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be an elementary Jordan block.

(i) Show that the (1, k) entry of J{" is the (k —1)-th derivative of 2 /(k —1)! evaluated at A\. Deduce

that Jy is power bounded if and only if |A| < 1.

(ii) Prove that if |A| < 1 then J) is similar to a contraction.

(iii) Let T' € M,, be power bounded. Prove that 7' is similar to a contraction.

Solution:

(i) We write Jy = AI + N and note that N is nilpotent of order k. Therefore,

Jr = (M +N)™
min{k—1,m}

e

Jj=0

If m < k —1 then the (1,k) entry is 0 which is also the (k — 1)th derivative of 2™ /(k — 1)!. For

m >k The (1, k) entry is given by,

k-1l

m )\m_kH:m(m—l)...(m—k—i—Q))\m_kH: dk—1
k-1 (k—1)! dzk—1

If A > 1 then

|3 > <k17_11> AR o0 as m— oo

Therefore, Jy is not power bounded. Conversely if |\| < 1, then for m > k — 1

k—1
DY <j7111> A < b ™ 0 as m — oo,
=0

(4)



(ii) Let

1 0 - 0
0 r 0
D.=1 . . .
0 0 il
If r # 0, then ) )
AT 0 0
0
D VADy = | 0 (7)
. L,
| 0 0 0 A |
and so
| Dp—1 D[ < A +7 <1, (8)

for any 0 <r <1 —|Al

(iii) As T is power bounded there exists a constant M such that [|[7"| < M for all n > 0. Let J
denote the Jordan form of 7" and suppose that J = diag(Jy,, ..., Jy,), where J), is an elementary
Jordan block. Suppose that R~'TR = J. We have that,

J*=R'T"R = diag(J} ..., J}) (9)

and,
17 < R TR|| < M [[RT[ IR (10)
Hence J), is power bounded. It follows by part (i) that |\;| < 1for¢=1,...,l and so by part (ii)

i
there exist similarities Sy, ...,S; such that S;lei S; is a contraction. Let D = diag(Sy,...,S)),
S = RD and note that

|S7TS|| = [|D™*RTITRD|| = |[D~D|| = max [[$717,8 < 1. (11)

10.3 i) Show that g1, f1,p1,q1 satisfy 1)-4) of Theorem 10.8.
ii) Show that if gim, fm, Pm, gm satisfy 1)_4)’ then gmt1, fm+1, Pmt1, Gm+1 satisty 1)'4)'

Solution:

i) We have g1 = ¢1 = 1, pi(2) = —h12" which has degree at most k; and filz) = hiz*t which
implies I'(f1) = (h1,0,...).

ii) We compute

Frgi(e?) = Fu(e”)Bpya(e) (12)
gm(ew) pm(eiw) 1 _Em+1e_ikm+19 (13)
fm(ez‘o) qm(e—w) hm+1eikm“0 1
gm(ew) + hm+1€ikm+10pm(€_i0) Pm (e—iﬂ) - Em-i—le_ikarlggm (eiG)
= (14)

fm(ew) + hm-i—leikarlg(Jm(e_ie) Qm(e_w) - Em-i—le_ikarlefm(eig)
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10.4

10.5

We will deduce properties 1) and 4), the remaining deductions are similar. We have,
gm+1(ei9) = gm(eie) + hm+leikm+16pm(e_i9)- (15)

By assumption the degree of g, and p,, is at most k,, but pm(ew) is a polynomial in negative
powers of € and so the degree of the second term in (15) is at most &, 41. The only contribution
to the constant term in g,,41 is from g, since k41 > k. It follows that ¢,,(0) = 1. Now
consider

Fri1(€7) = fin(€”) + hn 1™ 10 g (7). (16)
Since kpy1 > 2k 4+ 1 the smallest exponent that appears in Ay, 1e?m+19,, (e7%) is at least
Ems1 — km > km + 1. In addition the constant term of ¢, is 1 and so the coefficient of zFm-+1
is hyy1. Therefore, the coefficients of 2, k = 0,...,ky, in f, and fni1 are the same and the
coefficient of zFm+1 in f, 11 is hpy1. Hence, T'(fri1) = (h1y -+ hany Bnt1, 0, ...

Let T' be the map of Theorem 10.8. Prove that I': A(D)/kerI" — ¢2 is a Banach space isomorphism
with [T < 1,07 < Ve.

Solution: By standard results on quotient spaces and using the fact that I' is contractive and onto we
have that I" is a bijective, contractive map. From the proof of Theorem 10.8 we see that given h € ¢2
there exists a f € A(D) such that I'(f) = h and || f|| < /e ||h||. Thus,

E1 0] = 1+ ker T < 1] < Ve Al "o
and so [T < /e

Let C1,...,C, denote the 2" x 2" CAR matrices, let Ey1,...,E, 1 be the standard matrix units in
M, and let (M E1 1+ ...+ MEn1) = MC1 + ... + A0, so that ® is an isometry. Prove that

1@l = v/n/2.
Solution: Let C' =\ C1 +...4+ A\, C),. Let P=CC* and Q = C*C. Note that
C?= D MN(GC+ GG+ ) NCE =0, (18)

J ]
1<i<j<n j=1

From this we get QP = C*C?C* = 0. Moreover,

P+Q=CC"+C"C =Y NN(CC;+CiCy) = INT. (19)
i,j=1 i=1

It follows that ||P|| = [|Q|| = ||P + Q|| = 321, |\i|*. Therefore ® is an isometry.

Recall that C;C; = Ig)(ifl) ® Fo9o ® ISQ(”*Z'), i =1,...,n. Therefore C;C} is a diagonal matrix with
ones and zeroes on the diagonal. Inspection reveals that the pattern of ones and zeros is 2°~! zeroes
followed by 2/~! ones and so on down the diagonal. Therefore the matrix >, CiC? is diagonal with
n being the largest diagonal entry. Hence, ||>°" ; C;Cf|| = n.

Let A € M, (M,) be the matrix.
El,l L. En,l



By permuting the columns of A we see that A is unitarily equivalent to the matrix which has 1’s in

the first n diagonal entries and is zero otherwise. Therefore ||A| = 1. Now,
C ... Col[C ..o
|0 (A) P (A)7| E E : : (21)
0 ... 0 cro.. 0
> Cicr|[=n (22)
i=1

Hence [|®]|, > [[@n]l > v/n.




