COMPLETELY BOUNDED MAPS AND OPERATOR ALGEBRAS
CHAPTER 9: COMPLETELY BOUNDED HOMOMORPHISMS
SOLUTIONS TO EXERCISES
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9.7 (Sz.-Nagy) This exercise gives a more direct proof of Corollary 9.4. Let T' be an invertible operator

9.10

on H such that ||[T"| < M for all integers n, and let glim be a Banach generalized limit [34].

(i) Show that (z,y), = glim (T"x, T"y) defines a new inner product on H and that M2 (z,z) <
(z,2), < M?(z,z).

(ii) Show that T is a unitary transformation on (M, (,);).
(iii) Prove that there exists a similarity on H, with ||S~=Y|[|S]| < M?2, such that S~!TS is unitary.

Solution: We begin by noting that glim : /* — C is a positive linear functional, glim((,)5 ;) =

n=1
limy, 00 , Whenever ()5 is convergent and glim((a,)0% ) = glim((an41)52,) for any (o, )02, €
0.
(i) We have by the Cauchy-Schwarz inequality that,
(T2, T"a) < || T (2, 2) < M? (z,2), (1)
and,
(z,z) = (T "T"x, T "T"z) < HT*”\F (T"z, T"z) < M? (T"z,T"x). (2)

This shows that (IT"x,T"z) is an > sequence and so (,); is well-defined. Since glim is positive
and linear (,), is a semi-inner product on H. Applying glim to the inequalities in (1) and (2)
establishes M =2 (z,z) < (z,x); < M? (z,z), and so (,), is an inner product.

11 s 1" 1s invertible, our claim 1s established if we prove that 1S an 1sometry. ¢ have,
i) As T is i ibl laim i blished if hat T i 1 We h
|Tz|? = (Tx, Tx), = glim (T2, T" M 2) = glim (T"z, T"z) = (z,2), = ]2 . (3)

(iii) Using the fact that M~ ! ||lz| < ||z||; < M |lz|| we see that R : (H,{,)) — (H,{,),) defined by
R(h) = h is a bounded invertible operator with |[R|| < M and ||[R7!|| < M. Therefore the
Hilbert spaces (H, (,)) and (H, (,);) have the same dimension. It follows that there is a unitary
U:(H,(,)) = (H,(,);). The operator,

U*RTR™'U = (R'U)"'TR™'T, (4)

is unitary and similar to 7T, via the similarity S = R™'U. Since U and U* are unitary we have
IS = ||[R7|| < M and ||S7!|| = ||R|| < M. Hence ||S||||S7!]| < M2

Sz.-Nagy-Foias) An operator T' in B(H) is said to belong to class C, if there exists a Hilbert space KC
gy p g p p
containing H, and a unitary on K, such that

T" = pPrU" |3,

for all positive integers n. Prove that such a T is completely polynomially bounded and that there
exists an invertible operator S such that S~17'S is a contraction with ||S~!||||S|| < 2p — 1 when p > 1.



Solution: By Theorem 9.8 it is enough to prove that ¢ : P(D) —
completely bounded with ||¢||., < 2p —1. Let p(z) = g + @12+ ...

p(T) =

to (10) to get,

only if the Cayley transform of T', C = (T 4 i)(T —

[|IC™]| < M for all integers n.

apl + a1 T+ ...+ a,, T™
+ an U™) |1

Oz()I + pPH(a1U + ...

apl — pao[ + pOé[)I + pPH(alU + ...

ao(1 = p)I + pPrp(U)|n.
It follows by the spectral mapping theorem since p(U) is normal that,

(D) < (p = 1) [p(O)| + 2 lp()] < (p = 1) [Pl
Let (p;j) € M,(P(D)). We have,

ln (i)l = (i (THI < (o = Dl (ig (O + 2| (pig U] -

Since U is a unitary we can apply von Neumann’s inequality for matrices (Corollary 3.12),

+ Pl =

1Pes O e < 1@i)lagcm)

llonll <2p—1.

9.12 let T be an operator with real spectrum. Prove that T is similar to a self-adjoint operator if and

+ amz

+ anU™)|n

2o =1 Pl

B(H) defined by ¢(p) = p(T) is
™ We have,

~ o~~~
(=2

(0]
o — D T

(10)

(11)

(12)

i), has the property that for some constant M,

Solution: Assume first that ||C"|| < M for all integers n. By Sz.-Nagy’s theorem U = SCS~! is

unitary for some invertible operator S. We claim that ST'S

t+1
t—1

o(C) = o(U) = {

cte o(T)}

and that 1 ¢ o(U). From U = SCS™ = S(T + 4)(T —

~1 is self-adjoint. Note that,

i)71S1 it follows that US(T

(13)

—i)S7h =

S(T +4)S~1. On rearranging this equation we get (U —1)ST'S™! = i(U +1). As (U — 1) is invertible
STS™! =4(U —1)"Y(U + 1). Therefore,

(STS™H)* = Z(U+1) (U -1)71
= —i(Ut+nUt-1)t
= i1+ t@a-uuHt
= —i1+0)U v -0)!
= (U-1)""U+1)
= STS™ L.

To prove the converse suppose that T = SRS™!

transform of R. The adjoint of B is given by,

B* =

— B!

where R is self-adjoint and let B denote the Cayley



9.15

and so B is unitary. Further,

B = (S7'TS+i)(S7trs —i)! (25)
= SHT+i)S[S™HT )5]—1 (26)
= ST T - i) 27)
S~ 105. (28)
Hence,
I = [ls=tBms|| < [[s~H[ 1B HIS] = IS~ IllS- (29)
Let T be in B(H) with o(T') contained in the open unit disk. Prove that P = >3 T**T* is a norm

convergent series with HPl/zTP_l/QH <1

Solution: Let R > 0 be chosen so that r(T) < R < 1. By the spectral radius formula there exists
N € N such that [|[T%|"™ < R for all n > N. Therefore |T"| = ||T*"|| < R" for all n > N and
so ||T*"T"|| < R?" for all n > N. It follows that the series is absolutely convergent in B(H) and
consequently norm convergent. Since P is the sum of positive operators and P > I we see that P is
positive and invertible.

Note that,
|PY2rP~12| <1 «— (PYPrP Y2 (PV2TP V) < (30)
— P PrprP Y2 <1 (31)
< T*"PT <P. (32)
We establish this last inequality,
o] o0 o
T*PT =Y THT*THT = T+ =N 11k =p-T<P (33)

k=0 k=0



