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Chapter 14: An Operator Space Bestiary

Solutions

June 8, 2006

14.1 Let V be a normed space, X an operator space and let ϕ : X → MIN(V ), ψ : MAX(V ) → X be
linear maps. Prove that ‖ϕ‖ = ‖ϕ‖cb and ‖ψ‖ = ‖ψ‖cb. Deduce that MIN(V ) and MAX(V ) are
homogeneous.

Solution: Let (xi,j) ∈Mn(X) with ‖(xi,j)‖ ≤ 1. Recall that if g is a linear functional on an operator
space, then g is completely bounded and ‖g‖cb = ‖g‖. Consider,

‖ϕn((xi,j))‖ = sup{‖(f(ϕ(xi,j)))‖ : f ∈ V ∗1 } (1)
= sup{‖(f ◦ ϕ)n((xi,j))‖ : f ∈ V ∗1 } (2)
≤ sup ‖(f ◦ ϕ)n‖ (3)
= ‖f ◦ ϕ‖ (4)
≤ ‖f‖ ‖ϕ‖ (5)
≤ ‖ϕ‖ (6)

We may assume that ‖ψ‖ ≤ 1. We begin by noting that

‖(vi,j)‖Mn(MAX(V )) = sup{‖(ϕ(vi,j))‖ : ϕ : V → B(H), ‖ϕ‖ ≤ 1}. (7)

To prove this, note that the equation in (7) defines an operator space norm on V which is larger than
‖‖MAX(V ). These must be equal, since ‖‖MAX(V ) is the largest operator space norm on V . By Ruan’s
theorem there exists a complete isometry ρ : X → B(H) for some Hilbert space H. Note that the map
ρ ◦ ψ : V → B(H) is contractive. Therefore,

‖(ψ(vi,j))‖X = ‖ρn(ψ(vi,j))‖ (8)
= ‖((ρ ◦ ψ)(vi,j))‖ (9)
≤ ‖(vi,j)‖Mn(MAX(V )) . (10)

Hence ‖ψn‖ ≤ 1 and ‖ψ‖ = ‖ψ‖cb

14.2 Let V be a normed space, X an operator space and let ϕ : MIN(V ) → X. Prove that ‖ϕ‖cb ≤ α(V ) ‖ϕ‖.
Solution: We may assume α(V ) < ∞. Define j : MIN(V ) → MAX(V ) by j(v) = v, and ψ :
MAX(V ) → X by ψ(x) = ϕ(x). Note,

‖ψ(v)‖ = ‖ϕ(v)‖ ≤ ‖ϕ‖ ‖v‖MIN(V ) ≤ ‖ϕ‖ ‖v‖MAX(V ) . (11)

Therefore, ψ is bounded and ‖ψ‖ ≤ ‖ϕ‖. By Exercise 14.1 ψ is completely bounded and ‖ψ‖cb = ‖ψ‖.
Since ϕ = ψ ◦ j we see that ϕ is completely bounded. Now,

‖ϕ‖cb = ‖ψ ◦ j‖cb ≤ ‖ψ‖cb ‖j‖cb = α(V ) ‖ψ‖ ≤ α(V ) ‖ϕ‖ . (12)
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14.3 (Zhang) Let Fn denote the free group on n generators

{u(n)
1 , . . . , u(n)

n }. (13)

Prove that the maps ϕ : MAX(`1n) → C∗u(Fn) and ψ : MAX(`1n) → C∗u(Fn−1) given by

ϕ((λ1, . . . , λn)) = λ1u
(n)
1 + . . .+ λnu

(n)
n , (14)

and
ψ((λ1, . . . , λn)) = λ1u

(n−1)
1 + . . .+ λn−1u

(n−1)
n−1 + λnI, (15)

are complete isometries.

Solution: Let e1, . . . , en ∈ `1n denote the standard basis, let λ = (λ1, . . . , λn) ∈ `1n and let (vi,j) =∑n
k=1Ak ⊗ ek ∈Mm(MAX(`1n)). We have ϕm((vi,j)) =

∑n
k=1Ak ⊗ u

(n)
k . Assume that ρ : `1n → B(H).

From,

‖ρ(λ)‖ =

∥∥∥∥∥
n∑

k=1

λkρ(ek)

∥∥∥∥∥ ≤
n∑

k=1

|λk| ‖ρ(ek)‖ , (16)

it follows that ρ is contractive if and only if ρ(ek) is a contraction on H for k = 1, . . . , n. By definition,
and the observation just made, we have,∥∥∥∥∥

n∑
k=1

Ak ⊗ ek

∥∥∥∥∥
MAX(`1n)

= sup


∥∥∥∥∥

n∑
k=1

Ak ⊗ ρ(ek)

∥∥∥∥∥
B(H(m))

: ρ : `1n → B(H), ‖ρ‖ ≤ 1

 (17)

= sup


∥∥∥∥∥

n∑
k=1

Ak ⊗ Tk

∥∥∥∥∥
B(H(m))

: T1, . . . , Tn ∈ B(H), ‖Tk‖ ≤ 1

 (18)

Now,∥∥∥∥∥
n∑

k=1

Ak ⊗ u
(n)
k

∥∥∥∥∥
C∗(Fn)

= sup

{∥∥∥∥∥
n∑

k=1

Ak ⊗ Uk

∥∥∥∥∥ : U1, . . . , Un ∈ U(H),H a Hilbert space

}
(19)

where U(H) denotes the unitary group of B(H). If ρ : `1n → B(H) then ρ(ek) is a contraction and so
the supremum on the right side of (19) is smaller than the right side of (17).

By exercise 5.4, given any n contractions T1, . . . , Tn on H we can dilate T1, . . . , Tn to n unitaries
U1, . . . , Un on K. Therefore,∥∥∥∥∥

n∑
k=1

Ak ⊗ Tk

∥∥∥∥∥
B(H(n))

≤

∥∥∥∥∥
n∑

k=1

Ak ⊗ Uk

∥∥∥∥∥
B(K(n))

. (20)

Hence, (17) and (19) are equal.

If (vi,j) =
∑n

k=1Ak ⊗ ek ∈ Mm(MAX(`1n)), then ψm((vi,j)) =
∑n−1

k=1 Ak ⊗ u
(n−1)
k + An ⊗ I. The norm

of ψm is given by, ∥∥∥∥∥
n−1∑
k=1

Ak ⊗ u
(n−1)
k +An ⊗ I

∥∥∥∥∥
C∗(Fn−1)

(21)
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By the universal property of C∗(Fn) there is a ∗-homomorphism π : C∗(Fn) → C∗(Fn−1) such that
u

(n)
k 7→ u

(n−1)
k−1 for k = 1, . . . , n − 1 and u

(n)
n 7→ 1. Similarly there is a ∗-homomorphism σ : C∗(Fn−1)

to C∗(Fn) such thatu(n−1)
k → u

(n)∗
n u

(n)
k . We have,

(π ◦ σ)(u(n−1
k ) = π(u(n)∗

n u
(n)
k ) = u

(n−1)
k . (22)

Therefore σ is one-one and a ∗-isomorphism. Now,∥∥∥∥∥
n−1∑
k=1

Ak ⊗ u
(n−1)
k +An ⊗ I

∥∥∥∥∥
C∗(Fn−1)

=

∥∥∥∥∥
n−1∑
k=1

Ak ⊗ u(n)∗
n u

(n)
k +An ⊗ u(n)

n un

∥∥∥∥∥
C∗(Fn)

(23)

=

∥∥∥∥∥
n∑

k=1

(In ⊗ u(n)
n )(Ak ⊗ u

(n)
k )

∥∥∥∥∥
C∗(Fn)

(24)

=

∥∥∥∥∥(In ⊗ u(n)
n )

n∑
k=1

Ak ⊗ u
(n)
k

∥∥∥∥∥
C∗(Fn)

(25)

=

∥∥∥∥∥
n∑

k=1

Ak ⊗ u
(n)
k

∥∥∥∥∥
C∗(Fn)

. (26)

(26) is due to the fact that In ⊗ u
(n)
n is a unitary in Mm(C∗(Fn)).

14.4 Prove that the maps ϕ : MIN(`1n) → C(Tn) and ψ : MIN(`1n) → C(Tn−1) given by

ϕ((λ1, . . . , λn)) = λ1z1 + . . .+ λnzn (27)

and
ψ((λ1, . . . , λn)) = λ1z1 + . . .+ λn−1zn−1 + λn (28)

are complete isomteries.

Solution: Let (vi,j) ∈ Mm(`1n), α = (α1, . . . , αn), β = (β1, . . . , βn) ∈ `2m and z = (z1, . . . , zn) ∈ Tn. If
µ = (µ1, . . . , µn) ∈ `1n, then

‖µ‖`1n
= sup

z1,...,zn∈T
|µ1z1 + . . .+ µnzn| . (29)

It is a consequence of the triangle inequality that the right hand side of (29) is smaller than the left
hand side. To prove the reverse inequality we simply choose zj ∈ T, j = 1, . . . , n such that µjzj = |λj |
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for j = 1, . . . , n. To see that ϕ is a complete isometry we compute,

‖(ϕ(vi,j))‖Mm(C(Tn)) = sup
z∈Tn

‖(ϕ(vi,j)z)‖Mm
(30)

= sup
z∈Tn

sup
‖α‖2≤1,‖β‖2≤1

|〈(ϕ(vi,j)z)α, β〉| (31)

= sup
z∈Tn

sup
‖α‖2≤1,‖β‖2≤1

∣∣∣∣∣∣
m∑

i,j=1

ϕ(vi,j)(z)αiβj

∣∣∣∣∣∣ (32)

= sup
z∈Tn

sup
‖α‖2≤1,‖β‖2≤1

∣∣∣∣∣∣
m∑

i,j=1

ϕ(vi,j)(z)αiβj

∣∣∣∣∣∣ (33)

= sup
‖α‖2≤1,‖β‖2≤1

sup
z1,...,zn∈T

∣∣∣∣∣∣
n∑

k=1

 m∑
i,j=1

αiλ
(k)
i,j βj

 zk

∣∣∣∣∣∣ (34)

= sup
‖α‖2≤1,‖β‖2≤1

∥∥∥∥∥∥
m∑

i,j=1

αivi,jβj

∥∥∥∥∥∥
`1n

(35)

= ‖(vi,j)‖Mm(MIN(`1n)) . (36)

To establish that ψ is a complete isometry we need only prove the following analogue of (29):

‖µ‖`1n
= sup

z1,...,zn−1∈T
|µ1z1 + . . .+ µn−1zn−1 + µn| . (37)

If we choose w ∈ T such that wµn = |µn| and for j = 1, . . . , n−1, pick zj ∈ T such that zjµj = w−1 |µj |,
then

‖µ‖`1n
= |z1wµ1 + . . .+ zn−1wµn−1| (38)
= |w| |z1µ1 + . . .+ zn−1µn−1 + µn| (39)
= |z1µ1 + . . .+ zn−1µn−1 + µn| . (40)

This implies (37).

14.5 Prove Proposition 14.7.

Solution: We endow Mm,n(CB(E,F )) with the norm it inherits through its identification with
CB(E,Mm,n(F )). Let Φ = (ϕi,j) ∈Mm,n(CB(E,F )) and let X = (xk,l) ∈Mr(E). Let A ∈Mp,m and
B ∈Mn,q.We have,

(AΦB)r((xk,l)) = ((AΦB)(xk,l)) (41)
= (AΦ(xk,l)B) (42)
= (A⊕ . . .⊕A)︸ ︷︷ ︸

r times

Φr((xk,l)) (B ⊕ . . .⊕B)︸ ︷︷ ︸
r times

. (43)

Hence,
‖(AΦB)r)((xk,l))‖ ≤ ‖A‖ ‖Φr((xk,l))‖ ‖B‖ . (44)
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It follows,

‖AΦB‖CB(E,F ) = ‖AΦB‖cb (45)
= sup

r≥1
‖(AΦB)r‖ (46)

= sup
r≥1

‖A‖ ‖Φr‖ ‖B‖ (47)

= ‖A‖ ‖Φ‖cb ‖B‖ (48)
= ‖A‖ ‖Φ‖CB(E,F ) ‖B‖ . (49)

Let Φ ∈Mm,n(CB(E,F )) and Ψ ∈Mp,q(CB(E,F )). Now,

(Φ⊕Ψ)r((xk,l)) = ((Φ⊕Ψ)(xk,l)) (50)

=
([

Φ(xk,l) 0
0 Ψ(xk,l)

])
. (51)

A permutation of the rows of this last matrix shows that it has the same norm as[
Φr((xk,l)) 0

0 Ψr((xk,l))

]
. (52)

Hence,

‖Φ⊕Ψ‖CB(E,F ) = ‖Φ⊕Ψ‖cb (53)
= sup

r≥1
‖(Φ⊕Ψ)r‖ (54)

= sup
r≥1

max{‖Φr‖ , ‖Ψr‖} (55)

= max{sup
r≥1

‖Φr‖ , sup
r≥1

‖Ψr‖} (56)

= max{‖Φ‖CB(E,F ) , ‖Ψ‖CB(E,F )}. (57)

Thus, CB(E,F ) is an operator space.

14.8 Let γ : Cn → Rn be the map γ (
∑n

i=1 λiEi,1) =
∑n

i=1 λiE1,i. Prove that γ is an isometry and
‖γ‖cb =

∥∥γ−1
∥∥

cb
=
√
n.

Solution:As γ is the transpose map γ is an isometry. Let C = (Ci,j) ∈Mm(Cn) where

Ci,j =

 λ
(i,j)
1
... 0

λ
(i,j)
n

 . (58)

Let

Ri,j = γ(Ci,j) =

[
λ

(i,j)
1 · · · λ

(i,j)
n

0

]
(59)

By a canonical shuffle we see that

‖(Ci,j)‖ =

∥∥∥∥∥∥
 A1

. . . 0
An

∥∥∥∥∥∥ , (60)
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where (Ak)i,j = λ
(i,j)
k and Ak ∈Mm. Similarly

‖(Ri,j)‖ =
∥∥∥∥[

A1 · · · An

0

]∥∥∥∥ . (61)

Now, ∥∥∥∥∥∥
 A1

. . . 0
An

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
 A1

. . . 0
An

∗  A1

. . . 0
An

∥∥∥∥∥∥ (62)

=
∥∥∥∥[ ∑n

i=1A
∗
iAi 0

0 0

]∥∥∥∥ (63)

=

∥∥∥∥∥
n∑

i=1

A∗iAi

∥∥∥∥∥ , (64)

and,

∥∥∥∥[
A1 · · · An

0

]∥∥∥∥2

=

∥∥∥∥∥∥
[
A1 · · · An

0

] A∗1
. . . 0
A∗n

∥∥∥∥∥∥ (65)

=
∥∥∥∥[ ∑n

i=1AiA
∗
i 0

0 0

]∥∥∥∥ (66)

=

∥∥∥∥∥
n∑

i=1

AiA
∗
i

∥∥∥∥∥ , (67)

Since ‖AkA
∗
k‖ ≤ ‖

∑n
i=1AiA

∗
i ‖ we see that,∥∥∥∥∥

n∑
i=1

A∗iAi

∥∥∥∥∥ ≤
n∑

i=1

‖Ai‖2 (68)

=
n∑

i=1

‖AiA
∗
i ‖ (69)

≤ n

∥∥∥∥∥
n∑

i=1

AiA
∗
i

∥∥∥∥∥ (70)

A similar argument shows that ‖
∑n

i=1AiA
∗
i ‖ ≤ n ‖

∑n
i=1A

∗
iAi‖. Therefore

‖γm‖ ≤
√
n and

∥∥γ−1
m

∥∥ ≤ √
n (71)

for all m ≥ 1.

To prove equality in (71) we consider E ∈Mn(Cn) given by

E =

 e1
... 0
en

 . (72)
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by permuting rows we see that ‖E‖ =
√
n. Note that a permutation of the rows of γn(E) brings it to

the form [
In 0
0 0

]
. (73)

Therefore ‖γn(E)‖ = 1. It follows that
∥∥γ−1

n

∥∥ ≥ √
n. By considering

E =
[
eT1 · · · eTn

0

]
, (74)

we get ‖γn‖ ≥
√
n. Combining these with the inequalities in (71) we get

‖γ‖cb =
∥∥γ−1

∥∥
cb

=
√
n. (75)
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