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“Could a butterfly in a West Africa rain for-
est, by flitting to the left of a tree than to
the right, possibly set into motion a chain of
events that escalates into a hurricane striking
coastal South Carolina a few weeks later? As
bizarre as this premise may sound, research of
the last few decades suggests that the answer
IS yes, and that the effect is hardly limited to
butterflies "

Page 263, “Perils of a Restless Planet”, Ernest
Zebrowski, Jr.
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Veronis’s Initial-Boundary Value Problem

0
Ay + T, A9) + 820 = KAy + 2,
ox H
where
2 2
A 9L 07
Ox2 = Oy?
and
J(a,p) = 2296 0a0db
OxOdy Oyox

Initial-Boundary Value Problem

Solve the PDE with

W
g = ——sin 2 sin g, wind stress
L L L

Y(x,y,0) = given
and

Yv=0, when xz=y=0, and z=



Nondimensionalize variables:

t/ %%
= L /, = L / t = —, —
x x Y Y e (02 6Hw
New PDE:
oY . .
AP+ RI(Y, D) + 7= —eAY —sinzsiny,
X
where
K
rR=_" =5
62HL3 BL

Initial condition
Y(x,y,0) = Yo(x,y),
Boundary Condition:

Yv(x,y,t) = 0 on the boundary of (0,7)x (0, )



Galerkin Method:

1. Choose a basis ¢;;(z,y) for L2((0,7)x (0, 7))
which satisfy the boundary condition (say
gb” = sinix Sin jy Or gb” = TZ(.SU)T](y) where
T; is related to the Chebyshev polynomial
on (0,m)).

2. Seek a solution of the form

N N
Y=Y > a;;(t)¢i;(z,y).

i=1j=1

3. Substitute ¢ into PDE, take inner product
with ¢émn, m = 1,2,.... N, n = 1,2,.... N
and end up with N2 Ordinary differential
equations for aj- Solve this initial-value
problem to get an approximate solution.



Let

Lly] = Ay + RI(¢, AY) + ¢z + Ay + F

Galerkin method reduces to:

| | Lt émn dady = o,

m=1,..,.N, n=1,...,N,

where
N

N

Y= > > a;;(t)¢i;(z,y).
i=1j=1

Computational Symbolic Algebra reduces the

problem to N2 ODEs in N2 unknowns.



Case N = 2: Let

qbz'j = sinx Sin jy.

Then
v = a(t)sinxsiny + b(t) sin 2xsin y+

c(t) sinxzsin 2y 4 d(t) sin 2x sin 2y

a,b, c,d satisfy the system:

, 4 5 n 1
a =——>b—¢ca—+ —,
3T 2
38 O
¥ = —a+ —Rac — eb,
157 20
3 9
¢ = ——d— —Rab — ec,
157 20
1
d =—c—ed.

3T



First Two Coefficient eps =0.01, N
i [
\&é NAET VARt



Dynamical System — (Particle Paths)

dz _ 0y dy _ 0y
dt 9y dt Oz

where

N N
Y(z,y,t) = D Y aij(®)ii(x,y).

n=1n=1
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eps =0.01, N = 2

R=20.3

Particle Path,
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First Two Coefficients, R= 0.3, eps =0.01, N =3




eps =0.01, N =3

R = 0.3,

Particle Path,
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Lorenz’s Initial-Boundary Value Problem

Boussinesg Approximation:

p = po(1l—a(d—>0h))

Models a 2-D atmosphere, heated from the
bottom. When 4t is “small”, the equilibrium
solution is stable. At a critical value of dt
(Rayleigh Number), the equilibrium solution
becomes unstable and rolls develop. Lorenz's
model is intended for this regime.

Equations (¢p = Stream function, 8 = temper-
ature, v = viscosity, k = thermal diffusivity, «
= volume expansion)

00

A+ J(, AY) = vAZp + ga—

5t 8

Aby+ J(P,0) =vAl+ — T
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Domain D={(az,z)|0<w<%,0<z<H}

Boundary Conditions: @ = zero everywhere on
0D and 0 zero at z = 0 and z = H and insulated

at x = 0 and x:%.

Prandtl Number P :% (approximately 10)

3
Rayleigh Number R, = go‘i ot

4 2)\3 L
Critical Number R =T~ (1:;“ ) (minimum oc-
curs when a? = 3)

Condition for existence of rolls R, > R.

Lorenz’s condition: r = %CCL = 28
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Galerkin Method:

N N
¢($7Z7t) — Z Z a’lj(t) sin
i=1j=1
N N
0(z,z,t) = > > b(t)cos
i=0j=1

awxr |, JTZ
sin ——,
H

AT |, JTZ
sin ——,
H

17



N =2, deltaT =5, Glerkin Coefficients
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N=2 ,deltaT =5, Fluid Fl ow
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N=2 ,deltaT = 10, Fluid Fl ow
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. When is the hamiltonian system asymptot-
ically autonomous?

. When is the hamiltonian system asymptot-
ically periodic? (Dafermos, 1972)

. If not asymptotically periodic, then what?
(Wiggins, DHT, 2000)

. What is the impact of choice of bases on
complexity?

22



