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GLOBAL EXISTENCE AND INCREASED SPATIAL DECAY
FOR THE RADIAL VLASOV-POISSON SYSTEM WITH

STEADY SPATIAL ASYMPTOTICS

S. PANKAVICH

Department of Mathematics, Indiana University, Bloomington, USA

A collisionless plasma is modeled by the Vlasov-Poisson system in three space
dimensions. A fixed background of positive charge, which is independent of
time and space, is assumed. The situation in which mobile negative ions
balance the positive charge as jxj ! 1 is considered. Hence the total positive
charge, total negative charge, and total energy are infinite. Smooth solutions
with appropriate asymptotic behavior for large jxj, which were previously
shown to exist locally in time, are continued globally for spherically symmetric
data. This is done by showing that the charge density decays at least as fast as
jxj24. Finally, an increased decay rate of jxj26 is shown in the general case
without the assumption of spherical symmetry.

1. Introduction

Let F : R3
! [0, 1), f0 : R3

� R3
! [0, 1), and A : [0, 1) �

R3
! R3 be given. We seek a solution, f : [0, 1) �

R3
� R3

! [0, 1) satisfying

@tf þ v � rxf � ðEþ AÞ � rvf ¼ 0;
rðt; xÞ ¼

Ð
ðFðvÞ � f ðt; x; vÞÞdv;

Eðt; xÞ ¼
Ð
rðt; yÞ

x� y

jx� yj3
dy;

f ð0; x; vÞ ¼ f0ðx; vÞ:

9>>>>=
>>>>;

ð1Þ

Here F describes a number density of positive ions that form
a fixed background, and f denotes the density of mobile negative
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ions in phase space. Notice that if f0(x, v) ¼ F(v) and A ¼ 0, then
f(t, x, v) ¼ F(v) is a steady solution. Thus, we seek solutions for
which f(t, x, v) ! F(v) as jxj ! 1. Precise conditions that
ensure local existence were given by Schaeffer (2003b). It is
important to notice that (1) is a representative problem, and
that problems concerning multiple species of ions can be
treated in a similar manner.

The paper will be divided into two main results. The first will
be devoted to showing the global existence of a smooth solution to
(1) in the case of spherically symmetric data. This serves to
continue the local existence result of Schaeffer (2003b). The
second, then, is devoted to achieving an increased rate of spatial
decay of the charge density without the spherical symmetry
assumption. We will assume throughout that F has compact
velocity support, so that decay in v of the background is not an
issue. Thus, the main difficulty in showing global existence arises
in showing that r decays rapidly enough in jxj. To see this,
consider the following heuristic argument, discussed by
Schaeffer (2003b). Let r ¼ jxj. Then, we typically expect the
electric field,E, to decay like r22 for large r. If we let g ¼ F2 f, then

@tgþ v � rxg� ðEþ AÞ � rvg ¼ �ðEþ AÞ � rvF: ð2Þ

Viewing (Eþ A).rvF as a source term for g, we can only
conclude r22 decay for both g and r. But, if r really decayed
like r22, the integral for E could certainly fail to decay like r22.
In fact, we cannot show that g decays faster than r22, but due
to cancellation in the v integral, r must decay faster.

The Vlasov-Poisson system has been studied extensively in the
case when F(v)¼0 and solutions decay to 0 as jxj ! 1. Smooth
solutions were shown to exist globally in time by Pfaffelmoser
(1992) and independently by Lions and Pertham (1991).
Important results prior to global existence were given by Batt
(1977), Horst (1981, 1982), Kurth (1952), and Glassey and
Strauss (1986). Also, the method used by Pfaffelmoser (1992) has
been refined by Horst (1993) and Schaeffer (1991). The global
existence of the Vlasov-Poisson system in two dimensions was
established by Okabe and Ukai (1978) and Wollman (1986). A
complete discussion of the literature concerning Vlasov-Poisson
may be found in Glassey (1996). We also mention Batt and Rein
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(1991) since the problem treated in said paper is periodic in space,
and thus the solution does not decay for large jxj. The works cited
abovemake extensive use of the laws of conservation of charge and
energy. However, in the problem considered here, and those of
Caglioti, et al. (2001), Jabin (2001), and Schaeffer (2003a, b), the
charge and energy are infinite, and it is less clear how to use
the conservation laws. Therefore, the use of conservation laws
will be an important issue, and we will utilize a lemma (stated
here as Lemma 2) from Schaeffer (2003a) to deal with it properly.

2. Preliminaries

We will use notation that follows Schaeffer (2003b). For
q . 7þ

ffiffiffiffiffiffi
33

p
, let

p ¼ 4�
8

q

and denote

RðxÞ ¼ RðjxjÞ ¼ ð1þ jxj2Þ1=2:

We will use the norms

kgk1 ¼ sup
z[R3

jgðzÞj

krkp ¼ krRpðxÞk1;

kgkq ¼ kgð1þ jxj2 þ jvjqÞkL1ðR6
Þ;

and

jkgkj ¼ kgkq þ krgkq þ

ð
gdv

����
����
p

;

but never use Lp or Lq for finite p and q. We will write, for
example, kg(t)kq for the k.kq norm of (x, v) 7! g(t, x, v). Notice
that we may take q arbitrarily large since we take the initial data
to be of compact support.

Following Schaeffer (2003a, b), we assume the following
conditions hold for some C . 0 and all t � 0, x [ R3, and
v [ R3, unless otherwise stated:

Global Existence and Increased Spatial Decay 533
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(I) F(v) ¼ FR(jvj) is nonnegative and C2, with

F00
Rð0Þ , 0: ð3Þ

In addition, there is W [ (0, 1) such that

F0
RðuÞ , 0 for u [ ð0;WÞ

FRðuÞ ¼ 0 for u � W:

�
ð4Þ

(II) f0 is C1 with compact v-support, nonnegative, and satisfies
the condition of spherical symmetry,

f0ðx; vÞ ¼ fRðjxj; jvj; x � vÞ; ð5Þ

which is equivalent to

f0ðx; vÞ ¼ f0ðUx;UvÞ

for every rotation U.
Also, there is N . 0 such that for jxj . N, we have

f0ðx; vÞ ¼ FðvÞ:

(III) A is C1 and

jAðt; xÞj þ j@xAðt; xÞj � CR�2ðxÞ

jrx � Aðt; xÞj � CR�4ðxÞ:

Furthermore, A satisfies the condition of spherical symmetry,

Aðt; xÞ ¼ aðt; jxjÞ
x

jxj2
; ð6Þ

which is equivalent to

Aðt; xÞ ¼ UTAðt;UxÞ

for every rotation U.
Finally, we assume that there is a continuous function a : [0,

T ] ! R such that for jxj . N

aðt; jxjÞ �
aðtÞ

jxj

����
���� � R2�pðxÞ:

S. Pankavich534
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It should be noted that the assumptions (5) and (6) imply the
spherical symmetry of f(t, x, v), g(t, x, v), and E(t, x) for all t [ [0,
1), x [ R3, and v [ R3. Thus, where necessary we will write g(t,
x, v) ¼ g(t,jxj, jvj, x.v) when using the spherical symmetry of g.
Furthermore, the spherical symmetry of E and f will be instru-
mental in the first results of the paper, while the last theorem
is dedicated to eliminating the symmetry assumptions to
conclude similar decay rates. We wish to prove the following.

Theorem 1. Assuming conditions (I), (II), and (III) hold, there exists
f [ C1([0, 1) � R3

� R3) that satisfies (1) with kj(F2 f )(t)kj
bounded on t [ [0, T ], for every T . 0. Moreover, f is unique.

In Schaeffer (2003b), both local existence and a criteria for
continuation of a bounded, unique solution of (1) are shown.
Thus, to prove Theorem 1 we will need to establish the continu-
ation criteria for all T . 0. Specifically, Theorems 2 and 3 of
Schaeffer (2003b), when combined, state the following.

Theorem 2. Assume q . 7þ
p
33 and conditions (I), (II), and (III)

hold, without (5) and (6). Let f be a C1 solution of (1) on [0,
T ] � R3

� R3 with T . 0. If k
Ð
(F2 f )(t) dvkp is bounded on [0,

T ], then we may uniquely extend the solution to [0, Tþ d] for some
d.0 with kj (F2 f )(t) kj bounded on [0, Tþ d].

Therefore, to prove Theorem 1, we will find a solution to (1)
on [0, T ] for some T . 0 using the local existence theorem
(again, see Schaeffer (2003b)), which has been uniquely
extended using Theorem 2. Since this may be done as long as
the p-norm stays bounded, we will only need to prove the
following lemma to establish Theorem 1.

Lemma 1. Assume q . 7þ
p
33 and conditions (I), (II), and (III)

hold. Let f be a C1 solution of (1) on [0, T ] � R3
� R3. Then,ð

ðF� f ÞðtÞdv

����
����
p

� C

for all t [ [0, T ], where C is determined by F, A, f0, and T.
Although it is not explicitly stated in Schaeffer (2003b), the

proof presented there shows that d in Theorem 2 is bounded

Global Existence and Increased Spatial Decay 535
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away from 0 as long as k
Ð
(F2 f )(t) dvkp is bounded. Using this

observation, Theorem 1 follows from Lemma 1.
Once Lemma 1 has been established, we will show increased

decay of the charge density, r, under slightly modified assump-
tions. Instead of (III), we will assume the following conditions
for some C . 0 and all t � 0, x [ R3, and v [ R3:

(IV) A is C1 with

jAðt; xÞj � CR�2ðxÞ; ð7Þ

j@xAðt; xÞj � CR�3ðxÞ; ð8Þ

and

jrx � Aðt; xÞj ¼ 0: ð9Þ

Notice that condition (IV) does not involve spherical
symmetry of A, and thus the result that follows requires no
such assumption.

Theorem 3. Assume conditions (I) and (II) hold, without (5), and
condition (IV) holds. Let T.0 and f be the C1 solution to (1) with

jjjðF� f ÞðtÞjjj , 1

for every t [ [0, T ). Then, we have

krðtÞk6 � Cp;t

for any t [ [0, T ), where Cp, t depends upon

sup
t[½0;t�

krðtÞk p:

In Section 3 we will prove Lemma 1, and thus Theorem 1.
Then, Section 4 will contain the proof of Theorem 3. We will
denote by C a generic constant that changes from line to line
and may depend upon f0, A, F, or T, but not on t, x, or v.
When it is necessary to refer to a generic constant that
depends upon other variables, we will use variable subscripts
to distinguish them. For example, we will use Cp,t quite
frequently in Section 4, and it will always denote dependence

S. Pankavich536
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upon kr(t)kp and t. When it is necessary to refer to a specific
constant, we will use numeric superscripts to distinguish them.
For example, C(1) will always refer to the same constant.

3. Global Existance in the Radial Case

Define the characteristics X(s, t, x, v) and V(s, t, x, v) by

@X

@s
ðs; t; x; vÞ ¼ Vðs; t; x; vÞ

@V

@s
ðs; t; x; vÞ ¼ �ðEðs;Xðs; t; x; vÞÞ þ Aðs;Xðs; t; x; vÞÞÞ

Xðt; t; x; vÞ ¼ x
Vðt; t; x; vÞ ¼ v:

9>>>>>=
>>>>>;

ð10Þ

Then, we have

d

ds
f ðs;Xðs; t; x; vÞ;Vðs; t; x; vÞÞ ¼ @tf þ V � rxf

� ðEþ AÞ � rvf ¼ 0:

Therefore, f is constant along characteristics, and

f ðt; x; vÞ ¼ f ð0;Xð0; t; x; vÞ;Vð0; t; x; vÞÞ

¼ f0ðXð0; t; x; vÞ;Vð0; t; x; vÞÞ: ð11Þ

Thus, we find by (II) that f is nonnegative and supx,

vjf j ¼ kf0k1 , 1. Unless necessary, we will omit writing the
dependence of X(s) and V(s) on t, x, and v for the remainder of
the paper.

In order to bound the electric field, and thus the velocity
support, we must use Lemma 3 and Theorem 4 from Schaeffer
(2003a). In particular, we state the following lemma without
proof.

Global Existence and Increased Spatial Decay 537
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Lemma 2. Assuming conditions (I) and (III) hold, without (6), there
exists k : [0, T ] � R3

! [0, 1) such that

jrðt; xÞj � Cðkðt; xÞ3=5 þ kðt; xÞ1=2Þ

and ð
kðt; xÞdx � C:

Furthermore, notice that, due to the radial symmetry, we
may write

Eðt; xÞ ¼
mðt; jxjÞ

jxj2
x

jxj
ð12Þ

where the enclosed charge is given by

mðt; rÞ :¼

ð
jyj,r

rðt; yÞdy:

Lemma 2 will be exactly what is needed to bound the electric
field, E. We have for any x [ R

ð
jyj�jxj

kðt; yÞ1=2dy �

ð
jyj�jxj

kðt; yÞdy

 !1=2 ð
jyj�jxj

dy

 !1=2

�

ð
jyj�jxj

kðt; yÞdy

 !1=2

ðCjxj3Þ1=2

� Cjxj3=2

and

ð
jyj�jxj

kðt; yÞ3=5dy �

ð
jyj�jxj

kðt; yÞdy

 !3=5

ðCjxj3Þ2=5

� Cjxj6=5:

S. Pankavich538
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Now, we use the bounds on k to estimate the enclosed
charge:

jmðt; jxjÞj �

ð
jyj�jxj

jrðt; yÞjdy

� C

ð
jyj�jxj

ðkðt; yÞ3=5 þ kðt; yÞ1=2Þdy

� Cðjxj3=2 þ jxj6=5Þ:

Thus,

jEðt; xÞj � Cjmðt; jxjÞjjxj�2

� Cjxj�2ðjxj6=5 þ jxj3=2Þ

� Cðjxj�4=5 þ jxj�1=2Þ:

So,

jEðt; xÞj � CGðjxjÞ;

and, combining this with (III),

jEðt; xÞ þ Aðt; xÞj � CGðjxjÞ

where

GðrÞ :¼
r�4=5; r � 1
r�1=2; r � 1:

�

Next, we use methods from Horst (1982) to estimate the
velocity support. Assume

f ðt; x; vÞ ¼ f ð0;Xð0; t; x; vÞ;Vð0; t; x; vÞÞ = 0

so that, using the compact support in v of f0, we have

j _Xð0Þj ¼ jVð0Þj � C:

Global Existence and Increased Spatial Decay 539
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For any 1 . 0, define a: ¼ 2þ 1, b: ¼ a/a2 1, and

B :¼ 2

ð1
1
GðjxjÞadx

� �1=a

:

Let t1, t2 [ [0, T ] with t1 , t2, and assume _Xi � 0 on [t1, t2].
We claim

ðXiðt2Þ

Xiðt1Þ
GðjxjÞdx � BðXiðt2Þ � Xiðt1ÞÞ

1=b
þ 10: ð13Þ

To show (13), let

G1ðxÞ :¼
jxj�4=5 if jxj � 1
0 if jxj . 1

�

and

G2ðxÞ :¼
0 if jxj � 1
jxj�1=2 if jxj . 1:

�

Then,

ðXiðt2Þ

Xiðt1Þ
GðjxjÞdx ¼

ðXiðt2Þ

Xiðt1Þ
G1ðxÞdxþ

ðXiðt2Þ

Xiðt1Þ
G2ðxÞdx

�

ð1
�1

G1ðxÞdxþ

ðXiðt2Þ

Xiðt1Þ
ðG2ðxÞÞ

adx

� �1=a

Xiðt1Þ � Xiðt2Þð Þ
1=b

� 10þ 2

ð1
1
ðG2ðxÞ

� �a

dxÞ1=a Xiðt1Þ � Xiðt2Þð Þ
1=b

� 10þ BðXiðt1Þ � Xiðt2ÞÞ
1=b:

S. Pankavich540
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This establishes (13). Now, using this result and following
Horst (1982), we have

j _Xiðt2Þ
2
� _Xiðt1Þ

2
j ¼ 2

ðt2
t1

_XiðsÞ €XiðsÞ ds

����
����

� C

ðt2
t1

GðjXðsÞjÞ _XiðsÞ ds

� C

ðt2
t1

GðjXiðsÞjÞ _XiðsÞ ds

¼: Cð0Þ

ðXiðt2Þ

Xiðt1Þ
GðjxjÞ dx

� Cð0ÞBðXiðt2Þ � Xiðt1ÞÞ
1=b

þ 10Cð0Þ

� Cð0ÞBðð sup
t[½t1;t2�

j _XiðtÞjÞðt2 � t1ÞÞ
1=b

þ 10Cð0Þ:

Define

W :¼ sup
s[½0;T�

j _XiðsÞj:

Then,

j _Xiðt2Þ
2
� _Xiðt1Þ

2
j � Cð0ÞBðWt2Þ

1=b
þ 10Cð0Þ: ð14Þ

Note that this holds if Ẋi � 0 on [t1, t2], as well. Let us
consider t [ [0, T ] and _Xi(t) . 0. Define

�t :¼ inf ft � 0 : _XiðsÞ � 0; 8s [ ½t; t�g:

If t̄ ¼ 0, then by (14)

_X
2

i ðtÞ � _X
2

i ð0Þ þ Cð0ÞBðWtÞ1=b þ 10Cð0Þ

� _X
2

i ð0Þ þ Cð0ÞBðWTÞ1=b þ 10Cð0Þ:

Global Existence and Increased Spatial Decay 541
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If t̄ . 0, then Ẋi(t̄) ¼ 0, and by (14), we have

_X
2

i ðtÞ � _X
2

i ð
�tÞ þ Cð0ÞBðWtÞ1=b þ 10Cð0Þ

¼ Cð0ÞBðWTÞ1=b þ 10Cð0Þ

� j _X
2

i ð0Þj þ Cð0ÞBðWTÞ1=b þ 10Cð0Þ:

We may repeat this process for Ẋi(t) , 0, so summing over i
yields

j _XðtÞj2 � j _Xð0Þj2 þ 3Cð0ÞBðWTÞ1=b þ 30Cð0Þ:

Since the right-hand side is independent of t, we take the
supremum and find

W2 � 3Cð0ÞBT1=bW1=b þM

where M : ¼ jẊ(0)j2þ 30C(0). If 3C(0)BT1/bW1/b
� M, then

W �
ffiffiffiffiffiffiffiffi
2M

p
¼: C1ðTÞ:

If M � 3C(0)BT1/bW1/b, then

W � ð6Cð0ÞBÞb=2b�1T1=2b�1 :¼ C2ðTÞ:

So, combining the inequalities,

W � maxfC1ðTÞ; C2ðTÞg:

Thus, all characteristics V(s, t, x, v), along which f is nonzero,
are bounded for any s [ [0, T ], including V(t, t, x, v) ¼ v. Define

Qt :¼ supfjvj : 9x [ R3; t [ ½0; t� such that f ðt; x; vÞ = 0g:

Notice that Q is an increasing function of time, so that we
may write for every s [ [0, T ]

jVðs; t; x; vÞj � Qs � QT:

Since the momentum is bounded, bounds on position
follow. Note that

jXðsÞ � xj �

ðt
s
jVðtÞjdt

� QTT:

S. Pankavich542
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So, for jxj � 2QTT,

jXðsÞj � jxj � QTT �
1

2
jxj ð15Þ

and

jXðsÞj � jxj þ QTT �
3

2
jxj: ð16Þ

Hence, we have control on X characteristics.
Now, to bound the charge, we must first estimate the corre-

sponding density. We use (2) to find

d

ds
ðgðs;XðsÞ;VðsÞÞÞ ¼ �ðEðs;XðsÞÞ þ Aðs;XðsÞÞÞ � rvFðVðsÞÞ:

Thus,

gðt; x; vÞ ¼ gð0;Xð0Þ;Vð0ÞÞ �

ðt
0
ðEðt;XðtÞÞ þ Aðt;XðtÞÞÞ

� rvFðVðtÞÞdt; ð17Þ

and by (III), (12), and (15),

jgðt; x; vÞj � jg0ðXð0; t; x; vÞ;Vð0; t; x; vÞÞj

þ

ðt
0
ðjEðt;Xðt; t; x; vÞÞj þ jAðt;Xðt; t; x; vÞÞjÞ

jrvFðVðt; t; x; vÞÞjdt

� CjXð0; t; x; vÞj�2 þ C

ðt
0
jXðt; t; x; vÞj�2 krvFk1dt

þ C

ðt
0
jmðt;Xðt; t; x; vÞÞj jXðt; t; x; vÞj�2krvFk1dt

� Cjxj�2 1þ

ðt
0
jmðt;Xðt; t; x; vÞÞjdt

� �

ð18Þ

for jxj � 2QTT.
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To show that g decays like r22, we must bound the enclosed
charge m. For jxj � 2QTT,

jmðt; jxjÞj �

ð
jyj�2QTT

jrðt; yÞjdy

� ð2QTTÞ
3

ð
jvj�QT

kF� f0k1dv

� C:

Now, let r ¼ jxj and defineM(t) : ¼ suprjm(t, r)j. We know by
(2), (18), and the divergence theorem that

jmðt; rÞj � jmð0; rÞj þ

ðt
0

ð
jyj�r

ð
jvj�QT

@sðgðs; y; vÞÞdvdyds

�����
�����

¼ jmð0; rÞj þ

ðt
0

ð
jyj�r

ð
jvj�QT

v � rygðs; y; vÞdvdyds

�����
�����

� jmð0; rÞj þ

ðt
0

ð
jyj¼r

ð
jvj�QT

jvj jgðs; jyj; jvj; y � vÞjdvdSyds

� Mð0Þ þ C

ðt
0

ð
jyj¼r

ð
jvj�QT

jvj
1þ

Ð s
0 MðtÞdt

jyj2

� �
dvdSyds

¼ Mð0Þ þ C

ðt
0
Q4

Tð1þ

ðs
0
MðtÞdtÞds

� Cþ C

ðt
0
MðtÞdt

for r � 2QTT. Then, sincem(t, r) � C for r � 2QTT, we find, for all r,

mðt; rÞ � Cþ C

ðt
0
MðtÞdt;

and consequently

MðtÞ � Cþ C

ðt
0
MðtÞdt:
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By Gronwall’s inequality,

MðtÞ � ðMð0Þ þ CTÞð1þ Ct expðCtÞÞ

� ðMð0Þ þ CTÞð1þ CT expðCTÞÞ � C: ð19Þ

Notice, then, that this bound and (18) imply

jgðt; x; vÞj �
C

jxj2

for jxj � 2QTT.
Proceeding in the standard way, we next estimate the

gradient of the electric field.

@xiEk ¼
@

@xi

xk
jxj3

ð
jyj�jxj

rðt; yÞdy

 !

¼
@

@xi

xk
jxj3

� �
mðt; jxjÞ þ

xk
jxj3

@

@xi
ðmðt; jxjÞÞ:

Then,

@

@xi

xk
jxj3

� �����
���� ¼ dik

jxj3
�
3xixk
jxj5

����
���� � C

jxj3

and, letting r ¼ jxj,

@

@xi
mðt; rÞ

����
���� ¼ mrðt; rÞ

xi
r

� 	��� ��� � Cjrðt; rÞjr2:

Thus,

j@xiEkj � jmðt; rÞj
C

r3
þ
Cjrðt; rÞj r2

r2

�
C

r3
þ Cjrðt; rÞj:

Since the best we can do a priori is jr(t, r)j � Cr22, we can
only conclude

j@xiEkj � Cjxj�2: ð20Þ
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We begin to estimate the spatial decay of r by first estimating
the large jxj behavior of the field integral obtained by integrating
(17) in v. Assume jxj � 8QTT and f(t, x, v) is nonzero. Define

Eðt; xÞ ¼ Eðt; xÞ þ Aðt; xÞ:

Then, ð
jvj�QT

Eðs;XðsÞÞ � rvFðVðsÞÞdv

�����
�����

�

ð
jvj�QT

Eðs;XðsÞÞ � ðrvFðVðsÞÞ � rvFðvÞÞdv

�����
�����

þ

ð
jvj�QT

ðEðs;XðsÞÞ � Eðs; xþ ðs� tÞvÞÞ � rvFðvÞdv

�����
�����

þ

ð
jvj�QT

rv � ðFðvÞ Eðs; xþ ðs� tÞvÞÞdv

�����
�����

þ

ð
jvj�QT

FðvÞrv � ðEðs; xþ ðs� tÞvÞÞdv

�����
�����

¼: ðIÞ þ ðIIÞ þ ðIIIÞ þ ðIVÞ:

By the mean value theorem, (12), (15), and (19),

ðIÞ �

ð
jvj�QT

jEðs;XðsÞÞj kr2
vFk1 jVðsÞ � vjdv

�

ð
jvj�QT

ðCjXðsÞj�2kr2
vFk1 j

ðt
s
Eðt;XðtÞÞdtjÞdv

� CQ3
Tjxj

�2ðt� sÞjxj�2

� Cjxj�4:

ð21Þ

To estimate (II), we again use the mean value theorem and
(20), so that there is jx between X(s) and xþ (s2 t)v with

jEiðs;XðsÞÞ � Eiðs; xþ ðs� tÞvÞj ¼ jrxEiðs; jxÞ � ðXðsÞ � x� ðs� tÞvÞj

� Cjjxj
�2jXðsÞ � xþ ðt� sÞvj:
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Thus, we find

ðIIÞ � C

ð
jvj�QT

jjxj
�2 jXðsÞ � ðxþ ðs� tÞvÞj krvFk1dv

� C

ð
jvj�QT

jjxj
�2

ðt
s
jVðtÞ � vjdt

� �
dv

� CT2Q3
Tjxj

�2jjxj
�2;

and, by (15),

jjxj � jXðsÞj � jXðsÞ � ðxþ ðs� tÞvÞj

�
1

2
jxj �

ðt
s
ðVðtÞ � vÞdt

����
����

�
1

2
jxj � 2TQT

�
1

4
jxj:

Therefore,

ðIIÞ � Cjxj�4: ð22Þ

By the divergence theorem, we find

ðIIIÞ ¼ 0: ð23Þ

Then, evaluating IV yields

ðIVÞ �

ð
jvj�QT

kFk1 jrx � Eðs; xþ ðs� tÞvÞj js� tjdv

� CT

ð
jvj�QT

jrðs; xþ ðs� tÞvÞ þ rx � Aðs; xþ ðs� tÞvÞjdv

� C

ð
jvj�QT

jrðs; xþ ðs� tÞvÞjdvþ CR�4ðxþ ðs� tÞvÞ:

Since

jxþ ðs� tÞvj � jxj � TQT �
1

2
jxj;
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we have

ðIVÞ � C

ð
jvj�QT

jrðs; xþ ðs� tÞvÞjdvþ Cjxj�4: ð24Þ

Finally, collecting (21), (22), (23), and (24), we have for
jxj � 8QTT,

ð
jvj�QT

Eðs;XðsÞÞ � rvFðVðsÞÞdv

�����
����� � Cjxj�4

þ C

ð
jvj�QT

jrðs; xþ ðs� tÞvÞjdv:

ð25Þ

Now, we can bound kr(t)k4. Using the bound on the velocity
support, we have

krðtÞk1 ¼ sup
x

ð
jvj�QT

ðFðvÞ � f ðt; x; vÞÞdv

�����
�����

�
4p

3
Q3

T kF� f0k1

� C:

Thus, for jxj , 8QTT, we have

jrðt; xÞj � krðtÞk1
8QTT

jxj

� �4

� Cjxj�4:

Now, recall (17):

gðt; x; vÞ ¼ gð0;Xð0; t; x; vÞ;Vð0; t; x; vÞÞ �

ðt
0
Eðs;Xðs; t; x; vÞÞ

� rvFðVðs; t; x; vÞÞds:
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We use this equation and (25) so that for jxj � 8QTT,

jrðt; xÞj ¼

ð
jvj�QT

gðt; x; vÞdv

�����
�����

�

ð
jvj�QT

�����g0ðXð0Þ;Vð0ÞÞ
����

þ

ðt
0
Eðs;XðsÞÞ � rvFðVðsÞÞds

����
����
�
dv

� CQ3
Tjxj

�4 þ

ðt
0

�
CQ3

Tjxj
�4 þ C

ð
jvj�QT

jrðs; x

þ ðs� tÞvÞjdv

�
ds

� Cjxj�4 þ C

ðt
0

ð
jvj�QT

jrðs; xþ ðs� tÞvÞjdv ds:

So,

jxj4jrðt; xÞj � Cþ C

ðt
0

ð
jvj�QT

jxj4jrðs; xþ ðs� tÞvÞjdv ds:

Define

PðtÞ :¼ sup
x
ðjxj4jrðt; xÞjÞ:

Then, for all x [ R3,

PðtÞ � Cþ C

ð
jvj�QT

ðt
0
PðsÞds dv

� Cþ C

ðt
0
PðsÞds;

and using the Gronwall inequality, we find

PðtÞ � C;

and thus jr(t, x)j � Cjxj24 for all x [ R3. Finally, we may apply
Theorem 2 with any q . 7þ

ffiffiffiffiffiffi
33

p
, and since kr(t)k1 is
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bounded, we conclude that jr(t, x)j � CR24(x). Since this estimate
is independent of T, we find

sup
t[½0;T�

krðtÞk p � C:

This remains true for any T . 0, so the proof of Lemma 1, and
thus Theorem 1, is complete.

4. Increased Spatial Decay

As in Section 3, we will show that the charge density decays at a
faster rate than previously known. In the work that follows, we
will use the framework of the previous sections and assume con-
ditions (I) and (II) from Section 3, without the spherical
symmetry of f0. However, we will not take condition (III) as an
assumption, and instead, assume condition (IV) holds for some
C . 0 and all t � 0, x [ R3, and v [ R3. Since we have made a
change in the assumptions, we may not use results from the
previous sections, unless otherwise stated. Thus, this section
can be viewed independently from the others, as we will rely
more on results shown previously by Schaeffer (2003b). Recall
from the introduction that we will use Cp,t to denote a generic
constant that depends upon kr(t)kp and t.

To begin, we apply Theorems 1 and 2 of Schaeffer (2003b),
finding a unique f [ C1([0, T ] � R3

� R3) that satisfies (1), and
assume

kjðF� f ÞðtÞkj , 1 ð26Þ

for all t [ [0, T ). To first bound the velocity support, we write, as
before,

gðt; x; vÞ :¼ FðvÞ � f ðt; x; vÞ

and

Eðt; xÞ :¼ Eðt; xÞ þ Aðt; xÞ:
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Using Lemma 1 of Schaeffer (2003b), we find for all x [ R3 and
t [ [0, T ),

ðt
0
jEðt; xÞjdt � C sup

t[½0;t�

krðtÞk p:

Then, for any s [ [0, t),

jVðsÞ � Vð0Þj �

ðs
0
jEðt;Xðt; t; x; vÞÞjdt

� Cp;s:

Assuming f = 0, we know f(t, x, v) ¼ f0(X(0), V(0)), and by
(II) it must follow that

jVð0; t; x; vÞj � C:

Thus, jV(s)j � Cp, s for any s [ [0, t). Following previous notation,
let us write

Qt :¼ supfjvj : 9x [ R3; t [ ½0; tÞ such that f ðt; x; vÞ = 0g

so that for all s [ [0, t),

jVðsÞj � Qt: ð27Þ

This bound on the velocity establishes some of the relations
shown in previous sections. Most importantly, (15) and (16)
must hold for jxj � 2Qtt.

Next, we denote the v-derivatives of characteristics by

Aij :¼
@Xi

@vj
ðs; t; x; vÞ

and

Bij :¼
@Vi

@vj
ðs; t; x; vÞ:
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Then, using the characteristic equations of (28),

@A

@s
ðsÞ ¼ BðsÞ;

@B

@s
ðsÞ ¼ rxEðs;XðsÞÞAðsÞ;

Ajs¼t ¼ 0;
Bjs¼t ¼ I:

9>>>>>=
>>>>>;

ð28Þ

Thus,

jAðsÞj �

ðt
s
jBðtÞjdt

and

jBðsÞj � 1þ

ðt
s
jrxEðt;XðtÞÞjjAðtÞjdt;

which leads to

jAðsÞj þ jBðsÞj � 1þ

ðt
s
ðjBðtÞj þ jrxEðt;XðtÞÞjjAðtÞjÞdt: ð29Þ

Again, using Lemma 1 from Schaeffer (2003b), we find

jrxEðt;XðtÞÞj � Cp;tR
�3ðXðtÞÞ: ð30Þ

So, define

HðsÞ :¼ sup
fðx;vÞ:jxj.2Qttg

ðjAðs; t; x; vÞj þ jBðs; t; x; vÞjÞ: ð31Þ

Then, for jxj . 2Qtt, we use (15) to find

R�3ðXðtÞÞ � R�3ðQttÞ;

and thus, from (29),

HðsÞ � 1þ

ðt
s
maxf1;Cp;tR

�3ðQttÞgHðtÞdt:

Using the Gronwall inequality, we find

HðsÞ � Cp;t ð32Þ
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for s [ [0, t], and v-derivatives of both characteristics are
bounded for jxj . 2Qtt.

Summarizing (28), we may write

@2A

ds2
ðsÞ ¼ rxEðs;XðsÞÞAðsÞ; Ajs¼t ¼ 0;

@A

@s
js¼t ¼ I:

So,

AðsÞ ¼ ðs� tÞIþ

ðt
s

ðt
t

rxEðl;XðlÞÞAðlÞdldt

¼: ðs� tÞIþ g1ðs; t; x; vÞ:

Again using (28),

@B

@s
ðsÞ ¼ rxEðs;XðsÞÞAðsÞ

¼ rxEðs;XðsÞÞððs� tÞIþ g1ðs; t; x; vÞÞ

¼: ðs� tÞrxEðs;XðsÞÞ þ g2ðs; t; x; vÞ:

Thus,

BðsÞ ¼ Iþ g3ðs; t; x; vÞ

where

g3ðs; t; x; vÞ ¼ �

ðt
s
ððt� tÞrxEðt;XðtÞÞ þ g2ðt; t; x; vÞÞdt:

Now,

@

@s
ðdetBÞ ¼ det

_B11
_B12

_B13

B21 B22 B23

B31 B32 B33

0
B@

1
CAþ det

B11 B12 B13

_B21
_B22

_B23

B31 B32 B33

0
B@

1
CA

þ det

B11 B12 B13

B21 B22 B23

_B31
_B32

_B33

0
B@

1
CA

¼: ðIÞ þ ðIIÞ þ ðIIIÞ:
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Estimating the first term yields

ðIÞ ¼ det

ðs� tÞ @E1

@x1
þ ðg2Þ11 ðs� tÞ @E1@x2

þ ðg2Þ12 ðs� tÞ @E1

@x3
þ ðg2Þ13

ðg3Þ21 1þ ðg3Þ22 ðg3Þ23

ðg3Þ31 ðg3Þ32 1þ ðg3Þ33

0
B@

1
CA

¼: ðs� tÞ
@E1

@x1
þ ðg2Þ11þs1ðs; t;x;vÞ:

Similarly,

ðIIÞ ¼: ðs� tÞ
@E2

@x2
þ ðg2Þ22 þ s2ðs; t; x; vÞ

and

ðIIIÞ ¼: ðs� tÞ
@E3

@x3
þ ðg2Þ33 þ s3ðs; t; x; vÞ:

So, we find

@

@s
ðdetBÞ ¼ ðs� tÞrx � Eðs; xÞjx¼XðsÞ þ

X3
j¼1

ððg2Þ jj þ sjÞ;

and since Bjs¼t ¼ I,

detB ¼ 1� 4p

ðt
s
ðt� tÞrðt;XðtÞÞdt�

ðt
s

X3
j¼1

ððg2Þ jj þ sjÞdt:

Let

1ðs; t; x; vÞ :¼ 4p

ðt
s
ðt� tÞrðt;XðtÞÞdtþ

ðt
s

X3
j¼1

ððg2Þ jj þ sjÞdt:

Then, for j1j , 1,

1

detB
¼

1

1� 1

¼ 1þ 1þ
X1
n¼2

1n

¼: 1þ 4p

ðt
s
ðt� tÞrðt;XðtÞÞdtþ hðs; t; x; vÞ:

ð33Þ
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Now that the determinant has been written in a nicer form,
we estimate the remaining terms. Let jxj . 2Qtt. Using (15), (26),
(30), (31), and (32), we find the following bounds on the error
terms for any i, j ¼ 1, 2, 3:

jðg1Þijj � Cp;tT
2R�3ðxÞ sup

s[½0;t�

jAðs; t; x; vÞj

� Cp;tR
�3ðxÞ;

jðg2Þijj � Cp;tR
�6ðxÞ;

and

jðg3Þijj � Cp;tT
2R�3ðxÞ þ Cp;tR

�6ðxÞ

� Cp;tR
�3ðxÞ:

Then, using the estimates of the g terms, for any k ¼ 1, 2, 3,

jskj �CðjrxEjþ jg2jÞð2jg3jþ2jg3j
2Þþ2ðjrxEjþ jg2jÞðjg3jþ2jg3j

2Þ

� ½Cp;tTR
�3ðxÞþCp;tR

�6ðxÞ�½2Cp;tR
�3ðxÞþ2Cp;tR

�6ðxÞ�

þ2½Cp;tTR
�3ðxÞþCp;tR

�6�½Cp;tR
�3ðxÞþ2Cp;tR

�6ðxÞ�

�Cp;tR
�6ðxÞ:

Now, we may bound 1:

j1j � 4pT2 sup
t[½0;t�

krðtÞk pR
�pðxÞ þ 3T sup

t[½s;t�

ðjg2ðtÞj þ jsðtÞjÞ

� Cp;tR
�pðxÞ þ Cp;tR

�6ðxÞ

� Cp;tR
�pðxÞ

¼: Cð1ÞR�pðxÞ

,
1

2

for jxj . (2C(1))1/p. Thus
P

n¼2
1 1n converges and h is well defined

for large enough values of jxj. Finally, we have, for jxj . maxf2Qtt,
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(2C(1))1/pg,

jhj ¼

ðt
s

X3
j¼1

ððg2Þ jj þ sjÞdtþ
X1
n¼2

1n

������
������

� 3Cp;tTR
�6ðxÞ þ ððCð1ÞÞ

2R�2pðxÞ þ ðCð1ÞÞ
3R�3pðxÞ þ . . .Þ

� Cp;tR
�6ðxÞ:

ð34Þ

Using (27), we find for t [ [0, T ),

krðtÞk1 ¼ sup
x

ð
ðFðvÞ � f ðt; x; vÞÞdv

����
����

�
4p

3
Q3

t kF� f0k1

� Cp;t:

Thus, if jxj � D for some D . 0, we have

jrðt; xÞj � krðtÞk1R
6ðDÞR�6ðxÞ

� Cp;tR
�6ðxÞ:

ð35Þ

Now, denote C(2) :¼ maxf2Qtt, (2C
(1))1/p, 2Ng, and let jxj . C(2).

Then, by (15) we have

jXð0; t; x; vÞj �
1

2
jxj . N:

Using (II), (11), (33), and (34) to estimate r(t, x) yieldsð
f ðt; x; vÞdv ¼

ð
f0ðXð0; t; x; vÞ;Vð0; t; x; vÞÞdv

¼

ð
FðVð0; t; x; vÞÞdv

¼

ð
FðVð0; t; x; vÞÞðdetBð0ÞÞ

1

detBð0Þ
dv

¼

ð
FðVð0; t; x; vÞÞð1þ 4p

ðt
0
ðt� tÞrðt;Xðt; t; x; vÞÞdt

þ hð0; t; x; vÞÞðdet
@V

@v
ð0; t; x; vÞÞdv
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¼

ð
FðwÞdwþ

ð
FðVð0; t; x; vÞÞhð0; t; x; vÞ

ðdet
@V

@v
ð0; t; x; vÞÞdvþ 4p

ð
FðVð0; t; x; vÞÞ

ðt
0
ðt� tÞrðt;Xðt; t; x; vÞÞdtðdet

@V

@v
ð0; t; x; vÞÞdv:

Since r(t, x) ¼
Ð
(F(v)2 f(t, x, v)) dv, we have

rðt; xÞ ¼ 4p

ð
FðVð0; t; x; vÞÞ

ðt
0
ðt� tÞrðt;Xðt; t; x; vÞÞdt

ðdet
@V

@v
ð0; t; x; vÞÞdv�

ð
FðVð0; t; x; vÞÞhð0; t; x; vÞ

ðdet
@V

@v
ð0; t; x; vÞÞdv: ð36Þ

Now, let

CðtÞ :¼ krðtÞk6 ¼ sup
x
ðjrðt; xÞjR6ðxÞÞ:

In order to make the change of variables w ¼ V(0, t, x, v) in the v-
integral, we must first show that the mapping v ! V(0, t, x, v) is
bijective. For the moment, we will take this for granted, and
continue with the estimate of r, delaying the proof of this fact
until the very end. By (34), (36), and the work of Section 5, we
have for jxj . C(2),

jrðt; xÞj � 4p

ð
FðVð0; t; x; vÞÞð

ðt
0
ðt� tÞCðtÞR�6ðXðt; t; x; vÞÞdtÞ

ðdet
@V

@v
ð0; t; x; vÞÞdvþ Cp;tR

�6ðxÞ

ð
FðwÞdw

� CR�6ðxÞ

ð
FðVð0; t; x; vÞÞðdet

@V

@v
ð0; t; x; vÞÞdv

ðt
0
ðt� tÞCðtÞdtþ Cp;tR

�6ðxÞ

� R�6ðxÞðC

ðt
0
ðt� tÞCðtÞdtþ Cp;tÞ: ð37Þ

Global Existence and Increased Spatial Decay 557



D
ow

nl
oa

de
d 

B
y:

 [P
an

ka
vi

ch
, S

.] 
A

t: 
20

:4
9 

3 
Ju

ne
 2

00
8 

So, applying (35) with D ¼ C(2) and combining with (37), we have
for all x,

jrðt; xÞjR6ðxÞ � Cp;t þ C

ðt
0
ðt� tÞCðtÞdt

and since the right side is independent of jxj,

CðtÞ � Cp;t þ C

ðt
0
ðt� tÞCðtÞdt:

By the Gronwall inequality,

CðtÞ � Cp;t:

Therefore, for every t [ [0, T ),

krðtÞk6 � Cp;t

and the proof is complete.

5. Change of Variables

In order to justify the change of variables used in (37), we must
first demonstrate that the mapping v ! V(0, t, x, v) is bijective.
This is done below.

From (30), we know there is Cp,t
(3).0 such that

jrEðt; xÞj � Cð3Þ
p;tjxj

�3

for every x [ R3, t [ [0, T ]. Also, using (32), we know there is
Cp,t
(4) . 0 such that for all s, t [ [0, T ], x, v [ R3, with

jxj . 2TQ(T ),

@X

@v
ðs; t; x; vÞ

����
���� � Cð4Þ

p;t:

Finally, using Lemma 1 of Schaeffer (2003b), we know there is
Cp,t
(5).0 such that for all x [ R3 and t [ [0, T ],ðt

0
jEðt; xÞjdt � Cð5Þ

p;t:
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For any D . 0, define CD :¼ maxf8 (Dþ Cp,t
(5)T ), 2TQ(T ), 4 (6Cp,t

(4)

Cp,t
(3)T )1/3g, and B(0,D) :¼ fv [ R3 : jvj � Dg. Injectivity on B(0,D)

can now be shown in the following lemma.

Lemma 3. For any D . 0, jxj . CD, and t [ [0, T ], the mapping
v ! V(0, t, x, v) is injective on B(0, D).

Proof

Let D . 0, jxj . CD and t [ [0, T ] be given. Then, let v1,
v2 [ B(0, D) be given with

Vð0; t; x; v1Þ ¼ Vð0; t; x; v2Þ:

We have

v1 þ

ðt
0
Eðt;Xðt; t; x; v1ÞÞdt ¼ v2 þ

ðt
0
Eðt;Xðt; t; x; v2ÞÞdt:

So, using the mean value theorem, for any i ¼ 1, 2, 3 there is jx
i

between X(t, t, x, v1) and X(t, t, x, v2) and jv
i between v1 and v2

such that

Eiðt;Xðt; t; x; v1ÞÞ � Eiðt;Xðt; t; x; v2ÞÞ

¼ rxEiðt; j
i
xÞ � ðXðt; t; x; v1Þ � Xðt; t; x; v2ÞÞ

and

Xiðt; t; x; v1Þ � Xiðt; t; x; v2Þ ¼ rvXiðt; t; x; j
i
vÞ � ðv2 � v1Þ:

Then, since

jjixj � jXðt; t; x;v1Þj � jXðt; t; x;v1Þ �Xðt; t; x;v2Þj

�
1

2
jxj �

ðt
t

jVði; t; x;v1Þ �Vði; t; x;v2Þjdi

�
1

2
jxj �

ðt
t

ðjVði; t; x;v1Þ � v1j þ jv1 � v2j þ jVði; t; x;v2Þ � v2jÞdi

�
1

2
jxj � jv1 � v2j þ 2

ðt
t

ði
0
kEðlÞk1dl di

� �
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�
1

2
jxj � 2ðDþCð5Þ

p;tTÞ

�
1

4
jxj;

and

jXiðt; t; x;v1Þ �Xiðt; t; x;v2Þj � Cð4Þ
p;tjv2 � v1j;

for any i ¼ 1, 2, 3, we find

jEiðt;Xðt; t; x;v1ÞÞ � Eiðt;Xðt; t; x;v2ÞÞj � jrxEiðt;j
i
xÞj jXðt; t; x;v1Þ

�Xðt; t; x;v2Þj

� sup
i

Cð3Þ
p;tjj

i
xj
�3

� �
ffiffiffi
3

p
Cð4Þ

p;tjv1 � v2j
� 	

�
ffiffiffi
3

p
Cð3Þ

p;tC
ð4Þ
p;t

1

4
jxj

� ��3

jv1 � v2j:

Therefore, we have

jv1 � v2j �

ðt
0
jEðt;Xðt; t; x; v1ÞÞ � Eðt;Xðt; t; x; v2ÞÞjdt

� 3Cð4Þ
p;tjv1 � v2jC

ð3Þ
p;t

ðt
0

1

4
jxj

� ��3

dt:

� 3Cð3Þ
p;tC

ð4Þ
p;tT

1

4
jxj

� ��3
 !

jv1 � v2j

�
1

2
jv1 � v2j:

Thus, jv12 v2j ¼ 0, which implies v1 ¼ v2, and injectivity follows.
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Now, let t [ [0, T ] and x [ R3 be given. Define

S :¼ fw : FðwÞ = 0g

and

V�1ðSÞ :¼ fv : FðVð0; t; x; vÞÞ = 0g:

Using the compact support of F, we conclude that v [ V21(S)
implies

jvj � W þ

ðt
0
kEðtÞk1dt � Cp;t:

Therefore, there is aD . 0, such that V21(S) , B(0,D). Thus, for
jxj . CD, and t [ [0, T ], the mapping v ! V(0, t, x, v) is injective
on V21(S) and bijective from V21(S) to S. Finally,ð

FðVð0; t; x; vÞÞdet
@V

@v

� �
dv ¼

ð
V�1ðSÞ

FðVð0; t; x; vÞÞdet
@V

@v

� �
dv

¼

ð
S
FðwÞdw

¼

ð
FðwÞdw:

Thus, the change of variables is valid and the justification is
complete.
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