Euler’s Method for Higher Order Equations and Systems
A tutorial by Asst Prof Russell Jackson
Earlier in the semester, we discussed Euler’s Method for a first-order ODE and used Microsoft Excel to perform the iteration, with no programming necessary.  It is not difficult to extend this analysis to systems and higher-order equations.

The primary tool for dealing with higher-order equations is reduction of order.  An nth order equation can be rewritten quickly as a first order (n-dimensional) system.
Example.  Consider the differential equation 

y′′ + 4y′ + 4y = 0.

This is a second order equation that models a critically-damped spring.  In order to write this as a first order system, we introduce a new variable for the first derivative, y′.  For instance, we could call it v since y′ often represents velocity.  So 
y′ = v
by definition, but taking a derivative of both sides, we also have y′′ = v′.  The original differential equation can then be written as a first order equation in v.  So we have the system

y′ = v 
           v′ = – 4v – 4y.
The Euler Iteration.  For systems, Euler’s Method works exactly as it did before, but now there are two or more dependent variables (here, y and v) instead of just one.  In general, for a system of first order differential equations like

x1′ =  f1(x1, x2,…, xn, t),   x1(t0) = x10
x2′ =  f1(x1, x2,…, xn, t),   x2(t0) = x20 
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xn′ =  f1(x1, x2,…, xn, t),   xn(t0) = xn0 
we choose a step size h and again just follow the derivative from one point to the next.

                                            tk+1  =   tk + h 

x1k+1  =  x1k + h f1(x1 k, x2 k,…, xn k, t k)

x2k+1  =  x2k + h f2(x1 k, x2 k,…, xn k, t k)
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xnk+1  =  xnk + h fn(x1 k, x2 k,…, xn k, t k)

Please note that the superscripts here represent the step number and not exponentiation.
We will elaborate upon our original example and numerically approximate the solution using Euler’s Method.
Example.  Consider the initial value problem 

y′′ + 4y′ + 4y = 0,     y(0) = 0,    y′(0) = 2.

This can be rewritten as a system

y′ = v,                  y(0) = 0
           v′ = - 4v - 4y,       v(0) = 2.         .
0.  Open up a new Microsoft Excel worksheet.  
1.  Type t in square A1, y in square B1 and v in square C1.  
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2.  Enter your initial t-value in A2, your initial y-value in B2 and your v-value in C2.
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3.  It is often a good idea to keep our step-size h in a cell of its own.  In cell F1, I am going to enter “h=”, as a reminder, and then I will keep the actual h-value (here, 0.1) in cell G1.  Then, if I choose to change h later, I simply need to adjust the value in this single cell.
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4.  Now, to the heart of Euler’s Method.  What value goes in A3?  Well, t is the independent variable, and we are simply increasing the previous value (the one in cell A2) by h (which is in F1).  So we enter “= A2 + $G$1” in cell A3.  Note the “$” characters are used to denote a constant reference.  When we start moving down the spreadsheet, we don’t want Excel to guess that our h value has also wandered.
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5. And in B4 and C4?  Well, this depends upon the particular system under consideration.  The updated values for y and v depend upon the values of t, y and v in the previous step (A2, B2 and C2) as well as h (which is always in F1).  
In our example B3 is “= B2 + $G$1*C2” and C3 is “= C2 + $G$1*(-4*B2-4*C2)”
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6. Now for the magic of iterating in Excel.  The next values (in row 4) depend upon row 3 in exactly the same way that row 3 depended upon row 2.  So we can simply click on cell A3, and while holding the mouse button, move the cursor across cell B3 and into cell C3.  When you let go of the mouse button, these three cells should be surrounded by a black box, with a little “fill handle” at the lower right corner.  We just drag (click and hold) that corner down the page – and Excel automatically fills in the appropriate iteration steps as far as we go!  I’ll drag it off the bottom and clear down to cell C2001.
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7. Now we have a huge table of approximate values for the solution to our differential equation.  To get better approximations, simply shrink the value of h.  
Further Ideas!

Idea 1: To plot a graph of the solution, highlight the t and y values you wish to graph (go ahead and choose all of them) and then click Insert, then Chart and choose a scatter plot to your liking (I prefer “scatter with data points connected by lines”).  Bill Gates makes a lot of odd assumptions about how you would like your graph to look, so you may need to adjust the settings a bit.
Alternately, you could draw a phase-plane diagram by highlighting the y and v values.  This will allow you to see the solution decay to zero along the eigendirection in the phase plane.

Idea 2: To see how the approximate solution changes with h, use a scrollbar to set the value of h.  In Microsoft Excel 2003, the scrollbar can be find in the menu View, Toolbars > Forms.  Unfortunately, the scrollbar only gives integer outputs.  In the visualization below, I formatted the scrollbar with a range between 1 and 100 and sent the output off the page to cell M1, and then put “=0.01*M1” in cell G1, where the value of h is found.
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Homework (due Friday, April 3)
1.  Use Reduction of Order and Euler’s Method with step size h = 0.1 to approximate x(1), where x(t) is the solution of the initial value problem

2x′′ + 3x′ – 2x = 0,    x(0) = 1, x′(0) = –1
Find the analytical solution of the problem and compare the values at t = 1.

2.  Use Euler’s Method with step size h = 0.2 to approximate x(1) and y(1) in the system

x′ = – y + t

y′ = x – t

x(0) = –3,   y(0) = 5

Find the analytical solution of the problem and compare the values at t = 1.
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