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Extending the Multiplicities

Axioms Up and Down Operators

Multiplicities

€ Is a small category, together with a rank
functor + N so that

We can now extend the multiplicities u an:
all pairs of elements ¢, &' € Ob€: suppose
-k O k < 0 we put ule; &) = d{e;
while for k >0

Let k be a field of characteristic 0, k(Ob€) the
graded vector space with elements of ObC as
basis, Define cperators U/ and 10 on k(Obg)
as follows:

For an updown category € and objects «
€ with |¢| = [¢| + 1, we define

< of

. Each level €y = {c € ObE n} is

| (e Py .
finite. ) = | Hom{e, &)/ Aut{e)] = .l;wm\ 1 ) U*(e) & DA
| Aut(<)] : | Aut()| Aut(e’)
2. €y consists of the single element 0, and and £ Obe, and
Hom(0,c) is nonempty for all c € ObE. ; H ) B k(Y. o iy
el L 2 d(e: ) = | Home, &)/ Aut(e)| = LHOML _ WML _ (e DM
Autic) | Aut{e)) | Aut(c)]|
3. The set Hom{p,p') is ulways finite, and is Then it follows immediately that . 5 e 3 With this definition, it is immediate that equa-
empty uness | | of p = g In the . —_— i ar £ ObE, e 0; we set DO =0 tion (1) extends to arbitrary pairs of objects.
latter case, Hom(p, p') is a group Aut(p). e &) Aut(e’)| = die: ) Aut(c) (1) In particular,

Now define an inner product () on k{Cb&) by
setting

1f all the automorphism groups are trivial, then d(0; ) Aut(c)|
i{0:c) _ | (2)

4. Any morphism p — p 15 a r > Iz e M
co:\pasmon y ! 0 = ufe; ') = die; &) = |Hom({e, ') At i u(l; c) Aut]
g i = JlAut@), IFrd=c far any « € ObE. It is also easy to prove that
of morphisms between adjacent levels and we call € unilateral 0 otherwise
3 ,

ule o) = &Mul

Then It ks easy to show {using equation (1))
that the operators [/ and [} are adjoint with
respect to ().

5. If [#f] = |p| + 1. the actions of Aut(p) and
Aut{p) on Hom{p, p') are free.

for any |e| < k < |, and similarly for d.

5: Graphs on n Vertices
Generating Functions GRAPHS ON 4 VERTICES
Let 5§ be the category of isomorphism classes

of graphs on n vertices. A morphism from [Gy] 3 X :

The object generating function of € is

to [tiz], where &, G are subgraphs of Ky, is 6 I 1
Oult) = a simplicial map ¢ — G> bijective on vertices @
. = un\ |Aul[ )|’ Rank is given by number of edges, so G is / \
z " § empty unless 0 < &k < (3). The minimal el- 4 Z
1 I functl f 2 2
fnd the mcrphism generating Tanction of £ ement O is the graph with n vertices and no eA/e®d @I 1@
Me(t) = 5 ufe; ¢ yelel+ie| edges, and the maximal element Is K, (both 1 P
Mel(t) = o Aut(c) Aut® and Aut K, are the symmetric group of / ‘\1§A > X
degree n)
If we define the formal series of € by . ON® (G} Z]
e y ) The generating functions are E
— & k(Obe)[[f]].
| Aut{c) Talt) = )
Oglt) = {148k KEY

then it is easy to show that and pv

£ "’
My(t) = () + @ deip) | u(ep)

@e) p @ep)

(Selt), Selt)) = Op(t?)

(USe(t), Se(t)) = Me(t). w(0: Kn) = (B ) = G

M: Monomials in « Variables

Partitions

MONOMIALS IN x,y

@xy® @xy @ @y @

My, is the set of monomials of degree k in the
n variables 8y, ..., t,. A morphism from u €
to v e Mp, p =k, is an inclusion of « in v as
a subfactor. The empty monomial 1 plays the
role of 0. By equation (2),

X is the category whose objects are integer
partitions, i.e,, finite nonincreasing sequences
of positive integers, with rank

@%@ @y @

(Ao da)l = Xy e 4 M

Mg

d{1;e,t- - A morphism from (..., &) 10 (g, pim)
-

6 S R Is an injective function f: [n] — [m] such that

Aut{™ =mig!:-mnl A y whenever (i)} = j. Evidently Aut{})

In fact exchanges parts of A having the same size, so

Aut(A)] = my (A)tma(A) -

=(my 4

g )

dA(1; e ..

where m,(A) is the number of parts of A having
size 1. The object generating function is

{my 4+ -+ ma)!

Myl mal @©x@®

The generating functions are

u(l; ]

Oxelt) = exp ::1 2 =)

and the morphism generating function is

Oylt) =™, .\I'_\r_[f)=lll'r"'? t { 2 3
Myg(t) = 5 €% {1 - '3.]
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T: Rooted Trees ROOTED TREES

T Is the set of rooted trees having n non-root GBAB® ®\D

vertices. A morphism p — ¢ Is an injective %@ @ @ @ @ ® @ @ @ @
simplicial map sending the root of p to the

root of p'. The one-vertex tree plays the role 1
of 0. The object generating function is / \XL 2N ]
This function is already well-known in the com-

binatorial theory of rooted trees: tOy(t) Is the

functional inverse of te—'. Because \ / '\\ /
N ;
=

wlpip) = n+1
1

L

for all p & Ty, it then follows that
§ mo L.
§ My(t) = % nt 1J.r~"+‘ ‘\2@ (‘D/'

n=0 n!
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