P rojectO re
V elbaty FHelks iNnR ecanguler and P ol Coordinates

I any® ud® ons ad aunants in acsenagrephly (@rgaaphysical ® uid dynem-
i) have a pradaminently draular daracker 1o tham - H umicanes, tamedoss
ad streams, sudh as et ulfS tream, are eamples of° ons wWhose structLre is
doninated by avatexaragyre_ W hen the ® avis tnodmasiadl, itis often
mathematically mare econonical 1o ripresait these ° ons in polar coadinates
ratharthen in rectiangularcoadinates - T he purpase of this projectis todevekp
the mathamatical represartatias ofveloaty in these tho coadinate systans .

L et VGsy) be a\veladty " eld. W e represant this \ebodty in rectenguler
cocadinates &

V=Vt o
where i ad j are unitvedtoss in the haizattal ad vartical directias- W ith
Oy ©) denoting the path ofa® uid particke, we hae the system of acaupkd
dexattialeguatias thatrelate the pasi tion ofapartickattime t oits \elbaty:

S=veyin S=veyin O

W henthe aigral pasition ofthe partick is knonn Gudhas > )=1;y( )= i2,
say), ae sohes the systam of d@xatial equatias in () to get the partick
path._

W e impresat the \elod ty ofa partice in polar coadinates by

V=Vt g D

wvhere - ad g, are unitvedass in the directias of inaessing r and 4, see
Figae!l T he gal ofthis prgjectis t© nd the analog e of ( ) in taxms of i ®
ad u@®, the polarcoadinates of GOy )-

1 _R ecall tre pobx redanguler reltias

X=ras|; y = rsiny: (¢))
U se ttese reltias to shovthat
e =amli+ sSinyj; g = jsinui+ aspj: @
U se these reltias toshow
i=asluer jSiNug;;  j=sinuer+ aspe;: ©
I areoer; shonvthat

B _q; %=ier:

N



R emark! |\ ole that the susaipts rand | in - and g, do notdanote
partial d&®raitiatias!
R emark 2 : Itis important  note that the unitvedors | ad j donot
depend anxandy, thepasitian abwhich they gpply.H ence, & = & =0,
with similar relatias hadding o j - 0 n the other had, the unitvectars
& and g, deperd anp of the pasiian atwhidh they gpply.

2 .l et &y ®) ad O @) daote the parametrization of the path of

a partick, the famer in rectanguler cocodinaies and the Etter in polar
coadinatss. Itidlbns fom @) that

XO=rOacsu®y yO=rOsnu® ©
R etuming © (), we have the Tolloning relation betineen v and xand y -
_dk O
v= c_t'+ aF
U se this reltian ad ¢) o shovthat
V= ger+ ré—q;ql: @)
Campare (D) ad @) to aochuce that
OEltr=vr: é—q;=£rvu: e

Systems () ad @) are tho rpresentatias of the same ° uid
° oN.B easev, ady, aefuxdtias of rand theta, systam @)ce nesa
systam ofd®zarttial euatias in ri)and L@ that, when cambined with
6), etk tothe same path Gy ©) thatae vwaud getfiran ()-

3. @) Casidertell emyrgoyaurd\elbdty edv=yi j>g-Shovtat
v=jrg, -@ intuUs G).
O L etP = Gl ;0)bethe paitian coapied by a° ud partick at time
t=0 - And the path of this partick under v thice, ace by soMing
) ad nextby soMing @)- P bt the w0 partick patts - Color the
path in rectiangularcoadinatss red and the ae in polarcoodinates
blLe_ Canbire the to gephs 1o see that they are idantical -

4 _ @) Casider the 0 seen vortex v = p;TLyzi i pxz%yzj- Show that
V= jg, -
@)P_lxlrepalhcfltepa’licb Ibatied at ( ;0 )attimel fort2 ( ;3),

1St using the rectanguilar represantatian and next the polar repre-
saation.-



5. (a)CfrsiobrlheL ik \vortexv= %{—yzi i seryzd- Shovtatv =

1S -

©) P bt the path ofthe partick lbbcated ak ( ;0 )attime! frt2 @ ;3),
" st sing the rectangular Ipresattiatian and next the polar riepire-
satatian -

6. @Usngtel arygorond\elodty ed, pbtthe paths of the parti-
des lbated ak (G150, (230D, (370D ad (G40 ) attime zao for
t2 (;3)- Coo the partick patts red and anbine team an te
same saeen.-

©®) R gpeat the above prablem o the 0 seen ad L ine varticss, aoking
the partide patts gean and ble, respectinely.

7\ hatis the gualitative d@race betnem the three varticss we hae stud-

ied? In partiaular, what heppas to astring of dye thatis pasitiaed at
timezeroin eech® ovalbg tre interal (54; jl ) as times evobes?



