x) to be a
nontrivial group, and Hom(x, y) to have multiple elements if
x <y, giving rise to automorphism groups and multiplicities
respectively. Our precise axioms are as follows.
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Axioms for an Updown Category

C is a small category, together with a rank functor |-|: C — N
so that
1 For each n >0, the set C, of c € ObC with |c| =nis

finite.

Co consists of the single element 0, and Hom(0, c) is
nonempty for all ¢ € ObC.

The set Hom(p, p’) is always finite, and is empty unless
|p| < |p'| or p= p’; in the latter case, Hom(p, p’) is a
group Aut(p).

Any morphism p — p’, |p’| = |p| + k, is a composition
p=po— pL— - — px = p of morphisms between
adjacent ranks.

If |p’| = |p| + 1, the actions of Aut(p) and Aut(p’) on
Hom(p, p’) are free.
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Defining Multiplicities

For an updown category € and objects ¢, ¢’ of € with
|c'| = |c| + 1, we define

u(c: ') = | Hom(c, ')/ Aut(c)| = %
and
d(c: ') = | Hom(c, ')/ Aut(c)| = %
It follows immediately that
u(c; N Aut(c’)| = d(c; )| Aut(c). (1)

If all the automorphism groups are trivial, then
u(c;c’) =d(c;c’) = |Hom(c, c')|

and we call € univalent.
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Updown Categories and Graded Graphs

We can think of an updown category as a graded poset in
which each covering relation ¢ < ¢’ is “decorated” by the
multiplicities u(c; ¢’) and d(c; ¢’).

In fact, any updown category is an oriented graded graph in the
sense of Fomin. But not all oriented graded graphs come from
updown categories, since u(c; ¢’) and d(c; c’) are related by
equation (1). In particular,

u(c; ') #0 < d(c; ') #0.

Michael E. Hoffman Updown Categories and Hopf Algebras



Updown
Categories
and Hopf
Algebras

Michael E.

Hoffman

Updown

Categories

Up and Down Operators

Now let € be an updown category, k a field of characteristic 0,
and k Ob C the graded vector space with elements of Ob C as
basis. We define operators U and D on k Ob C as follows:

Uc = Z u(c; ')

/| =fel+1
for c € ObC, and
Dc = Z d(c’;c)c

le’|=le|-1

for c € Ob G, c;«é(A); we set DO = 0.
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An Inner Product

Wz Define an inner product (-,-) on k Ob C by setting

Categories
and Hopf
Algebras )
Michael E. (c,d) = |Aut(c)|, ifd=c,
Hoffman 0, otherwise.
Updown If |y‘ = |X‘ + 1, then
Categories
(UE),y)=( > ulxx)x,y) =u(xy)|Auty|
x| =Ix|+1
while
{x, D(y ;Y diy)y) = d(xy)| Autx],
Iy I=lyl-1

so U and D are adjoint by equation (1).
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Extending the Multiplicities

We can now extend the multiplicities u(c; ¢’) and d(c; ¢’) to all

Updown
Categories
‘;;’l‘;egt‘)fa"sf pairs of elements ¢, ¢’ € ObC: suppose |c’| = |c| + k. If k<0
Michael E. we pUt U(C; C,) = d(C, C/) = O, Whlle fOr k 2 0
Hoffman
Uk / DX(c!
(e ety = W) _ e DM
Updown | Aut(c’)| | Aut(c')|
Categories
and ; / o
d(c;c') = (U¥(c), ¢) - {c, D*(c )>
| Aut(c) | Aut(c))
Then equation (1) extends to arbitrary pairs of objects. In
particular, A
d(0; c) _ | Aut(c) @)
u0;¢c)  |Autd]

for any ¢ € ObC.
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Multiplicities Cont'd

It is also easy to prove that

u(c;c’) = Z u(c; "u(c"; )

|| =k

and
d(c;c') = Z d(c; c")d(c"; )
e’ | =k
for any |c| < k < ||
An updown category is called unital if u(c; c’) = d(c; c’) is
either 0 or 1 for any ¢, ¢’ with |¢’| = |c| + 1. Unital implies
univalent but not conversely.
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Commutation Conditions

If we write U;, D; respectively for U, D restricted to kC;, then
we can consider various conditions on the commutator

[D, U]; = Di11U; — U;i—1D;.

m Absolute commutation condition (ACC): [D, U]; = rl;,
with r independent of /.

m Linear commutation condition (LCC): [D, U]; = (ai + b)/;.

m Sequential commutation condition (SCC): [D, U]; = ril;.

m Weak commutation condition (WCC): Every p € C; is an
eigenvector of [D, U];.
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Evidently ACC = LCC = SCC = WCC.
The WCC amounts to the condition that there is a function e
on Ob € so that [D, Ulp = ¢(p)p for all p € ObC. Then

m ¢(p) depends only on |p| <= C satisfies SCC;

m ¢(p) is a linear function of |p| <= C satisfies LCC;

m ¢(p) constant <= C satisfies ACC .
If Cis a chain (i.e., |Cj| <1 for all i), then SCC «<— WCC.
Stanley's differential posets are unital updown categories
satisfying the ACC.
Given two updown categories, we can form their product. Any
product of updown categories with the ACC has the ACC, and
similarly for the LCC and WCC. This is not true of the SCC.
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Example 1: Finite Sets

Let 8 be the category with objects 8, = {[n]}, where
[n] :={1,2,...,n} (and [0] := @), and morphisms

Hom([n],[m]) = {f : [n] = [m] | f is injective}.
Then 8 is an updown category with u([n]; [n +1]) =1,
d([n];[n+1]) = n+ 1, and Aut[n] the symmetric group on n
symbols. Equation (1) is easily seen to hold, and since

(DU —UD)[n] = D[n+ 1] — Un[n—1] = (n+1)[n] — n[n] = [n],

8 satisfies the ACC.
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Example 2: Partitions

Let Y be the updown category with Y, = {partitions of n}.
For partitions A = (A1,...,An) and p = (u1,...,m), both
written in descending order,

{N = u}, if A < pjforall i,
0, otherwise,

Hom(A, ) = {

where \; is taken as 0 for i > n. Then Y is a unital updown
category, hence univalent, with trivial automorphism groups. If
|pe| = |A| + 1, then p covers A in two cases:

(add) p comes from A by adding a new part of size 1, or
(grow) o comes from A by increasing a part of size k in A to a
part of size k 4+ 1. It can be shown that

[D,UIX= A
for any A, so Y satisfies the ACC.
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Example 3: Partitions Again

Let K be the updown category such that K, =Y, but now for
partitions A = (A1,...,Ap) and p = (u1,. .., m), written in
descending order, we set

Hom(\, 1) = {injections f : [n] = [m]|\; < pj when f(i) = j}.

The partial order induced on Ob X is the same as that on
ObY. Let mg(\) be the number of parts of size k in A.
Suppose 1 covers .

In case (add), u(A; 1) =1 and d(A; p) = my(p).

In case (grow), u(A; u) = mi(X) and d(\; p) = my1(p),
where p is gotten by increasing a size-k part of \ to size k + 1.
As we shall show later,

[Dv U]/\ = (ml()‘) + 1))‘7 (3)

so K satisfies the WCC.
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Example 4. Rooted Trees

Let Ob T be the set of rooted trees, with |t| the number of
non-root vertices of t, and Hom(t, t') the set of injective
simplicial maps t — t’ sending the root of t to that of t'. If
|t'| = |t| + 1, then t’ covers t if and only if a new edge and leaf
(terminal vertex) can be attached to t to give t’. Then

u(t; t') = number of vertices of t to which a new edge and leaf
can be added to get t/;

d(t; t') = number of terminal edges of t’ that, when deleted,
leave t. For example,

u(I ; /\):1 while d(I : /\):2.

It can be shown that
[D, U]t = (|t| +1)t, (4)

so T satisfies the LCC.
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Graded Connected Hopf Algebras

Let A be a unital associative algebra over k. We assume A is
graded and connected, i.e.,

A =P An,
n>0
with ApAm C Apgem, and Ag = k1.
A coalgebra structure on A consists of homomorphisms
n: A — k (counit) and A : A — A ® A (coproduct), so that 7
sends 1 € A to 1 € k and all positive-degree elements of A to
0, and A respects the grading. These satisfy

(ida®@n)A = (n®idg)A =idy . (5)

We assume A coassociative, i.e., A(A ®idg) = A(idg ®A).
For A to be a Hopf algebra, A must be a homomorphism of
graded algebras.
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Updown Writing the coproduct as

Categories
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/ 2
Algebras A(u) = E u @u ,
Michael E. u
Hoffman

note that condition (5) requires it to have the form

uel+ Y ded +iou
][>0

Hopf Algebras

If A(u) =uv®1+41® u, then u is primitive; note |u| =1
implies u primitive. A Hopf algebra A has an antipode
S : A — A, which is an antiautomorphism of A with S(1) =1

and
Z S = Z JS(W")y=0 for |ul > 0.

Hence S(u) = —u if u is primitive. If A is either commutative

or cocommutative, $% = id.
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Hopf Algebra Structure on k|t]

The polynomial algebra k[t] can be made a graded connected
Hopf algebra by declaring |t| = 1. Then t is primitive, and the
coproduct in general is given by

A(t") = 2’7: <Z> th @tk

k=0

with antipode
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Hopf Algebra Structure on Sym

Updown

C;ﬁ',’::fs A Hopf algebra structure on the algebra Sym of symmetric

Algebras functions can be specified by requiring the elementary

Micheet & symmetric functions e; to be divided powers, i.e.,

n
A(en) = Z e & en_i,
i=0

Hopf Algebras

where ¢g = 1. Then Sym is a graded connected Hopf algebra:
the primitives are exactly the elements my (the power sums).
In fact, for monomial symmetric functions my,

Alm)= > myem,. (6)

pUr=X
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Updown . ;
Categories In terms of the Schur symmetric functions sy, the
and Hopf - . .

Algebras comultiplication is

Michael E.

Hoffman A
A(sy) = E /S @ Sy,
HCA

where the cﬁ‘y are the Littlewood-Richardson coefficients

_ A
SuSy = E CiwSh-

HCA

Hopf Algebras

Since Sym is commutative, the antipode S is an algebra
isomorphism with S2 = id. In fact S(ex) = (—1)*hx, and more
generally S(sy) = (—1)sy/, where X is the conjugate
partition of A.
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The Grossman-Larson Hopf Algebra

Updown
Categories
meﬁfap: To define a multiplication on kOb T, let t,t’ be rooted trees,
Michael E. and suppose that t is the result of adjoining a root to the the
et “forest” tyty---t, (written t = By (t;---t,)). There are
(It'] + 1)" rooted trees obtainable by attaching each of the n
rooted trees ti,...,t, to some vertex of t’: let t x /! € kObT

be the the sum of these trees. For example,
AN S\ /} ' )\
P A A
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This defines a noncommutative multiplication
* kT, @ kT — kTt m,

making k Ob T a graded algebra with e € kT as two-sided
identity. The coalgebra structure on k Ob T is given by

A= Y Bit)®Bi(t),
1uJ={1,2,...,n}

where t = By (tit2 - - t,) and the sum is over all pairs (/,J) of
(possibly empty) subsets /, J of {1,..., n} such that
luJ={1,...,n}; also, t; means the juxtaposition of t; for
i€l (and Bi(ty) = o).
Grossman and Larson proved that k Ob T with the product x
and coproduct A is a graded connected Hopf algebra, which we
henceforth denote H ;. Though not commutative, Hg; is

cocommutative.
Michael E. Hoffman Updown Categories and Hopf Algebras
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Updown
Categories

and Hopf
Algebras We say an updown category € has a Pieri algebra structure if
the vector space k Ob € admits a graded algebra structure

Michael E.
Hoffman

kC, @ kCp — kCpim

such that 0 € G is the identity and

Pieri Algebras U(C) _ U(ﬁ)c

for all c € ObC.
If € and D have Pieri algebra structures, it is easy to see that

their product € x D does as well.
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and Hopf All four of our examples of updown categories have Pieri
Algebras

algebra structures.
Michael E.

Hoffman 1 The updown category 8 has a Pieri algebra structure
obtained by identifying [n] with t” in the polynomial
algebra k[t].

2 The updown category Y has a Pieri algebra structure from
identifying A € ObY with the Schur symmetric function s).

Pieri Algebras

3 The updown category K has a Pieri algebra structure from
identifying A € Ob X with the normalized monomial
symmetric function my, where My = | Aut A\|m,.

4 The updown category T has a Pieri algebra structure given
by the Grossman-Larson product in Hg; .
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metfapsf In all the examples above, the Pieri algebra k ObC is also a
Michael E. graded connected Hopf algebra: we call this a Pieri Hopf
Hofiman algebra structure. Using the inner product on k Ob G, we have

a second multiplication o on k Ob € defined by
(uov,w) = (u® v, A(w)),

Pieri Algebi .
Bl where A is the coproduct.

D is a derivation for o, i.e., D(uov) = D(u)ov+ uoD(v).

The proof uses the primitivity of U(0).

Michael E. Hoffman Updown Categories and Hopf Algebras



Updown
Categories
and Hopf
Algebras

Michael E.
Hoffman
Outline

Updown
Categories

Hopf Algebras
Pieri Algebras
Compatible
Pieri Hopf
Algebras

Pieri Hopf

Algebras with
B.

Pieri Hopf Algebras Cont'd

If the dual of A coincides with the product, we have the
following.

Ifk Ob C is a Pieri Hopf algebra such that uo v = uv, then C
satisfies the ACC.

Proof.

For any p € Ob C,

[D, Ulp = D(U(0) o p) — U(0)D(p)
)

= DU(0) o p+ U(0) o D(p) — U(0) o D(p)
= rp,
where r is the scalar such that DU(0) = r0. O
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Updown This result applies to our first two examples.

Categories

and Hopf 1 In k[t] the inner product is
Algebras

Michael E. <t", tm> = n!én,m

Hoffman

and so, for k +1/=n,

(thot! t") = (that!, A(t")) = (t"et!, > <n> tot)
i+j=n !
Pieri Algebras . 3
= > (r?)(t", th(t! ) = (Z)k!l! =nl = (", t").
i+j=n !
2 The inner product induced by Y (which makes {s)} an

orthonormal basis for k ObY = Sym) is the “standard”
one on Sym (see, e.g., Macdonald Ch. | §4). Then

(S0 058,5y) = (Sa @ 58, A(Sy)) = Cop = (5058, 5y)-

Michael E. Hoffman Updown Categories and Hopf Algebras



Pieri Hopf Algebras Cont'd

Updown

iizeﬁ;i:fs For our remaining examples the “new” product is something
Algebras different from the old one.
Micheet & 3 The inner product induced on Sym = k ObX by the
updown category structure on X is a “nonstandard” one
with 5
a75
My, mg) = —2—
(Mo, mg) |Aut o]’
Fiert Algebras and a calculation using equation (6) shows

ﬁ’la o ﬁ'lﬁ = ﬁ’lau/g.
4 For Hg, = kObT, it turns out that t o t is the rooted
tree obtained by merging the root vertices, i.e.,

F A
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Pieri Hopf Algebras and Pre-derivations

If U satisfies

U(poq)=U(p)oq+poU(q)—poU()ogq

for all p, g € Ob @, then we call U a pre-derivation. Any
derivation is a pre-derivation, and v — ao u for fixed a is also a
pre-derivation (so U in the preceding theorem is a
pre-derivation). A computation establishes

Proposition

The commutator of pre-derivations is a pre-derivation.

If the Pieri algebra k Ob € has a Hopf algebra structure making
U a pre-derivation, we call k Ob € a compatible Pieri Hopf
algebra. All four of our examples are compatible Pieri Hopf
algebras.
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Compatible Pieri Hopf Algebras

Theorem

Suppose k Ob C is a compatible Pieri Hopf algebra and
(k Ob €, o) is generated as an algebra by eigenvectors of [D, U].
Then C satisfies the WCC.

Proof.

It suffices to show p o g is an eigenvector whenever p and g
are. Since D and U are pre-derivations so is [D, U], and thus
[D,U](poq)=[D,Ulpog+po[D,Ulg—po[D,Ul0oq
= (e(p) + e(q) — €(0))p o q.
O

This result shows X satisfies the WCC, and indeed equation

(3) can be shown by induction using the proof.
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B. Operator

For our last example we need an additional ingredient. We say
a Pieri Hopf algebra k Ob € admits a By operator if there is an
injective linear function B} : kOb € — kOb € that increases

degree by 1 such that
m*By(u) = By (u) ® 0 + (id ®By)m*(u)

for all u € kOb C. Here m* is the dual via the inner product of
the product in kObC, i.e., (u® v, m*(w)) = (uv, w).

Ifk Ob € admits a By operator, then DB, (u) = B4y D(u) for
|ul > 0.
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Michael E. operators:
Hoffman
1 The Pieri Hopf algebra k Ob 8 = k[t] has a By operator
given by
tn+1
B, (t") = .
+(t) =7

4 The Pieri Hopf algebra k ObT = Hg; has a B operator
that attaches a new root vertex and edge to the root of t:

Pieri Hopf
Algebras with
o B ( /\ ) =
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Pieri Hopf Algebras with B
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and Hopf
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from the second (recall that H g, is noncommutative).

Michael E.

Hoffman
Theorem

Suppose the Pieri Hopf algebra k Ob C admits a By operator,
C1 has a single element, and the multiplication in k Ob C is

commutative. Then there is a scalar t with

B D(u) = DBy (u) = tu

Updown
The following result distinguishes the first of these examples

Pieri Hopf for all |u| > 0. It follows that C is an infinite chain.

Algebras with
B . .
. This result also demonstrates that Sym = kObY cannot admit

a B, operator.
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Arboreal Structures

ategori Let k Ob C be a Pieri Hopf algebra with B;.. We say k Ob € has

Categories

and Hopf . .
Algebras a unilateral arboreal structure if

Michael E

Hoffman UB+(p) — B+ U(p) + U(ﬁ) ° B+(p)
for all p € ObC, and a bilateral arboreal structure if
UB(p) = B4 U(p) + U(0) o B,(p) + By (p) o U(D).

Suppose k Ob € is a compatible Pieri Hopf algebra with B

Pieri Hopf
R that has an arboreal structure such that k Ob C can be

By
generated via o and B, from eigenvectors of [D, U]. Then C

satisfies the WCC.
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The Pieri Hopf algebra k Ob T = H; has a unilateral arboreal
structure. In fact, Hg; is generated by By and o from the
one-vertex tree o. Thus T satisfies the WCC, and in fact the
equation (4) that implies T satisfies the LCC follows by working
through the proof.

There is an updown category P of planar rooted trees, which
turns out to be univalent. Then k Ob P has a Pieri Hopf
algebra structure with B,. This Hopf algebra has a bilateral
arboreal structure. The preceding result can be used to show
that P has the WCC, and in fact that

[D, U]t = (2|t| + 7(t) + 1)t,
where 7(t) is the number of leaves of t.
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