
SM311O (Third Exam) { Solutions

24 April 1998

1. Use double or triple integration to determine the volume of the tetrahedron
with vertices (0; 0; 0), (2; 0; 0), (0; 3; 0), and (0; 0; 4).

Solution: The equation of the slanted face of the tetrahedron is x=2 + y=3 +
z=4 = 1. Solve this equation for z:

z = 4� 2x� 4=3y:

The volume is now computed from

Z 2

0

Z 3�3x=2

0

Z 4�2x�4y=3

0
dzdydx

which is 4.

2. Compute the ux of the velocity �eld v = (1� x2)j through the surface S, the
disk of radius 3 in the xz-plane centered at the origin.

Solution: The parametrization of the disk is

r(u; v) = hu cos v; 0; u sin vi:

The normal n to this surface is

n = ru � rv = �uj:

The ux is determined from
Z 3

0

Z 2�

0
h0; 1� u2 cosv; 0i � h0;�u; 0i dudv

which simpli�es to Z 3

0

Z 2�

0
�u+ u3 cosv dvdu

and evaluates to
45�=4:
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3. Compute the ux of the velocity �eld h0; 0; zi through the surface of the hemi-
sphere x2 + y2 + z2 < 1 and z � 0. (Hint: You may calculate the ux directly,
or indirectly by applying the divergence theorem.)

Solution: We compute the ux indirectly. Let D be the region bounded by
the hemisphere and disk of radius 1 in the xy-plane. The divergence theorem
states Z Z Z

D
div v dxdydz =

Z Z
S
v � dA

where S is the union of the hemisphere and the disk. Since div v = 1, the triple
integral is the volume of the hemisphere, which is

2�=3:

Thus, the ux through the hemisphere is

2�=3�
Z Z

disk
v � dA:

But the ux through the disk is zero because the velocity �eld v = h0; 0; zi is
zero there. Therefore, the ux through the hemisphere is

2�=3:

4. Let v = h2xy � z2; x2 � 2yz;�y2 � 2zxi.

(a) Does v have a potential �? If no, explain. If yes, �nd it.

Solution: (a) r � v = 0 so v has a potential. Let � be the potential.
Then

(�)
@�

@x
= 2xy � z2;

@�

@y
= x2 � 2yz;

@�

@z
= �y2 � 2zx:

Start by integrating the �rst equation with respect to x:

�(x; y; z) = x2y � xz2 + f(y; z):

Di�erentiate this result with respect to y and compare with the second
equation in (*):

@�

@y
= x2 +

@f

@y
= x2 � 2yz:

Therefore,
@f

@y
= �2yz;
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from which we get
f(y; z) = �y2z + g(z):

So the potential takes the form

�(x; y; z) = x2y � xz2 � y2z + g(z):

Finally, we di�erentiate � with respect to z and compare the result with
the last equation in (*). This shows that g = 0 and that

�(x; y; z) = x2y � xz2 � y2z:

(b) Since v has a potential, we have

Z B

A
v � dr = �(B)� �(A):

Therefore, Z (1;1;1)

(0;0;0)
v � dr = �1:

(b) Compute
R
C v � dr where C is the straight line connecting (0; 0; 0) with

(1; 1; 1).

5. Let v(x; y; z) = hax2 � by2; cxy; 0i be the velocity �eld of a uid whose density
is one and its viscosity is zero. Here a, b, and c are arbitrary real numbers. Find
all values of these constants so that the pair (v; p) satis�es the Navier-Stokes
equations

�(
@v

@t
+rv � v) = �rp+ ��v; div v = 0:

Solution: BEEN THERE ... DONE THAT. Look the solution up on another
page on the homepage.
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