
Solutions to the Homework Set on page 117

4.  = �0:001 sin2x sin 2y. See Figure 1 for the contours of this stream function. This graph
was obtained by executing the following line in Mathematica:

ContourPlot[-0.001 Sinh[2 x]Sin[2 y], {x, -5, 0}, {y, 0, Pi}, ContourShading->

False, Contours->20, PlotPoints->50]

5(a).  1 = 0:1 sinhx sin y.

v = h
@ 1

@y
;�

@ 1

@x
i = h0:1 sinhx cos y;�0:1 coshx sin yi

which, when evaluated at P = (�1:2; 0:1), yields

v
(�1:2;0:1)

= h�0:150192;�0:0180764i:

This computation is performed in Mathematica by executing:

psi = 0.1 Sinh[x]Sin[y];

v = {D[psi, y], -D[psi, x]};

v /. {x -> -1.2, y -> 0.1}

See Figure 2. This graph was obtained by executing

<< Graphics`PlotField`

psi = 0.1 Sinh[x]Sin[y];

v = {D[psi, y], -D[psi, x]};

vec = v /. {x -> -1.2, y -> 0.1};

a = PlotVectorField[v, {x, -3, 0}, {y, 0, Pi}];

P={-1.2, 0.1};

b=Graphics[{RGBColor[1,0,0],{PointSize[0.02],Point[p]}}];

c = Show[Graphics[{RGBColor[0, 0, 1],

Line[{P, P + vec}]}]]

Show[a, b, c]

5: b)  1 = �0:1 sinhx sin y.

v = h
@ 1

@y
;
�@ 1
@x

i = h�0:1 sinhx cos y; 0:1 coshx sin yi

which, when evaluated at P = (�1:2; 0:1), yields

v
(�1:2;0:1)

= h0:150192; 0:0180764i:

So the e�ect of using c = �0:1 is to reverse the direction of the velocity vector in Figure 2.

5(c).  = 0:1 sinhx sin y � 0:2 sinh2x sin 2y. So

v = h
@ 1

@y
;�

@ 1

@x
i = h0:1 sinhx cos y � 0:4 sinh2x cos y;�0:1 coshx sin y + 0:4 cosh2y sin 2yi
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which, when evaluated at P = (�1:2; 0:1), yields

v
(�1:2;0:1)

= h1:99272; 0:423522i:

See Figure 3. Note that the vector �eld and the velocity vector have di�erent scales.

5(c).  = 0:1 sinhx sin y + 0:2 sinh2x sin 2y. So

v = h
@ 1

@y
;�

@ 1

@x
i = h0:1 sinhx cos y + 0:4 sinh2x cos y;�0:1 coshx sin y � 0:4 cosh2y sin 2yi

which, when evaluated at P = (�1; 0:1), yields

v
(�1;0:1)

= h�1:53876;�0:314378i:

See Figure 4. Note that the vector �eld and the velocity vector have di�erent scales.

6.  = c1 sinh
�x
h
sin �y

h
: Then v = c1�

h
hsinh �x

h
cos �y

h
;� cosh �x

h
sin �y

h
i. As expected (see page

112), div v = 0 and r� v = 0.

9.  = �0:001 sinhx sin y: So v = �0:001hsinhx cos y;� coshx sin yi. We need to solve the
system of ordinary di�erential equations

x0 = �0:001 sinhx cos y; y0 = 0:001 coshx sin y;

subjet to teh initial data
x(0) = �5; y(0) = b;

where b = h
12

or h
11
, etc. The following program does exactly that and leads to Figure 5.

psi = -0.001Sinh[x]Sin[y];

f[x_, y_] = D[psi, y];

g[x_, y_] = -D[psi, x];

initial = Table[{-5, Pi/(12 - i)}, {i, 0, 3}];

Do[sol = NDSolve[{x'[t] == f[x[t], y[t]], y'[t] == g[x[t], y[t]],

x[0] == initial[[i + 1, 1]], y[0] == initial[[i + 1, 2]]}, {x, y}, {t,

0, 2}];

graph[i] = ParametricPlot[Evaluate[{x[t], y[t]} /. sol], {t, 0, 2}], {i, 0,

3}]

Show[Table[graph[i], {i, 0, 3}], PlotRange -> {{-5, -4.5}, {0, Pi/3}}]

10.  = �0:02 sinhx sin y + �x sin y. Then

v = 0:02h(� sinhx+ �x) cos y; (coshx� �) sin yi:

Figure 6 shows the particle paths of P = (�2; 0:1) when � = 0:01 (red curve) and � = 0:1 (blue
curve). From these graphs, it apperas that the addition of �x sin y has caused  to be rotational
(can you prove this?) at least when � is large enough.

Remarkably, increasing � from 0:01 to 0:1 seems to result in periodic motion. Figure 7 is the
same as Figure 6 when we have allowed the two ows develop for a longer stretch of time. The blue
curve (corresponding to � = 0:1) seems to be a closed curve while the red curve seems to indicate
that the particle is escaping the bay.
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Figure 1: The contours of the stream function  (x; y) = �0:001 sinh2x sin 2y (see Problem 4).
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Figure 2: The vector �eld corresponding to  1 in problem 5(a) and the velocity vector at P =
(�1:2; 0:1) shown in blue (see Problem 5(a)).
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Figure 3: The vector �eld corresponding to  1 +  2 in problem 5(c) and the velocity vector at
P = (�1:2; 0:1) shown in blue (see Problem 5(c)).
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Figure 4: The vector �eld corresponding to  1 +  2 in problem 5(d) and the velocity vector at
P = (�1; 0:1) shown in blue (see Problem 5(d)).
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Figure 5: The particle paths of the �rst mode (see Problem 9).

7



-2.75 -2.5 -2.25 -2 -1.75 -1.5 -1.25 -1

0.025

0.05

0.075

0.1

0.125

0.15

0.175

0.2

Figure 6: The particle paths of the perturbed �rst mode (see Problem 10).
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Figure 7: The particle paths of the perturbed �rst mode (see Problem 10) for large t values. The
blue curve corresponds to � = 0:1 anb the red to � = 0:01.
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