COMPLETELY BOUNDED MAPS AND OPERATOR ALGEBRAS
CHAPTER 5: COMMUTING CONTRACTIONS
SOLUTIONS TO EXERCISES
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5.1 Prove that if (V1, /K1) and (V3, K2) are two minimal isometric dilations of a contraction operator 1" on
‘H, then there exists a unitary U : Ky — Kg such that Uh = h for all h € H and UVLU* = V5.

Solution: Since (Vj,K;), j = 1,2 are minimal isometric dilations we know that
Hj ={V/'h : h € H,n > 0} (1)
is dense in K;. Define a map U : H1 — Ha by
N N
U < > Vlkhk> =Y Vi (2)
k=—N k=—N

We claim that U is an isometry. It follows from this that U has a unique extension to an isometry
from K1 — Ko. We will denote this extension by U. As the range of U is dense in Ko, U is unitary.
Since Vj is a dilation of T" on K;,

=T ®)
relative to the decomposition K; = H @ H~+. It follows that if h, k € H then <Vj”h, k> = (T"h, k). We
have,
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Now,

N N
Uvy ( Z Vlkhk) = ( w/Q’““hk) (10)
k=—N

k=—N

N
= W ( > V2khk) (11)
k=—N
N
= WU < > xq’m). (12)
k=—N

Therefore UV; = VoU on the dense subspace H;. It follows by a limit argument that UV, = VoU or
UViu* = Vs.

5.2 Let H; and Hs be Hilbert spaces, let A,, € B(H1,H2) be a sequence of operators and let A = (A;4;) :
(?(H1) — F%(Hs) be the corresponding Hankel operator. Prove the analogue of Nehari-Page in this
setting.

Solution: Let H = H; ® Ha, A = (Aiy;) and let

A, = [ 00 ] € B(H). (13)

An:[zn :] (14)

foan < 0 such that |Blloo = SUPg<y<1 ||]E~3,~||OO < oo where B,(e?) = E;o:_oo Aprlnle® - Further
[(Ais)]| = | Blloo- Let B=3"2° _ Ane™. Since B, is a compression of B, we have that

IB|l = sup [|B,]| < sup [|B.| =Bl < oo. (15)
0<r<1 0<r<1

All that remains to be shown is that for this choice of A, [|(Ai+;)|| = |B|,. We have already
proven that || Bl < ||B|lcc. We can identify the Hilbert spaces ¢*(H; & Hz) and ¢2(H;) & £*(Ha)

by the map (h%l) ® h,(f)) N (h%l)) o) (hg)). The operator A is identified with the operator [ 31 8 ]

and so ||A|| = ||A]|. Since A is a compression of the multiplication operator Mp we always have
1(Airg) || < 1M = | Bllo-

5.3 (Caratheodory’s Completion Theorem) Let aq, ..., a, be in C. Use commutant lifting to prove that

a 0 - 0
. .. : n oo
o =i Y e+ S || (16)
R §=0 j=n+1 o
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where the infinum is over sequences {b;} such that the resulting power series is bounded on D and
the co-norm is the supremum over D). Moreover, there exists a sequence {b;} where the infimum is
attained. Thus, a polynomial can be completed to a power series whose supremum over the disk is
bounded by 1 by adding higher order terms if and only if the norm of the corresponding Toeplitz
matrix is at most 1.

Deduce that the map

S Mn+17
0

foy - Fy Fo)
yields an isometric isomorphism of H®(T)/e!™+V9[H>(T) into M, 1. Ceneralize this to the case

where Ay, ..., A, are operators in a (separable) Hilbert Space.

Solution: Denote the matrix on the left side of (16) by R and let

1 .
(0 - 0 1 0

Note first that the minimal unitary dilation of S is the operator U on L%(T) given by (Uf)(e?) =
e f(e"). We have

0 - - 0
SR=RS=| © .
Ap—1 - agp 0
and so by the commutant lifting theorem there is an operator V' commuting with U, with ||[V|| = || R]]

such that RS™ = Py VU™|y. Since V commutes with U, V' is multiplication by g € L*°. If m < 0,
then,
(g.e™") = (V1,U™1) = (VU™™1,1) = (PuVU ™1, 1) = (RS™"1,1) = 0. (17)

Therefore, g(e?) = Y o ape’™. Let T, y denote the Toeplitz operator associated with g acting on
H?(T). We have,

o0
RN =1V = 1Tl = e cry = Nolareqo) = sup |52 (18)

Let {b;} be a sequence of complex numbers such that h(z) = > 7, ajzl + P bjz’ defines a
bounded function on D. Let T}, be the corresponding Toeplitz operator on H?(D) and note that R



is the compression of T}, to the subspace spanned by 1, z, ..., 2". Therefore ||R|| < ||T}]|]. Combining
this with (18) we see that,

|R|| = inf Za]zj—i— Z b2 || . (19)

Jj=n+1 0o

Let f,g € H*(T), let ® : H*(T) — M,11 be the map

f(o) o - 0
ey

fe H®(T) — ‘ € Mp41.
: . . 0
foy - F) Fo)
Since f/+\g(k‘) = fA’(k:) + g(k) and &3“(/@) = af(k:) we see that @ is linear. To check that & is in fact a
homomorphism we take note of the fact that fg(k) = Z?:o f(7)g(k — j) and compute,

Fo)y o 0 GO) 0 - 0
a(pag = | IV 0 9 0
| f(n) f@ o) | |9 3(1) §(0)
[ F(0)g(0) 0 0
_ f<)§<>+f(><>
: .. 0
_f<n>§<0)+-..+f<0>§<n> o F(1)G(0) + F(0)g(1)  F(0)g(0)

= ®(fg)

The kernel of @ is the set of functions f € H*°(T) such that f(O) =
e!("+ 10 [1oo(T). Therefore, H®(T) /e 10 H°(T) is isomorphic, via (
to a subalgebra of M.

f(n) =0, which is precisely
+ () = (),

Finally,
||| = it {is+gl:ge e 2m=(m)
— inf{ STFOA+ Y bl Y bjszHoo(]D))}
7=0 j=n+1 0o j=n+1
f(o) 0 ... 0
fay oo
ot
fn) - f(A) £(0)

5.4 Let {Th,...,T,} be contractions on a Hilbert Space H (possibly non-commuting). Prove that there
exits a Hilbert space K containing H and unitaries {Uq,...,U,} on K such that

kl km — kl km
T TR = U Uy,



5.5

where m, k1, ..., k, are arbitrary non-negative integers, and 1 <1i; < n, forl=1,...,n.

Solution: We begin by recalling the construction used in Bz.-Nagy’s dilation theorem. Given a
contraction T' on a Hilbert space we construct an isometric dilation V on £?(H) by defining

V(hi,h,...) = (Thy, (1 = T*T)?hy, hy, ha,...). (20)

We can dilate an isometry V on a Hilbert space H to a unitary U on H & H by

U:[V 1—V*V]_ (1)

0 v

If we combine these two constructions we see that a contraction 7" on H can be dilated to a unitary
U on (2(H) @ *(H).

Given a collection of contractions T1,...,T), dilate them as above to Uy,...,U,. Let h € H and note
that,

UF((0,0,...) @ (h,0,...)) = (0,0,...) ® (TFh,x,x*,...). (22)

It follows from this that,
Uf L UP((0,0,..) @ (h,0,...)) = (0,0,...) @ (T ... TF"h,x, %, ..). (23)
Therefore T} ... T}™h = PyUS™ .. U™ h.

(Schaeffer) Let T be a contraction on a Hilbert space H, let £2(H) = > .00 __ @&H denote the Hilbert
space formed as a direct sum of copies of H indexed by the integers Z. Define an operator matrix
U = (Ui ;) by setting Upo =T, Up1 = (1 —TT)2 U_19= 1 -TT)'?, U_11 =T*, Uppi1 = 1,
for n > 1 orn < —2 and U; j = 0 for all other pairs (¢, j). Prove that U defines a unitary operator
on ¢2(H) and that if we identify H with the 0-th copy of H in ¢2(H), then T" = PyU"|y for all

non-negative integers n.

Solution: We can check by a direct calcuation that all the diagonal entries of UU* and U*U are 1,
and that all other entries, except the (—1,0) and (0, —1) entries are 0. We find that both the (—1,0)
entry of UU* and the (0, —1) entry of U*U are (1 —T*T)"/2T* —T*(1 —TT*)"/? while both the (0, —1)
entry of UU* and (—1,0) entry of U*U are T(1 — T*T)'/2 — (1 — TT*)Y/T.

Thus to prove that U is unitary we need to check that T(1 — T*T)Y/? = (1 — TT*)'/?T. Since T is a
contraction 1-7*T and 1—TT™ are positive operators whose spectrum is contained in the interval [0, 1].
Let f:[0,1] — R denote the function f(t) = /1 —t. Choose a sequence p,, of polynomials defined on
the interval [0, 1] such that ||p, — f|., — 0 as n — oo. Note then that T'p, (T*T) = p,(TT*)T and so
via the continuous functional calculus,

T(1—T*T)Y? = lim Tp,(T*T) = lim pn(TT*)T = (1 — TT*)"/?T. (24)
n—oo

n—oo



