
P rojectO ne

VelocityFields inR ectangularandPolarCoordinates

M any° uid° owsandcurrentsinoceanography(orgeophysical° uiddynam-
ics)haveapredominantlycircularcharactertothem.H urricanes,tornadoes
andstreams,suchastheG ulfStream,areexamplesof° owswhosestructureis
dominatedbyavortexoragyre.W henthe° owistwo-dimensional,itisoften
mathematicallymoreeconomicaltorepresentthese° ows inpolarcoordinates
ratherthaninrectangularcoordinates.T hepurposeofthisprojectistodevelop
themathematicalrepresentationsofvelocityinthesetwocoordinatesystems.

L etv(x;y)beavelocity ēld. W e representthis velocity in rectangular
coordinatesas

v=v i+ v j1 2

where i andjareunitvectors inthehorizontalandverticaldirections.W ith
(x(t);y(t))denotingthepathofa° uidparticle,wehavethesystemofcoupled
di®erentialequationsthatrelatethepositionofaparticleattimettoitsvelocity:

dx dy
=v (x;y;t); =v (x;y;t): (1)1 2dt dt

W hentheoriginalpositionoftheparticleisknown(suchasx(0 )=1;y(0 )=¡2,
say),onesolves thesystem ofdi®erentialequations in(1)togettheparticle
path.

W erepresentthevelocityofaparticleinpolarcoordinatesby

v=v e + v e (2)r r µ µ

wheree ande areunitvectors in thedirections ofincreasingrand µ, seer µ
Figure1.T hegoalofthisprojectisto n̄dtheanalogueof(1)intermsofr(t)
andµ(t),thepolarcoordinatesof(x(t);y(t)).

1.R ecallthepolar{ rectangularrelations

x=rcosµ; y=rsinµ: (3)

U setheserelationstoshowthat

e =cosµi+ sinµj; e =¡sinµi+ cosµj: (4)r µ

U setheserelationstoshow

i=cosµe ¡sinµe ; j=sinµe + cosµe : (5)r µ r µ

M oreover,showthat

de der µ=e ; =¡e :µ rdµ dµ
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R emark1 :N otethatthesubscriptsrandµ ine ande donotdenoter µ
partialdi®erentiations!

R emark2:Itis importanttonotethattheunitvectors i andjdonot
@i @idependonxandy,thepositionatwhichtheyapply.H ence, = =0 ,@x @y

withsimilarrelations holdingforj.O ntheotherhand,theunitvectors
e ande dependonµ ofthepositionatwhichtheyapply.r µ

2.L et(x(t);y(t))and(r(t);µ(t))denotetheparametrizationofthepathof
aparticle,theformerinrectangularcoordinates andthelatterinpolar
coordinates.Itfollowsform(3)that

x(t)=r(t)cosµ(t); y(t)=r(t)sinµ(t): (6)

R eturningto(1),wehavethefollowingrelationbetweenvandxandy:

dx dy
v= i+ j:

dt dt

U sethisrelationand(6)toshowthat

dr dµ
v= e + r e : (7)r µdt dt

Compare(7)and(2)toconcludethat

dr dµ 1
=v ; = v : (8)r µdt dt r

Systems (1)and(8)aretworepresentations ofthe same ° uid
° ow.B ecausev andv arefunctionsofrandtheta,system(8)dē nesar µ
systemofdi®erentialequationsinr(t)andµ(t)that,whencombinedwith
(6),leadstothesamepath(x(t);y(t))thatonewouldgetfrom(1).

3. (a)ConsidertheM erry-go-roundvelocity ēldv=yi¡xj.Showthat
v=¡re.(H int:U se(5).µ

(b)L etP =(¡1 ;0 )bethepositionoccupiedbya° uidparticleattime
t=0 .Findthepathofthis particleundervtwice,oncebysolving
(1)andnextbysolving(8).Plotthetwoparticlepaths.Colorthe
pathinrectangularcoordinatesredandtheoneinpolarcoordinates
blue.Combinethetwographstoseethattheyareidentical.

y xp p4. (a)ConsidertheO seenvortexv= i¡ j.Showthat
2 2 2 2x +y x + y

v=¡e.µ
(b)Plotthepathoftheparticlelocatedat(1;0 )attime0 fort2(0 ;3),

r̄stusingtherectangularrepresentationandnextthepolarrepre-
sentation.
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y x5. (a)Considerthe L ine vortexv= i¡ j. Showthatv=2 2 2 2x + y x +y
1¡ e.µr

(b)Plotthepathoftheparticlelocatedat(1;0 )attime0 fort2(0 ;3),
r̄stusingtherectangularrepresentationandnextthepolarrepre-
sentation.

6. (a)U singtheM erry-go-roundvelocity ēld,plotthepathsoftheparti-
cles locatedat(¡1;0 ),(¡2;0 ),(¡3;0 ),and(¡4;0 )attimezerofor
t2 (0 ;3).Colortheparticlepaths redandcombinethem onthe
samescreen.

(b)R epeattheaboveproblem fortheO seenandL inevortices,coloring
theparticlepathsgreenandblue,respectively.

7.W hatisthequalitativedi®erencebetweenthethreevorticeswehavestud-
ied? Inparticular,whathappens toastringofdyethatis positionedat
timezeroineach° owalongtheinterval(¡4;¡1 )astimesevolves?
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