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Introduction

Notation and Recollections

We recall from last time the noncommutative polynomial
algebra $ = Q(x, y) and its two commutative products: shuffle
product L and harmonic product x. We also recaII the
subalgebras (with respect to either LU or %) $H° = Q1 + x§Hy
and 9! = Q1 + Hy. The subalgebra H° can be thought of as
representing those sequences that have convergent multiple
zeta values:

. . 1
ity oty = Y e
n’l n’2 . n’k
ni>np>..n1>1 "1 772 k
As a vector space, H is the noncommutative polynomial
algebra on generators z; = x'~!y. There is an isomorphism
from (1, %) to the algebra QSym of quasi-symmetric functions
sending z; to the ith power-sum p;(= M(;y) and z] to the ith
elementary symmetric function e;(= M1 1, 1))-
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Algebraic Structures

Algebra of In this talk we will look at some classes of identities expressed
S:

Ohno's & in terms of algebraic structures on $ and its subalgebras:

Theorems. The Hopf algebra structure of QSym: essentially this is a

Nihel = coproduct A : QSym — QSym ® QSym compatible with
the algebra structure.

The structure of § = Q(x,y) as a QSym-module algebra.
This means QSym acts on $) in the “natural” way a Hopf
algebra acts on an algebra. This provides a setting for
Ohno's Theorem, which in turn implies the Derivation,

Sum and Duality Theorems.

Introduction

Linear endomorphisms called “cyclic derivations” on ),
which permit a nice statement of the Cyclic Sum
Theorem. Recent work has shown the latter result follows
from Kawashima’s Theorem, an even more
all-encompassing result than Ohno's.
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QSym as a
Hopf Algebra

QSym as a Hopf Algebra

(91, %) =2 QSym can be given a Hopf algebra structure by
giving it the comultiplication

n
A(Zilzl'z"'zl'n): g Zil...zij®zij+1...zin
j=0

and the counit e with e(u) = 0 for all elements u of positive
degree. This extends the well-known Hopf algebra structure on
the algebra Sym of symmetric functions (Geissinger, 1976);
note that the power sums p;(< z;) are primitive, i.e.,

Alpi) =pi®1+1®p;.

(In a graded connected Hopf algebra like QSym the terms
u® 1 and 1 ® u must occur in A(u) for any u of positive
degree, so primitive elements have A(u) as simple as possible.)
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QSym as a
Hopf Algebra

QSym as a Hopf Algebra cont'd

On the other hand, the elementary symmetric functions
ei(< y') and complete symmetric functions h; each form a
system of divided powers, i.e.,

A(e)

and similarly for the h;.

i
= Z € X €j—j
Jj=0

The Hopf algebra (£, *, A) is commutative but not
cocommutative. For example,

Aziz)=212201 4+ 2102+ 1® z125.

Its (graded) dual is the Hopf algebra of noncommutative
symmetric functions as defined by Gelfand et. al. (1995).

Michael E. Hoffman
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QSym-Action on $)

Now define - : 5! ® Q(x,y) — Q(x, y) by setting 1 - w = w for
all words w,

zk-1=0, 2z -x=0, zk-y:xky
for all kK > 1, and

u-wiwy = Z(u’ cw) (U wy),

u

where A(u) =", v’ ® u”; the coassociativity of A insures this
is well-defined. It turns out that

u-w = terms of length (w) in u* w,

which implies that u- (v - w) = (u* v) - w for words u, v of $?
and w € $), so we have the following result.
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Ohno's Theorem

Theorem

(u,v) — u- v defines an action of the Hopf algebra QSym on
Q(x,y), and makes Q(x, y) a QSym-module algebra.

The action gives us a nice way to state Ohno’s 1999 theorem.

Theorem (Ohno, 1999)

For any word w € $° and nonnegative integer i,

C(hi - w) = ((hi - 7(w)).

Since z; - u = D(u) and h; = z, the cases i =0 and i =1 of
Ohno's Theorem are the Duality and Derivation Theorems
respectively. Ohno’s Theorem also implies the Sum Theorem.
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Kaneko's Conjecture

M. Kaneko defined derivations 0, of Q(x, y) such that
On(x) = =0n(y) = x(x + y)" 1y,

and conjectured that 9,(w) € ker ¢ for all w € §° and n > 1.
Since &, = D — D, the conjecture holds for n = 1, and the case
n =2 is easily seen from Ohno's Theorem.

Eventually Kaneko and K. lhara proved this conjecture by
showing it equivalent to Ohno's Theorem. We shall prove this
using the action of QSym on §): extend this to an action of
QSym([[t]] on H[[t]] in the obvious way. Let

H(t) =1+ hit + hot?> 4 --- € QSym[[t]],
and set o+(u) = H(t) - u for u € §.
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The Exponentiation Theorem

gl  Then Ohno's Theorem says that ((o+(u)) = ((o¢(7(u))), or
qomno's & ¢(7¢(u) — ot(u)) = 0, where 3¢ = To7. Now oy is an

Theorems automorphism of $°[[t]] (in fact o; ' (u) = E(—t) - u, where
vt E(t) =1+ yt+ y?t>+---), so Ohno's Theorem is equivalent

to
Feop Hu) — u € ker ¢

for all u € H°[[t]]. The following result then implies Kaneko's
conjecture.

QSym-Action
on $H and
Ohno’s
Theorem

Theorem (Exponentiation)

(e} tn
5tcrt_1 = exp < E 78,7) o (1)
n=1
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Exponentiation Theorem cont'd

The Exponentiation Theorem is proved by showing that both
sides of equation (1) are the unique automorphism of §[[t]]
fixing t that

takes x to x(1 — ty)~?, and
fixes x + y.
That 5tat_1 has the first property follows from the calculation

e0; '(x) = 5+(E(~t) - x)
= 5¢(x)
=7(H(t) - y)
=7(y + txy + t2x%y + )
:x+txy+t2xy2—|—--- ,

and the second property is similar.
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Exponentiation Theorem cont'd

Algebra of .
MZVs: On the other hand, to show that exp(9;) has these properties,
Ohno’s &
Kawashima’s where
Theorems o0 tn
Michael E. at - 78[‘],
Hoffman n
n=1

we first note that d,(x + y) = 0 for all n implies exp(0;) fixes
x +y. To show exp(d:)(x) = x(1 — ty)~1, we show that

G(s) = exp(sd:)(x)

. <1 1= tz)5y>_1

V4

QSym-Action

on $H and

Ohno’s

Theorem an d

both satisfy the initial-value problem G’(s) = 9;G(s),
G(0) = x; hence G(1) = exp(d;)(x) = x(1 — ty)~ L.
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Theorems

Michael E. D,(u) = z, - u as follows. Since

Hoffman

d _ H/(t) _ = n—1
a'OgH(t) = He) ~ nz_:lpnt ;

the map o can also be written

QSym-Action
on $H and
Ohno’s
Theorem ad t"
or = exp Z —D,
n
n=1
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Exponentiation Theorem cont'd

Algebra of Hence the Exponentiation Theorem says that
Ohno’s &
Kawashima’s o0 n [o¢] n o0 n
Theorems t t" - t
exp g —0On | =exp E —Dp, | exp | — E —Dy |,
Michael E. n n n
Hoffman n=1 n=1 n=1

and so the J, can be expressed in terms of the D,, and D, via
the Campbell-Baker-Hausdorff formula. For example,

92 = Dy — Dy — [Dy, D],

QSym-Action
on $H and

Ohno’s a nd

Theorem

_ 3 3 _
03 = D3 — D3 — Z[Dly D>] — Z[Dz, D]

1 = Lim (7
+ 2 [[D1, Di], D1} = 7 [Dr, [Dy, Dyl
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Cyclic Derivations

:K:A:z:\r/:s: Cyclic derivations, originally due to Rota, Sagan and Stein, can
Kawashima's be formulated in several ways. What follows is D. Voiculescu's
;T:::"s variant. Think of $ ® $) as a two-sided module over §) via
Hoffman a(b®c)=ab® cand (a® b)c = a® bc. Now define a cyclic
derivation to be a composition pd, where d : H — H ® H is an
ordinary derivation and p(a ® b) = ba.
We will be interested in the case where § = € is the derivation
with C(x) =0 and C(y) = y ® x. Letting C = uC, we have,

eg.,

COPyxy) = p(>(y @ x)xy + X yx(y @ x))
= p(y @ Py + xPyxy ® x)

Cyclic Sum
Theorem

= x2yX3y + x4yxy.
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Cyclic Sum Theorem

A'Kg/uez'){/i:Of The following result (Hoffman and Ohno, 2003) was
Kamaatirna's conjectured by myself and proved by Ohno, using a

Theorems . .
partial-fractions argument.

Michael E.

Hoffman

Theorem (Cyclic Sum Theorem)

For any word w of $! that is not a power of y,

¢(C(w) —7C71(w)) =0.

For example, applying this result to w = (x%y)" gives

Cyclic Sum
Theorem

CEEY)PY)™H) = C((Py) ) + C(() (Py) " (xv)),
or ((4,3,...,3)=((3,3,...,3,1) +¢(2,3,...,3,2).
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Cyclic Sum and Sum Theorems

In fact, the Cyclic Sum Theorem implies the Sum Theorem of
our last lecture. To see this, let u = x + ty. Then the
coefficient of tX in xu"2y is the sum of all words w € $° with
|w| = n and ¢(w) = k. Calculation shows

C(u"™ = (n—1)txu" 2y and
7Cr(u" ) = (n— 1)xu"2y,
so the Cyclic Sum Theorem implies that ¢ applied to the

coefficient of t~1 equals ¢ applied to the coefficent to t*. But
this means the results of applying ( is independent of k, i.e., it

is ¢(n).
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Kawashima's Relations

Algebra of
Ol(:llezys;‘ More recently, G. Kawashima has established the following

no’s . . .
(A relations. Let ¢ be the automorphism of Q(x, y) sending x to

Theorems

e & x+y and y to —y. Then # is a linear involution of §) (but is
Hoffman not a homomorphism for the harmonic product). Let
Ly : $ — $ the linear map defined by L, (u) = xu.

Theorem (Kawashima, 2009)
Le(4(Hy * Hy)) C ker C.

For example,

Lep(y # xy) = L(=x%y + y°) = =y + x>
Kawashima'’s

Theorem

so in this case Kawashima's relation is an instance of the
Duality Theorem.
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Kawashima's Relations Imply Ohno's

Indeed Kawashima's relations imply duality in full generality.
As Kawashima proves in his recent paper, even more is true:
the Kawashima relations imply the Ohno relations. As we've
already seen, the latter imply the Sum Theorem, the Duality
Theorem, and (Kaneko-lhara's generalized) Derivation
Theorem. Kawashima leaves open the question of whether his
relations imply the Cyclic Sum Theorem, but this has recently
been resolved.
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Generalized Cyclic Sum Theorem

T. Tanaka and N. Wakabayashi (preprint) have generalized the
Cyclic Sum Theorem with the following result, which they show
to follow from Kawashima's Theorem. Make $®(n+1) 5
two-sided module over $ as we did in the case n = 1 above,
ie.,

(M OW® - @Wpp1) =aw QW2 ® -+ @ Wyt
and
MAWR: - @Wnpp1)b=w1 ® - @ W,y ® Wyy1b,

and let p1, : H®(1) 6 be the reverse multiplication map,
ie.,
pn(Wi @ Wo ® -+ @ Wpy1) = Wpp1 - Wowg.
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Generalized Cyclic Sum Theorem cont'd

Algebra of

MZVs: ~ . . .
Ohno's & Now let C, : § — H®(*1) pe the derivation with
Kawashima’s

Theorems ~

Michael E. Ch(x)=0 and é,,(y) =y®(x+ y)®(”—1) @ X,
Hoffman

~

and put C, = p,C, (so C; = C, the cyclic derivation defined
above). Then the result of Tanaka and Wakabayashi is as
follows.

Theorem (Tanaka-Wakabayashi)

For any word w of $§! that is not a power of y,
C(Co(w) —7Cy7(w)) =0 for all n > 1.

Kawashima's Note the close analogy between this result and the result of
Kaneko-lhara that 0,(w) € ker ¢ for w € §°.
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