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Differential Algebras on Semigroup Algebras

Mutsumi Saito and William N. Traves

ABSTRACT. This paper studies algebras of operators associated to a semigroup
algebra. The ring of differential operators is shown to be anti-isomorphic to the
symmetry algebra and both are described explicitly in terms of the semigroup.
As an application, we produce a criterion to determine the equivalence of
A-hypergeometric systems. Conditions under which associated algebras are
finitely generated are studied. These results are sufficient to establish Becker’s
conjecture in the semigroup case. As well, an algorithm is provided to compute
the composition series of D-modules over semigroup algebras.

1. Introduction

This paper studies two algebras of operators associated to a semigroup alge-
bra. The ring of differential operators was first introduced by Sweedler [20] and
Grothendieck [4] and has been extensively studied in the context of normal toric
varieties [8, 12, 13]. The symmetry algebra is a more recent arrival connected
with the study of A-hypergeometric differential equations. These systems of partial
differential equations are determined by two parameters, a semigroup and a vector.
The symmetry algebra was introduced by Saito [14] to characterize parameters
giving rise to equivalent systems.

We begin the paper by telling “a tale of two algebras.” Both authors presented
papers about differential algebras on toric varieties at the AMS-IMS-STAM Summer
research conference at Mount Holyoke in 2000. The operators appearing in Theorem
3.2.2 appeared in both talks, prompting our collaboration. Indeed, while at the
conference we proved Theorem 2.3.3, showing that the symmetry algebra and the
ring of differential operators are anti-isomorphic.

Both algebras of operators are introduced in Section 2 in great generality;
however, we confine our attention to semigroup algebras in the remainder of the
paper. We begin Section 3 with an explicit description of the ring of differential
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operators D(R4) on a normal toric variety due to Jones [8]. In this case, the graded
ring GrD(R4) is finitely generated. In contrast, we give an example showing that
GrD(RA) need not be finitely generated if R4 is a nonnormal semigroup algebra.
This example reappears throughout the paper; we use it to illustrate many of our
constructions.

We introduce the notion of a scored semigroup algebra in order to characterize
those semigroups NA with GrD(C[NA]) finitely generated. Indeed, we conjecture
that all rings of differential operators on affine semigroups are finitely generated, but
only the scored semigroups admit finitely generated graded algebras GrD(C[NA]).
Evidence is provided to support this conjecture.

We then turn our attention to the map D(R) — D(R, R/m) from the ring of
differential operators to the module of constant coefficient differential operators.
We show that Becker’s conjecture holds for semigroup algebras: when GrD(R)
is finitely generated, the map D(R) — D(R, R/m) is surjective. One of the key
ingredients in the proof is an explicit characterization of D(R, R/m) in the case of
semigroup algebras.

Section 3 closes with an algorithm to determine the graded pieces of the ring of
differential operators on a semigroup algebra. This is heavily dependent on the com-
putational insights developed in [15]. As an application of our anti-isomorphism,
the theorem determining the equivalence of A-hypergeometric systems is extended
to non-homogeneous systems.

In the final section we study the structure of modules over the ring of differential
operators on a semigroup algebra. Using the algorithms developed in Section 3, we
develop an algorithm to determine the composition series of such a module. In turn,
this leads to a classification of those semigroup algebras R4 that are D(R 4)-simple.
An example is given to illustrate the contrast with the situation for saturated
semigroups: all normal toric varieties are D-simple.

The authors are grateful to Bernd Sturmfels for encouragement and advice at
the outset of this project.

2. A Tale of Two Algebras (of Differential Operators)

2.1. Rings of Differential Operators. There are many equivalent defini-
tions of the ring of differential operators on an algebraic variety. Here, we present
the most elementary and best-motivated definition. To fix notation, let X be an
affine algebraic subvariety of C". Let R be the coordinate ring of X: X = Spec(R).
We write X = V(I) and R = M

Just as we define the ring of functions on X by restricting functions on the
ambient space to X, we would also like to realize differential operators on X by
restricting operators in the Weyl algebra, W = C(z1,...,2n,01,...,0n), to R (here
0; stands for a%i). Of course, not every operator in the Weyl algebra acts on R in
a well-defined way: only the operators in the idealizer of I, {§ € W : 6(I) C I},
act on R. Further, we quotient the idealizer by the set of operators whose image
lies entirely in I. It is easy to check that these are just the operators in IW. This
motivates the following description of differential operators on subvarieties of affine
space.
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DEFINITION 2.1.1. Let R = M The ring of differential operators on R
(or on Spec(R)) is
{0eW: 0x1C1I}
N w ’
here, as in the rest of the paper, we write 6 * b to mean the image of b € R under
the map 6.

D(R)

This definition is equivalent to more abstract definitions such as: Grothendieck’s
definition in terms of commutators ([4]), the definition in terms of the action of the
enveloping algebra R ®¢ R on End¢(R) ([18]) and the realization of D(R) as the
endomorphisms of R that are continuous in every I-adic topology on R (for all
ideals I of R; see [2]).

2.2. Symmetry Algebra. The symmetry algebra of A-hypergeometric sys-
tems was introduced in [14] to study morphisms among A-hypergeometric systems
with different parameters. Here we define the symmetry algebra in a wider context.

Let p: G — GL(V) be a representation of a complex linear algebraic group G
on V = C". Let I be a G-stable left ideal of W. Given a character A of the Lie
algebra Lie(G), we define a W-module

M(N) =W/I+ > W(L - X)),
£€Lie(G)

where L¢ is the vector field on V' = C” induced from the G-action: (L¢f)(v) =
%f(e_tfv)nzo. Let dp* denote the differential of the contragradient action on V*,
and also its representation matrix with respect to the basis z1,...,2,. Then

(1) L§ = —de*(&)”xjaz
iyJ
The module M;(\) is trivial unless A vanishes on Ker(dp*). Hence it is natural

to assume that the representation dp* is faithful, and we do so from now on.

EXAMPLE 2.2.1. Let a; = !(ay;,...,aq;) € Z¢ be the j* column of the matrix
A(GG=1,....,n),and let T = { (¢t1,...,tq)|t1,...,ta € C* } act on V = C" via

t-v= (t17...,td)-(1}17...,1}d) = (tal'U]_,.-.,tan'Un),

where 8 = ¢ ... 5%, Let ey,...,eq denote the standard basis of Lie(T) = C.
Then dp*(e;) = diag(—ai1, ..., —ai), and thus Lo, = 2?21 a;;x;0;. In this case,

dp* is faithful if and only if the matrix A = (ay,...,a,) has rank d.

The most intriguing case occurs when I = WI(X) for a G-stable subvariety X
of the dual space V*, where I[(X) is the defining ideal of X in C[V*] = C[d4, ..., 0y].
This case includes many interesting examples, such as: the system for the relative
invariants of regular prehomogeneous vector spaces; Harish-Chandra systems on
Lie algebras (see [7]); A-hypergeometric systems (cf. Example 2.2.1) and their
generalizations, Tanisaki’s systems ([21]) and Kapranov’s systems ([9]), which will
be implicitly considered in the next section.

DEFINITION 2.2.2. Let S(W/I) := {6 € W|If C I}. Then the algebra
S(W/I) := S(W/I)/I = Endw (W/I) is called the symmetry algebra of the W-
modules M ().
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By differentiating the G-stability of I, we see Lg € S(W/I) for all ¢ € Lie(G).
Given a character y of Lie(G), put

S(W/I)y :={0 € SW/I)|[Le, 0] = x(§)0 for all £ € Lie(G) }.

REMARK 2.2.3. The operators in S(W/I), are contiguity operators shifting
‘parameters’ by x in the following sense. Let § € S(W/I),,, and ¢ be a solution to
M;(N). Then 6(v) is a solution to My(A + x).

Since the action comes from the action of G, S(W/I), = 0 unless x is the
differential of a character of G. When G is an algebraic torus, we have

SW/nH= @ SW/a,
x€Hom(G,CX)

where dy denotes the differential of a character x of G.
2.3. Equivalence of the Two Algebras.

LEMMA 2.3.1. If I is an ideal of R = Clxy,...,2,] and 0 is an element of
the Weyl algebra, W = C(xy,...,2pn,01,...,0n), then 0IW C IW if and only if
Ox1cCI.

PrOOF. Suppose that 0IW C IW. Then o I C IW so
OxI=@ol)x1CIWx1l=1.

Conversely, suppose that § « I C I. Let n be an element of IW and write § on =
> o Pa0® where 02 = a%!afl -+ 9% If each P, € I then §on € IW and we are
done. Aiming for a contradictioﬁl7 assume that some P, ¢ I. Let b be an n-tuple
of minimal total degree such that P, ¢ I. Then

(Bon)*xzP =P, mod I.

Since 6 * I C I and the image of the map n : R — R is in I, it follows that the
image of 6 o i is contained in I. So P, € I, producing a contradiction. O

Let ¢ : W — W denote the involutive anti-automorphism interchanging x; and
0; for all i. Let p: G — GL(V) be a representation of a complex linear algebraic
group G on V = C".

LEMMA 2.3.2. If¢, & € Lie(G) satisfy tdp*(§) = dp*(£'), then ¢(L¢) = Ler+C,

where C € C and t stands for the operation of taking the transposed matriz.
Proor. This is immediate from the equation (1). O

If tdp*(Lie(G)) = dp*(Lie(G)), then for each & there exists unique £’ satisfying
tdp*(€) = dp*(€'), since the representation dp* is faithful. In this case we define ¢ (&)
to be the element satisfying tdp*(€) = dp*(4(€)). Clearly ¢ defines an involutive
anti-automorphism of Lie(G).

THEOREM 2.3.3. Let I(x) be a G-stable ideal of Clxy,...,2,]. Assume that
to(G) = p(@G), and that the representation dp* is faithful. Then I(0) = ¢(I(z))
is G-stable, and ¢ induces an anti-isomorphism between the symmetry algebra
S(W/WI(0)) and the ring of differential operators D(Clx]/I(z)). The map ¢ re-
spects but does not preserve the grading: the x-graded piece of one algebra is sent
to the (—x o ¢)-graded piece of the other algebra.
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PROOF. Let g,h € G satisfy p(g~!) = tp(h). Then we have g.¢(f) = ¢(h.f)
for f € Clxy,...,x,]. Hence I(9) is G-stable. The next statement follows from
Lemma 2.3.1 as

p(ct/n = LE <(§>)VMV/ C I(@m)W)

and

{0 eW:1(0)0 Cc WI(D)}
W1I(09) '
Note that if y is a character of Lie(G), then so is x o ¢. The final result is
established by a simple computation:

0 € S(W/WID))y < [Le, 0] = LeO — 0Le = x(£)6 (€ € Lie(G)).

S(W/WI(d)) =

Applying ¢ gives

d(0)p(Le) — p(Le)p(0) = x(£)o(0) (€ € Lie(G))
= #0)Lge) — Lo)o(0) = x(£)o(0) (€ € Lie(G))
= d(0)Le — Lep(0) = x(0(£))o(0) (£ € Lie(G))
= [Le, ¢(0)] = —xoo(&)o(f) (&< Lie(G))
= #(0) € D(R)—yoo-

3. Differential Algebras on Toric Varieties

3.1. Toric Varieties. Our description of toric varieties follows Sturmfels [19].
Let A = (a;;) be a d xn matrix of full rank whose entries lie in Z. The columns a; of
A generate a semigroup and we consider the semigroup algebra R4 = C[t?1,... 2],
where we have used multi-index notation: ¢t = t{"* -.-t7'*. The algebra R has a
presentation given by the short-exact sequence,

0— 14— Clxy,...,xy] > Ra — 0,

and the ideal I4(z) is generated by binomials in the variables x1, ..., z,. Indeed,
14 is generated by terms 2P — 2™ where p and n are vectors of non-negative integers
such that A(p —n) = 0. For later use, let I4(0) denote the similar ideal in the
polynomial ring generated by the 0;’s:

14(8) = ({0° — 8™ : A(p —n) =0}) C C[d1,...,d,].

The saturation of the semigroup generated by the columns of A consists of a cone
o in a lattice ZA bounded by hyperplanes h;(t1,...,tqs) = 0 (oriented so that the
functionals h; are positive on the cone o). We determine each h; uniquely by
requiring h;(ZA) = Z

2. Ring of Differential Operators for Affine Toric Varieties. We be-
gin with an explicit description of the ring of differential operators on an affine toric
variety. Our description follows Jones [8] and Musson [12]. To start, we note that
differential operators behave well under localization.

LEMMA 3.2.1. If S is a multiplicatively closed set in R, then
ST'R®r D(R) = D(S7'R).



6 MUTSUMI SAITO AND WILLIAM N. TRAVES

PROOF. This follows from the observation that differential operators of bounded
order are determined by maps to R from a universal object (the jet module; see
Grothendieck [4]). O

This allows us to reduce to the case where the cone o generated by the columns
of A is strongly convex (it does not contain any lines through the origin). If the
cone ¢ is not strongly convex, then ¢ contains a strongly convex cone NB C ¢ so
that R4 = C[NA] is a localization of C[NB].

At this stage, ZA = n1Z X --- X ngZ for nonzero integers ny,...,ng. After
multiplying row ¢ by 1/n; (this does not change the isomorphism type of Ry), we
may assume that the lattice ZA equals Z¢ and A is a d x n integer matrix.

Now let S be the multiplicatively closed set C[NA\ 0] in R4. Then

STIR4 = C[ZA] = C[F, ..., tT).

Lemma 3.2.1 now implies that every differential operator on R4 can be realized as
a differential operator on C[tF!, ... t1]:

D(Ra) C D(C[tY, .. 65 ) = Cft, 6510y, ..., 00) = CUE, .t 5 01, ..., 04),

where 0; = t;0;. The multigrading on C[Z?] induces a multigrading on D(C[Z%)):
t? is assigned degree a and the 6; are assigned degree 0. In turn, this induces a
multidegree on D(Ry4). Consider the graded piece of D(Ry4) of degree a. Each
element of this module is a sum of elements of the form ¢*P(#) where P(0) =
P(0y,...,04) is an operator in C[Z9] of multidegree 0. In order for the operator
t2P(0) to induce an action on R4 it must stabilize C[NA]. Furthermore, every
operator in D(R4)a is obtained in this way. The operators ¢*P(f) that stabilize
C[NA] are those operators in which P(#) vanishes on the set

Ona(a) = Qa) = ZO({b e NA: a+b ¢ NA}),

where ZC(S) indicates the closure of S in the Zariski topology on Z%; that is, we
require that P(0) lie in the ideal I(Q2(a)) of C[f1,...,04]. When the semigroup
NA is saturated (that is, the algebra R4 is normal), this ideal is principal and the
generator has a particularly nice description in terms of the boundary hyperplanes
hi(01,...,04) =0.

THEOREM 3.2.2. Let R4 be the coordinate ring of a normal toric variety whose
associated semigroup NA is the saturated cone bounded by the hyperplanes h; = 0
(t=1,...,k). Then:

(1) We have the following description of the ring of differential operators as a graded
object:

D(Ra) = @ D(Ra)a= EP t*Pa(6s,...,04)C[b1,. .., 04],

acZA acZA
where
—hi(a)
Pa(0r,....00) =[] J] (hi6s,....00) =5 +1).
i=1 j=1

(2) Put Dy =1*P,. Then
Da’Da - Da+a’pa/,a7
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where
min{—h;(a+a’),0}—1
Pa’,a = H H (hz - m)
hi(a)>0, h;(a’)<0 m=—h;(a)
—hi(a)—1

X H H (hz — m)

hi(a)<0, h;(a’)>0 m=max{—h;(a+a’),0}
REMARK 3.2.3. Note that pa' a = ¢_a,—a’ in the notation of [14].

PROOF. For the first part, we only need to show that P, defines the ideal of
C[b1,...,04] vanishing on (a). To see this, note that b € NA is in (a) if and only
if a4+ b & NA. Because NA is a saturated cone, this is equivalent to the existence
of a boundary functional h; such that h;(a 4+ b) < 0. Since h; is linear, this just
means

So
k —hi(a)

H(Q(a)) = H H (hl(ola .- 'agd) _j + 1)((:[917 .. '70d}'

i=1 j=1
Next we prove the second statement. Since Do Dy € D(RA)atar, there exists
a polynomial ¢ € C[0] such that Dy Da = Datarg(6). Then
G Paya(0)q(0) = Datarq(f)
= DaD,
= 2 Py (0)t*Pa(6)
= 2P (0 +a)Pa(h).
Hence ¢(6) = Pa(0)Par (0 + a)/Patar (0) = par.a(6). O
We say that a,a’ € ZA belong to the same chamber if h;(a)h;(a’) > 0 for all i.

The following is immediate from Theorem 3.2.2.

COROLLARY 3.2.4. Define D, € D(C[Z]) as in Theorem 3.2.2 regardless of
the normality of R4, i.e.,

k —hi(a)
Da:taH H (hi(01,...,04) —j+1).
i=1 j=1

Then DarDay = DaDy if and only if DarDa = Dayar if and only if a and a’ belong
to the same chamber.

COROLLARY 3.2.5. When R4 is normal, the generators of D(R4) are the ele-
ments of {Da}taca where A contains all generators of the chambers of NA as well as
the origin 0. In fact, if we consider the filtration of D(RA) by order and pass to the
graded algebra Gr(D(R4)) then the symbols of these operators generate Gr(D(R4));
that is, {Dataca is a canonical subalgebra (SAGBI) basis for D(R4).

ExXAMPLE 3.2.6. We illustrate the use of Corollary 3.2.5 by computing the
generators for Gr(D(R4)) where Ry is the coordinate ring of the twisted cubic. In
this case the matrix A is

1 1 11
{ 01 2 3 ] '
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We introduce a convenient abuse of notation: usually one would reserve the
term cone for ¢ = R>¢A; we will also call NA a cone when the semigroup is
saturated. Further, if F' is a facet of R>gA, we will refer to F N NA as a facet of
NA.

In our example, NA is a cone (saturated semigroup) bounded by the hyper-
planes hy = 0 = 0 and hy = 367 — 05 = 0. The chambers of NA are the cones of
the fan obtained by extending these two hyperplanes: see Figure 1.

FIGURE 1. The semigroup NA (left) and a fan illustrating the four
chambers (right).

The generators of the four chambers, together with the operators D, are listed
below. For instance, the vector a = (0, 1) is required to generate the chamber in
the second quadrant. The graded piece of D(R4) of weight a is a principal module
over D(R,)o generated by D, = taha(01,02) = 3ty — ta63. The operators in the
right column of the table in Figure 2, together with 6; and 6, generate D(R4) as
a C-algebra.

Multidegree, a | D,
1,0) 131
t1to

)
) tat3
)
)

tits
tghg

1,0) ha(ha — 1)(ha — 2)/t;
-1,-1) ha(ho — 1)(h1)/t1ta
1
1

,—2) hohi(hy — 1)/t1t3
,—3) hi(hy — 1)(hy — 2)/t1t3
0,-1) hy/ts

FIGURE 2. Generators of D(Ry4) over C[01, 05]

When R4 is not normal, the ideal I(€2(a)) corresponding to the graded piece
D(R4)a is not necessarily principal. In the examples below we show that D(R4)
has good properties when R4 is normal but these are apt to fail in the non-normal
case.

EXAMPLE 3.2.7. We give a basic example illustrating what can go wrong when
R4 is not normal. Consider the affine toric variety V(2% — 233,23 — 2324) C C*
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associated to the matrix

here the coordinate ring is R = Ra = C[tits,t2,t3,t3]. The semigroup NA is

illustrated in Figure 3.

ta

tq
FIGURE 3. The semigroup NA

The ring of differential operators D(R) is finitely generated. To see this, first
note that there are four chambers, corresponding to the four quadrants. We claim
that the generators of D(R) are:

Multidegree, a | Generators of I(€2(a))

(17 O) 917 92

(2,0) 1

(3,0) 1

(0,1) 1

(—1,0) 01(61 —2), 6105

(=2,0) 01(61 — 1)6, 61(61 —1)(61 — 3)
(0,-1) (01 — 1)0,, 65(02 — 1)

(0,-2) (01— 1)03(02 — 1), 62(62 —1)(62 — 2)

The details of this calculation are postponed to Example 3.3.4.

While D(R) is finitely generated, the graded ring GrD(R) is not finitely
generated. To see this we first construct a projection map from Gr(D(ZA)) =
(C[tlﬂ, tzﬂ,&,fg] to Clta, &) (here, & and &3 stand for the images of 9; and 0s in
the graded ring). This induces a ring homomorphism Gr(D(R)) — GrD(ZA) —
Clts, &) whose image is easily checked to be Clta, tofa, 123, 1265, .. .]. As the image
is not a finitely-generated algebra, the domain GrD(R) cannot be finitely generated.

EXAMPLE 3.2.8. We consider the case of the cuspidal cubic: z? — 23 = 0.

This has coordinate ring C[z1,z2]/(2? — 23) = C[t?,t3] = Ra, where A = [3 2].
There are two chambers for NA and one can check that GrD(R) is generated by
the operators corresponding to weights {d : —3 < d < 3}. Direct computation now
shows that GrD(R4) = C[t?,#3,t£,12€,£2,£3,t£%] = Rp, where

2312001
“loo0 1123 2|

In general, if GrD(R4) is finitely generated, the Krull dimension of GrD(R4) is
twice that of R4 (see, for example, [11] or [10, Chapter 15]). This particular ex-
ample is somewhat unusual in the sense that both R4 and GrD(R,4) are monomial
algebras. This occurs whenever R4 has dimension 1 but GrD(R4) need not be
generated by monomials when dim(R4) > 1. For example, consider the semigroup
generated by *(1,0), ¥(1,1) and *(1,2). For many more interesting facts about dif-
ferential operators on monomial curves (semigroup algebras of dimension one), see
[3]. These computations suggest the following natural project:

B
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PROBLEM 3.2.9. When GrD(R,) is finitely generated, describe the structure
of the characteristic variety ch(Ra) = Spec(GrD(R4)).

We have seen that when NA is not saturated GrD(R4) may or may not be
finitely generated. Call a semigroup NA scored if its saturation o satisfies: (1)
R>p0 = R>oA is a strongly convex cone and (2) o \ NA consists of hyperplane
sections of o parallel to facets of 0. Figure 4 illustrates three semigroups. The
saturated semigroup in (a) is scored as is the semigroup in (b), obtained by deleting
the two hyperplanes —65 + 407 = 1 and —65 + 40, = 2. Because of the isolated
point at (1,0), the semigroup in (c) is not scored.

(a)

FIGURE 4. Scored and nonscored semigroups.

Examples, like those above, suggest the following conjectures.

CONJECTURE 3.2.10. (1) The graded ring of differential operators GrD(R,) is
finitely generated if and only if NA is a scored semigroup. (2) The ring of differential
operators D(R,) is finitely generated for all semigroups NA.

Of course, part (2) of this conjecture is just the content of Corollary 3.2.5 when
NA is saturated. We turn our attention to the necessity of the condition in part
(1) of the conjecture. First we state a technical lemma of a combinatorial nature
that will be used in the proof of the subsequent Theorem.

LEMMA 3.2.11. Let {v1,...,vk} be a set of K wvectors all of whose components

have absolute value less than T > 0. That is, we start with a set of vectors in the
ball {v € R : |v|_ < T}. Suppose that a positive integral combination Zfil n;V;
is componentwise greater than or equal to (3TK,...,3TK). Then all components

of Zfil [n;/2]v; and Zlel |n;/2]v; are greater than or equal to KT.

PRrOOF. Note
K K

> ni/2lvi =Y (ni/2)vi| < KT/2.

i=1 i=1 00
Thus, each component of Zfil [n;/2]v; is larger than the corresponding component
of Zfil(ni/Q)vi minus KT/2. But this is at least % - % = KT. The claim for
ZiKzl |n;/2]v; is proven similarly. O

THEOREM 3.2.12. When NA is a semigroup that is not scored then GrD(R4)
s not finitely generated.
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PROOF. We aim for a contradiction and suppose that GrD(R,) is finitely
generated and NA is not a scored semigroup. Let o be the saturation of NA.
Suppose that the symbols of the K operators t8Q,;(0) (i = 1,...,K) generate
GrD(R4) and pick T > 0 such that for all facets F' of o and for all generators,
|hr(—gi)| < T. (This just says that the generators are not too far from the origin).

Note that NA contains a translate of its saturation o: there exists an v € NA
such that oo + ¢ C NA. The reader can examine [5] for results of this kind but
this particular result follows immediately from the fact that the conductor of C[o]
into C[NA)] is graded and nonempty. Modifying T if necessary, we may assume that
hp(a) < T for all facets F of o. It follows that if 8 € NA satisfies hp(8) > T for
all facets F of g, then 8 € a+ 0.

Let L be the smallest non-negative integer such that if v € a+o, then all gener-
ators of By := I(Q(—~)) have degree larger or equal to L+ ) hp(7y). The number
L is strictly positive because of our assumption on NA (the semigroup is not scored
and so Q(—) consists of more than just the expected number > . maz{hr(v),0}
of hyperplanes parallel to facets).

Recall that we are assuming that there are K generators for GrD(Ry4); now
pick v € o+ o with hp(y) > KT for all facets F. We know that there is an
operator P = ¢t~37(Q) such that the degree of Q equals L + . hr(37). Write the
symbol of P as a sum of products [];_, P; where Py is the symbol of ¢t % Q;,
(Qi, € 1(2(—gi,))). Now using Lemma 3.2.11 applied to the vectors (hp(gi,): F
a facet of ), the index set {1,2,...,s} can be partitioned into two disjoint sets R
and S such that for each facet F', hp(3_, . 8i,) > T and hp(d 0, cg8i,) > T. That
is, > 1cr8i €atoand ), g, € a+to. It follows that the degree of [], . Qs
is greater than or equal to L + 3, hr (>, cpg:i,) and the degree of J], .o Qs is
greater than or equal to L + > hr(Y g 94, ). But then

deg(szl Qlk) deg(erR Qlk) + deg(erS QZA)

> (L+Xp hF(ZkeRgik)) +(L+>p hF(ZkESgik))
= 2L+ ZF hF(ZZ:1 9iy,)

= 2L+ ZF hr(37)

= L + deg(Q)

> deg(Q).

It follows that the symbol of P (that is, t=37symbol(Q)) cannot be generated by
the symbols of elements of weights {g;}. So GrD(R4) is not finitely generated. O

It seems difficult to establish the first part of Conjecture 3.2.10 using compu-
tational methods. However, we can do this in the special case that the cone R>oA
is generated by linearly independent generators.

THEOREM 3.2.13. When NA is a scored semigroup and R>¢A is generated by
linearly independent vectors, then GrD(R4) is finitely generated.

Proor. Let {uq,...,uq} C NA be a linearly independent set of elements gen-
erating R>gA. For each facet F' of the cone R>¢A, there is a unique generator
up € {u1,...,uq} such that up € F. Let dr be the maximum of hr(ur) and the
number of hyperplanes parallel to F' missing from NA. Our generators will be the
symbols P, of those operators Q5 with —dp < hp(a) < 2dg for each facet F. Call
the set of such generators G = {P,}aca. Both up and —up are in the index set A
for each facet F'.
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Note that if v € ZA has hp(v) > dp then Q(—v) consists of hr(v) hyperplanes
parallel to F' (plus hyperplanes parallel to other facets). Because Q(—v) consists
only of hyperplanes, Gr D(R)_ is principally generated and has generator divisible
by h}}F(v). Similarly, if hp(v) < —dp then Q(—v) consists of hyperplanes parallel
to other facets of NA, but no hyperplanes parallel to F'. In this case, the generator
of GrD(R)_y is not divisible by hp.

Now we show that the operators with weights in A generate GrD(R). For
b € ZA with hp(b) > 2dp there exists a € A and a positive integer r such that a+
r-up = b. Moreover, GrD(R)_y, is generated by P_y, = P_at~"%F (hp)"hr(ur) =
P_,Pr,, . Similarly, for b € ZA with hp(b) < —dp, there exists a € A and a
positive integer r such that a — r - up = b. Then GrD(R)_p is generated by
Py, = P_4P], . Iterating this procedure for various facets F, we can write any
given weight vector b as an integral linear combination of the ug’s and another
element a € A. Then P_y, is generated by Pi,, and P_,. This shows that the set
G generates GrD(R).

O

REMARK 3.2.14. Together, Theorems 3.2.13 and 3.2.12 imply Conjecture 3.2.10
in dimensions one and two.

Theorem 3.2.13 generalizes a result of Eriksen and Vosegaard [3] in the one-
dimensional case: if the last hole in a one-dimensional semigroup appears at position
g then it suffices to use generators corresponding to weights v with —g < v < 2¢g+1
in order to generate GrD(R4).

The ring of differential operators can be viewed as a special instance of the
module of differential operators D(M, N) from one R-module, M, to another, N.
For details on this construction, see [18]. Part of our interest in the finite generation
of GrD(R) stems from a conjecture due to Joseph Becker. Becker’s conjecture deals
with the module of constant coefficient differential operators D(R, R/m) (here R
is assumed to be local or graded with maximal (homogeneous) ideal m). Define
D(R,R/m) as

{eW: 6xICm}
mW '
In the graded case, it can be shown that D(R, R/m) is precisely the graded dual
of R, that is, D(R, R/m) = Homj,(R, k), the injective hull of the residue field of R
(see [23]). Note that there is a map of R-modules v : D(R) — D(R, R/m) induced
by the quotient map p : R — R/m. It may help to think of y(§) = pod as the
constant coefficient portion of the differential operator .

CONJECTURE 3.2.15 (Becker’s Conjecture). If GrD(R) is finitely generated
as an R-algebra then the map D(R) — D(R, R/m) from differential operators to
constant coefficient differential operators is surjective.

This conjecture is known to imply Nakai’s conjecture: when R is a finitely
generated C-algebra and D(R) is generated as an R-algebra by derivations then R
is smooth over C (see [1]).

We will verify Becker’s Conjecture for semigroup algebras. We begin with
an explicit description of the module of constant coefficient differential opera-
tors on R4 that was suggested to us by Bernd Sturmfels. First note that the
module of constant coefficient differential operators is graded: D(Ra, Ra/ma) =
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@aD(Ra, Ra/ma)ac—na. The graded piece of weight a is a 1-dimensional C-vector
space generated by the linear map that sends £ to 1 and kills all other monomials
in R4. Presenting the algebra R4,

0— 14— Clxy,...,xy] > Ra — 0,

this map can be expressed as the differential operator

~o1 ob
L SR | S rr
{beN": Ab=a} i=1 i
here the strong convexity of NA guarantees that the sum is finite. To check this
formula defines the desired map, note that T, sends I4 to ma and sends any
representative 2P of t2 to 1. Furthermore, by examining the grading, T, sends all
other monomials in R4 to an element of m4. We have established the following
result:

LEMMA 3.2.16. If R4 is a semigroup algebra with homogeneous mazimal ideal
ma, then

o1 o
D(Ra, Ra/ma) = @aena C- > H ;! 9
{b: Ab=a} i=1 i

THEOREM 3.2.17. Becker’s Conjecture is true for semigroup algebras.

PRrROOF. Consider a semigroup algebra R4 with GrD(R,4) finitely generated.
By Theorem 3.2.12 NA is a scored semigroup. Given a € NA, we argue from the
structure theorem that any generator P, of D(R4)_. maps to a constant multiple
of T, under the map v : D(R4) — D(Ra, Ra/ma). By considering the grading, we
see that P, sends all monomials save possibly ¢* into the ideal m 4. Furthermore,
t2 is sent to a multiple of 1 = t%. Since NA is scored, the set {(—a) is a union
of hyperplanes parallel to the facets, none of which pass through a. It follows
that none of the minimal generators of D(R4)_, kill 2. From this it follows
that v(D(Ra)-a) = CT, and hence by Lemma 3.2.16 the map v : D(R4) —
D(R4,Ra/ma) is surjective. O

REMARK 3.2.18. The proof above uses Theorem 3.2.12 but this hides the key
idea: when GrD(R4) is finitely generated, the algebra R4 is simple as a D(R4)-
algebra. Indeed, as Karen E. Smith pointed out [17], the surjectivity of the map
D(R) — D(R, R/m) is equivalent to the D-simplicity of R in a much more general
setting. We give a characterization of D-simple semigroup algebras in Theorem
4.1.6.

By establishing Becker’s conjecture for semigroup algebras we give a new proof
that Nakai’s conjecture holds for semigroup algebras. For another proof, based on
the fact that the normalization of any semigroup algebra is D-simple, see [22].

3.3. Algorithmic Description. In the theory of the symmetry algebra, the
ideal of b-polynomials plays an important role (see [15]). From our viewpoint, the
ideal of b-polynomials B_j, is nothing but t 72D (R 4)a. In this subsection, we review
how to compute B_,. But first let us restate the structure theorem for D(R4),
discussed in the previous subsection.
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THEOREM 3.3.1.
D(Ra) = @ D(Ra)a= € t°B_a,
acZA acZA
where
B_.=t"2D(Ra)a =1(Q(a)).
The ideal B_, is related to the standard pairs of a certain monomial ideal
M_a C C[x]. Let
M_a: = (zV|Aw € —a+NA)
= mono({z") +14:2"),
where a = Av — Au (u,v € N”), and mono stands for the operation of taking the
largest monomial subideal. Algorithm 4.4.2 in [16] gives a procedure to compute
the largest monomial subideal.
For each monomial ideal M C C[x] we can decompose the set of monomials

not in M into standard pairs. A pair (u,7) with u € N” and 7 C {1,...,n} is
called a standard pair of M if it satisfies the following conditions:

(1) uj = 0 for all j € 7. (We abbreviate this to u € N™°, where ¢ stands for
the operation of taking the complement.)
(2) There exists no v € N7 such that %t € M.
(3) For each j ¢ 7, there exists v € N™Y{7} such that %+ e M.
See ([6], [16, Algorithm 3.2.5]) for algorithms to compute the standard pair

decomposition of a monomial ideal.

LEMMA 3.3.2 (Lemma 4.4 in [15]). Let (u,7) be a standard pair of M_,. Then
> jer R>oa; is a proper face of R>oA, and moreover 7 = {ila; € 3 ;. R>oa; }.

Thanks to Lemma 3.3.2, we may identify 7 appearing in a standard pair, with
a proper face, also denoted 7, of R>¢A.

Let S(M_,) be the set of standard pairs of M_,. As usual, for an ideal I of
Cl0] = C[by,...,04], we denote by V(I) the zero set of I.

THEOREM 3.3.3 (Theorem 4.5 in [15]). Let o; be the facet of the cone R>pA
corresponding to h;. Then we have the following.

(1)
Q(a) = {Au+NANT)| (u,7) € S(M_a) }.

B_a =1(Qa)) = () (hi—hi(Au)|o; sfacet > 7).
(u,7)ES(M_a)

V(B_,) = U (Au+c@nm).
(0,7)ES(M_a)

We can use Theorem 3.3.3 to compute I(€2(a)).

EXAMPLE 3.3.4 (Continuation of Example 3.2.7). From Lemma 3.3.2, each
standard pair of M_j, is of one of the forms: (u1, ua, *, %), (u1, *, ug, uq), (U1, Uz, us, ug).
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Here we use the shorthand (w1, ug, *, x) to denote the standard pair ((u1, u2,0,0), 3,4);
in general, 7 is the set of components containing *’s. Now

S(M—a) = {(Ul,’ug, *, *) |U1 + Uy < 70“2}
U{ (ul, *, U3,U4) | Uy + 2uz + 3ug < —aq }
U] (u1, ug, us, uq) |ug + 2usz + 3ug = —ag + 1, ug +ug = —as }.
I(Q(a)) = (Pa) ifa¢t(1,0) — NA,
]I(Q(a))z(Pa>><<91—|—a1—1,92+a2> ifaGt(l,O)—NA,
where P, = [T, (61 — m) - [1,%% (62 — m) as in Theorem 3.2.2.

ag

ai

000000
000000
FIGURE 5. ¥(1,0) — NA

Put D, := t2P, € D(C[Z%)), Ey := Da(6y + a1 — 1), and Fy := Da(0 + az).
Then
D(Ra)a = DaC[0] ifa¢?(1,0) — NA,
D(RA)a = ELC[0] + F.Cl0) ifa€?(1,0) — NA.

If a and a’ belong to the same chamber (quadrant), then we have the following
formulas (cf. Corollary 3.2.4):

DaDg = Da+a’ = Dar Dy
[-DaaEa’] = _alDa+a’

[D37 Fa/] = *a2Da+a’

[Eaa Ea'] (all - al)Ea-i-a’
[Fa, Far] = (a5 — a2) Fayar
[

Ea, Fa/] = Da+a/(a/1(02 + a’2) — 0@(91 +ay — 1))

The above formulas imply that the algebra D(R4) is generated by D¢ (g 1), De(2,0),
De(3,0), Bt (1,0, Fr(1,0) Er0,—1), Fr(0,—1)> Er(0,—2), Fr(0,—2), Er(—1,0) Fr(=1,0), Et(=2,0)
Fi(_5,0) together with 6; and 5.

3.4. Application to A-hypergeometric systems. Associated to a face 7
of the cone 0 = R>¢A and a parameter a € C?, we introduced a finite set E,(a) in
[15]:

E.(a):={l€C(ANT)/Z(ANT)|a—1€ NA+Z(ANT)}.

EXAMPLE 3.4.1 (Continuation of Examples 3.2.7 and 3.3.4). Let us consider

the matrix
1 0 2 3
A= [ 1 1 0 0 }
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again. The cone ¢ = R>¢A has four faces: o itself, the nonnegative part of the
ti-axis o1, the nonnegative part of the to-axis o9, and the origin {0 }. We have
ZA ifr=o0

7t(1,0) if T =04

Z'0,1) if 7 =09

{0} ifr={0}.

We shall compute E,(a) for all a € ZA and for all faces 7. Suppose a € ZA.
Since NA+ Z(A N ) is a subset of ZA, 1 € E-(a) implies that 1 € ZA, and thus
1€ ZANC(ANT). In our case, ZANC(ANT) =Z(ANT) for all four faces 7.
Hence for each 7, there are only two possibilities: F-(a) = {0} or E.(a) = 0. The
condition E,(a) = {0} is equivalent to the condition a € ZA, which we assume.
For the other three faces 7, we have

E, (a)={0} & ac NA+Z'(1,0) < ay > 0.
E,,(a)={0} & acNA+Z0,1) & a >0.
E{O}(a):{O}@aGNA.

Note that a = ?(1,0) is the unique point with E,, (a) = {0}, E,,(a) = {0}, and

E{O}(a):(l]

The finite sets E,(a) can be computed by the following two algorithms.

Z(ANT) =

ALCORITHM 3.4.2. Input: a = Auy — Au_ (uy,u_ € N).
Output: E = E.(a).
(1) Take any set E of complete representatives of the set Q(ANT)NZA/Z(AN
7).
(2) For eachl e E, choose any 1;,1_ € N™ with1 = Al, — Al_.
(3) Forle E, if a™+ ¥ ¢ ((z"- ) + 14 : 2°(a; € 7)), then E := E\ {1}.

PRrROOF. This follows from the fact that 1 € E,(a) if and only if A(uy +1_) €
A(u_ +1) +NA+Z(ANT). O
ALGORITHM 3.4.3. Input: a= Au (ue C").
Output: E = E.(a).
(1) Find m € C(ANT) such that a—m € ZA. If no such m exists, then

E =0 and STOP. Otherwise GO TO Step 2.
(2) Compute E.(a— m) using Algorithm 3.4.2. Put E:=m+ E,(a—m).

PRrROOF. This is immediate from the equivalence of 1 € E (a) with 1 —m €
E . (a—m). O

Recall that the A-hypergeometric system with parameter a is just the W-module
d n
MA(a) = W/(WIA(E)) + Z W(Z aijﬂ;‘jaj — az))
i=1  j=1

Using the finite sets E,(a), the first author classified M4 (a) in the homogeneous
case; that is, assuming the columns ay,...,a, of A lie on a hyperplane not passing
through the origin (see Theorem 2.1 in [15]). We generalize this result to the
nonhomogeneous case.

THEOREM 3.4.4. My(a) =~ Ma(a") if and only if E;(a) = E-(a’) for all faces
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PROOF. In the proof of Theorem 2.1 in [15], the assumption that A is ho-
mogeneous is used to derive properties of the symmetry algebra S(W/W14(09))
(Theorem 3.3.1 and Proposition 3.4 in [15]). Since analogous results hold in
general for D(R4), the theorem follows from the anti-isomorphism of D(Ra4) C
D(C[t?, ... t51) and S(W/W14(9)). O

4. D(R)-modules

4.1. Tn this section we determine the D(R4)-module structure of * - RE =

xV - Clxy, ..., o0, 27 .. 2, /14 for a= Av € CY.

DEFINITION 4.1.1. We define a partial order < in the parameter space C? = CA
as follows: for a,b € C% say a < b when E,(a) C E.(b) for all faces 7 of the cone
o. We say that a and b are equivalent, denoted by a ~ b, ifa < b and a = b. We
use the notation a < b if a <b and a = b.

REMARK 4.1.2. Suppose that a <= b. Then E,(a) C E,(b). Since both
) and E,(b) consist of one element ([15, Proposition 2.2.1]), this implies that
) = E,(b); that is, a— b € ZA.

E,(a
E,(a
LEMMA 4.1.3.
Ra-2* C @ Ca®.
bra
PRrROOF. This is immediate from the fact that a < a + ¢ for all ¢ € NA ([15,
Proposition 2.2.5]). O

The following is the key lemma of this section.
LEMMA 4.1.4. a £ b if and only if a € V(Ba_p).

PROOF. First suppose a € V(Ba_p). Then by Theorem 3.3.3, there exists a
standard pair (u,7) € S(Ma_p) such that a— Au € C(An7). If E;(a) C E.(b),
then b—(a—Au) € NA+Z(ANT), which implies (Au+N(ANT))N((a—b)+NA) # (.
This contradicts the assumption that (u,7) is a standard pair. Hence a £ b.

Next suppose that a A b. Takel € E;(a)\ E;(b); that is, a—1 € NA+Z(ANT)
and b—1¢ NA+Z(ANT). Then there exists u € N™" such that a— Au € 1+Z(ANT)
and b — (a — Au) ¢ NA + Z(AN 7). The latter statement is equivalent to (Au +
N(AN7T))N((a—b)+NA) = 0. Hence there exists a standard pair (@1, 7) € S(Ma—p)
such that 7 = 7 and ujzc = 4. Then a — At € Aujreqz +1+Z(ANT) CC(ANT).
Hence a € V(Ba_p). O

PROPOSITION 4.1.5. (1) Ifa =< b, then z° € D(Ra) * x2.
(2) Dora Ca® is a D(Ra)-module.

PROOF. Let a—b € ZA, p(f) € Ba_p, and P = 2P~2p(0) € D(R)p_a. Then
P x 22 = p(a)zP.

Suppose that a < b. Then by Lemma 4.1.4, there exists a polynomial p(f) €
Ba_p such that p(a) # 0. With this choice of p(6), the operator P/p(a) sends x*
to 2°, establishing (1).

Next let P € D(R)., and suppose that a Z a+ c. Then by Lemma 4.1.4 and
the argument in the first paragraph, we have P x 22 = p(a)z® = 0. This proves

2). O
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THEOREM 4.1.6. (1) Let ag € CL. Then the set of simple subquotients of
220 - RE as a D(Ra)-module, is

{@be/@C$b|a—aO €ZA}.
b>a b>a
(2) The set of simple subquotients of Ra as a D(Ra)-module, is
{PcaP/EPcaPlacNA}.
b>ra b>a

In particular, the number of simple subquotients equals the number of equiva-
lence classes of parameters in ag + ZA and in NA, respectively.

PROOF. Proposition 4.1.5 implies that Py, CzP is the D(R4)-submodule
generated by z®, and that @, , CzP is its maximal submodule. (I

The correctness of the following algorithm follows from the correctness of Al-
gorithm 3.4.2 and Theorem 4.1.6.

ALGORITHM 4.1.7. Input: A.
Output: the set of simple subquotients of R.
(1) Take any set E. of complete representatives of the set Q(ANT)NZA/Z(AN
7).
(2) For eachl€ E;, choose any 1,1 € N™ with 1 = Al; — Al_.
(3) Choose any subset E!. of E.. Put & := (EL);.
(4)

1) = () (] mono(((") + L : 5° (a; € 7)) : a).

(5)
CE) =1 > 1"
grcen
is a simple subquotient (though it could be trivial), where & C £" means
E'. C E"; for all 7. The set of simple subquotients of R is { C(E') #
01&}.

REMARK 4.1.8. For I(£’) to be non-trivial, for 7 C 7/, the image of E. under
the natural map from E. to E, should be in E/,. Hence we should choose E. from
smaller faces.

EXAMPLE 4.1.9. Let
A { 11 2 2 }
1 2 0 1|’
and consider the coordinate ring R = Ra = Clt1ta, t1t3, 12, t3t5].
We compute E.(a) for all a € NA and all faces 7 of R>oA. Since a belongs to
NA, we see E;(a) 3 0 for all faces 7, Ffoy(a) = {0}, and Eg_,4(a) = {0}. Since
Q(ANo1)NZA=7Z(ANoy), we see Ey, (a) = {0} as well. For the facet o3, we can

take {0,%(1,0)} as a set of the complete representatives of Q(ANc2)NZA/Z(AN0o3).
Hence E,,(a) = {0} or {0,%(1,0)}. Indeed

E,,(a) = {0,%(1,0)} ifay>1
{0} if ags = 0.
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g2
FIGURE 6. The semigroup NA

The following is the composition series of R as a D(R)-module.

[10]
(11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

20]

oc P crrcpcr=nk

aENA, ax>1 acNA
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