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Counting Lines in 3-space

Perhaps surprisingly, the study of certain rings of invariants helps us
answer geometric questions.

Given four lines in general position in P2, how many lines meet all four? \
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A ring of invariants

@ Given a k x n matrix M filled with variables,

_ | X1 X2 X13 X44
Xo1 Xoo Xo3  Xog|'

we let SLy act on the left by matrix multiplication.

o lfo= [a b

d:| then o e x11 = axi1 + bxoy.

@ C[Myn] = CX11, ..., Xkn]

@ C[M 5]t = polynomials that are invariant on SLy orbits
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Some obvious invariants

@ SL acts by multiplication on the left so it acts on each column of

M — X111 X2 X13 X414
Xo1 Xoo Xo3  Xog

simultaneously.

@ The k x k subdeterminants are invariant because
o e det(N) = det(cN) = det(o) det(N) = 1det(N).

@ Denote the k x k minor involving rows Iy, ..., Ix by
M =[I...Il
This is a polynomial of degree k in the variables x;.

det(N) = [12]
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First Fundamental Theorem of Invariant Theory

The First Fundamental Theorem of Invariant Theory

The k x k minors generate the ring of invariants C[Mj_ ] 5.

@ The ring C[M )L« is called the bracket algebra.
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Geometric interpretation

@ G(k, n) = k-dimensional subspaces of C"

G(k,n) — P(AKC") = plk)—1
VicC" — akv
@ Pliicker coordinates on P(AK(C"))

= coeff of dv, A--- A adv,
correspond to the brackets [I]

e By 1st FTIT,
C[G(k, n)] = C{[1]) = C[Mj 5]+

H. Grassmann

Will Traves (U.S. Naval Academy) Invariants & Differential Operators Hokkaido 2007 7131



Projectivization

@ k=2,n=4=C(G(2,4)) = (C[MZA]SLZ generated by
(3) = 6 brackets so G(2,4) C P®.

@ Correspondence:
G(2,4) = G(1,3) = lines in P3

Reference Plane

@ Notation G(2,4) = affine cone
over G(1,3) c PS.

@ G(1,3) is the proj variety with proj
coordinate ring C[Ma 4]

Will Traves (U.S. Naval Academy) Invariants & Differential Operators Hokkaido 2007



Second Fundamental Theorem of Invariant Theory

The 2nd Fundamental Theorem of Invariant Theory

The generators of (C[Mk,n]SLk satisfy the relation

k+1

S D T T[T Te . Teiq] = 0.
=1

All the relations come from these quadratic relations.

| A,

Example
(k=2,n=4)IfI=1and ] = 234 then the relation is

—[12][34] + [13][24] — [14][23] = 0.

All other relations are multiples of this one.
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Lines in 3 space
Given four lines in general position in P2, how many lines meet all four?

@ G(1,3) is a quadratic hypersurface in P° so has dimension 4.
@ To meet a fixed line is a linear condition on G(1, 3).

@ If 4 independent linear conditions are imposed, we expect
deg(G(1,3)) = 2 points.
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Another invariant ring

® C[My ] =C[V=C[Vk® V@ - @ V(]

Xt oo Xis S0 ... &is
e C[VSq (VM =C : :
Xkt oo Xks Skt oo ks
@ Coordinates on (V*) are &q., ..., &. with (£, X;.) = 0j.

@ SLy acts on the ¢; by the contragredient representation

e If o € SLy acts on C[V] by Athen o acts on C[V*] by (A~1)"
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Some invariants

Xt .o X1s §11 ... &is

Xkt oo Xks Sktoooo ks

@ Define: [J| = [Jy...Jx| = k x k subdeterminant of the ¢;

@ Innerproduct: ve V,we V* =
(Av,(AYw) = (ANTA Y w=vIATA) Tw=vTw=(v,w)
@ New invariants:
(i vee (V) — C

(V1a"'aV57W1a"'7Wt) — <ViaVVj>'

@ In coordinates: (jj) = 2K, Xei&yj-
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First Fundamental Theorem of Invariant Theory

First Fundamental Theorem of Invariant Theory

The invariants [I], |J| and (ij) generate the ring C[VS & (V*)!]Stx.
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Second Fundamental Theorem of Invariant Theory

Second Fundamental Theorem of Invariant Theory

i“( D Teq ][I e Jggq] =0
sy G DL PR P 1JZHJ1 kil =0
The relations are: k+1( 1)£[I1 Ir-- Ik+1]<IgJ1> = O

5211( 1) <I1Jz>|J1Jz oo Thga| =
det((IJ>) = det((Ian>)’a‘7b:1 = [1112 .. -Ik]|J1J2 .. .Jk|

v

If [1] = [134], |J| = [235] then

(12) (13) (15) X1 X13 X1 §12 &13 &5
det (32) <33> <35> =det | Xo1 Xoz Xogq| det |&on &3 Eo5

(42) (43) (45) X31 X33 X4 §32 &33 &35
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The Weyl algebra

@ R =CJxq,...,xp] is the coordinate ring for C"

@ The ring of differential operators on C” is the Weyl algebra

D(C™) = D(R) = C(X1, ..., Xn, D1, ..,0n)

@ 0; = 0/0x; = 0ix; = X;0; + 0j Product rule

o (dix)ef = 0je(xf)
= X,@,of—i—&,,f
= ()(,-8,+1)of
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Filtration by order

@ R=C[xq,...,Xn] is the coordinate ring for C"
D(R) :C<X1,...,Xn,a17...,8n>

@ Filtration by order: x10102 + d1 — 3X2 has order 2

@ Symbol map:
D(R) — GrD(R) =Cl[x1,...,Xn,&1,.-.,&n]
0 +— &
X10102 + 01 —3x2 — X1&1&2

@ If Mis a D(R) module then M is generated by lifts of the
generators of Gr(M) as a GrD(R) module.
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The group action on D(R)

@ We are interested in the case where R = C[M ;]
@ SLy acts on each variable 9; in the same way it acts on &; (A~")7
@ Gr[D(R)St] = [GrD(R)|Stx = C[V" @ (V*)"]SL«

e Lifts of the generators for Gr[D(R)St«] generate D(R)Stx

1st Fundamental Theorem for D(R)St«

The generators have the form [I], |J| and (i), where &;; is replaced by
j-
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2nd Fundamental Theorem for D(R)SLk

2nd Fundamental Theorem of Invariant Theory for GrD(R)>t«

iﬂ( D Tq T Je s Jkgq] =0
5P C DY) P P 1Je||J1 cJk1l =0
The relations are: k+1( 1)¢[41 - - Ik+1]<IgJ1> = 0

5211( 1) <I1Je>|J1Jz Too Ty =
det((lJ)) = det((lalp))% ,_q = [l112-- -Ik]|J1J2 - k]

v

@ The first four relations extend trivially to D(R)St+
@ The last relation needs to be modified:

(3] = det(@) — > asufsull\ ST\ S|

P£ScIng

o [134]|234| = det(134,234) + det(14,24) + 2det(13,23) + 2(12)
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The Hilbert Series of GrD(MzA)SL2

@ Setk=2and n=4. Then R = C[M, 4]

@ GrD(R) = C|xj,&;] is a graded ring using total degree

o H(GrD(R)SLz, t) = idim (GrD(R)CS,L2> td
a=0

o tells us about the structure of the invariant ring

@ Usually need a resolution to get the Hilbert Series but we can
avoid using the relations entirely!
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The Torus-Hilbert series

. . z 0
@ SL, contains a diagonal torus: o, = [0 21] eT
() 0zX1j = ZXqj, OzXoj = 271X2j, 0’z§1j = 271511', 0’2521' = Z§2j

z&
@ If T acts diagonally on a v.s. W with matrix p, =
zan
then dim WT = coeff of 2% in Tr(p;)

e W= oW, = Define: Hr(W,z,t) =34 Tr(p; on Wy)t?

]
(1—zt)8(1 — z—1t)8

o W= GrD(R) = Hr(W,z,t) =
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The Weyl character formula

o W =@, W as SlLy,-modules

@ gy = dim WSk

Theorem (Weyl character formula)

Tr(pz on Wy)(z —z71) = 21> — z=(1+Y)

@ Summing over the representations in W:
Tr(pz on W)(z —z71) = 32, ax(z'™ — z=(1+Y)

@ dimWSke =g, = coeffof z'in Tr(p, on W)(z —z7)
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The Hilbert series of GrD(R)>"

@ dim W€ = gy = coeff of z' in Tr(p, on W)(z -z~ 1)
o W= EBde =

HWSE ) = Y, dimWwS2t
= coeffof zin 34 Tr(p, on W)t9(z — z71)

= coeff of zin Hr(W,z,t)(z -z ")

@ H(GrD(R)%", t) = coeff of 2% in Hr(GrD(R), z, t)(1 — z7?)
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Coefficient extraction

@ H(GrD(R)%", t) = coeff of z° in

1-z72
(1—zt)8(1 — z—11)8

@ Series converges if |zt| < 1 and |z~ 't| < 1: choose t < 1 & |z| = 1

Hr(GrD(R), z,t)(1 — z72) =

1 1—z724,
o CoeffOfZO = ﬁfcm

_ (1-z2)7
= Res,—¢ (W>

= 7" coeff in p.s. exp of % atz=t

(1—2zt)
_ 1+15t2+50z4+50t6+15t8+t‘0
o (1-12)™8
1415124504 +50t54+15¢8 t‘°
When R = C[Ma 4], H(GrD(R)%t2, t) = 1150+ (B A
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Differential operators on the Grassmann variety

I) C
4

cm (C[Y] R/1=C[xq,...,Xn]/1
) C C8

{0 D(R): 6(1) C 1}
1D(R)

e D(Y) = D(R/T) =

@ Practical problems in determining D(Y)

@ Restricting operators to RSt gives ., : D(R)S — D(RStx)
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From D(R)St« to D(RStv)

Theorem (Schwarz)

The map =, : D(R)S™ — D(RStx) is surjective. So D(RStx) is
generated by the restriction of the operators (1], J|, and (if).

Theorem (Schwarz)
The kernel of m, is just (D(R)sl)St

@ sl, = Trace zero matrices
00

]and
10

1
@ sl is generated by gy = [g 0] y Go1 = [

1 0
0 —1
@ Each matrix acts as a derivation on R = C[Ma 4]

911 — go2 = [
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The kernel of r,

o kerm, = (D(R)slp)St

@ At one time | believed that the kernel of 7, was generated by the
Casimir operator

@ This is incorrect! One way to show this is to compute the Hilbert
series of Gr(ker )
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An equivariant resolution

@ Gr(D(R)slz) generated by symbols of gi2, go1 and g1 — g2
@ These form a regular sequence in the polynomial ring GrD(R)

@ Koszul resolution
0 — GrD(C[V*))(—-6) — GrD(C[V*4])(—4)3
— GrD(C[V*))(-2)® — GrD(C[V*)sl,C — 0.
@ These three operators are eigenvectors for the torus action

@ Torus weights can be assigned to the resolution’s generators so
that it is SL, equivariant
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Hilbert series of Gr(ker )

@ Koszul resolution

0 — GrD(C[V4])(-6) — GrD(C[V*])(~4)°
— GrD(C[V4)(—-2)® — GrD(C[V4])sC  — 0.

@ Find Hr(Res, z, t) as before and find H(ResS'2, t) as the coeff of
Z2%in (1 — z7?)H(Res, z, 1)

@ Hilbert series for Gr(ker ) = Gr(D(R)sl»)°" is alternating sum
of H(ResSk2, t) so

3614 + 12718 + 1518 — 76110 4 14412 15414 4 16
H(Grkerm,,t) = (=)
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Hilbert series of GrD(RS")

@ Get the Hilbert series for

Gr(D(G(2.4))) = GrD(RS%2) = Gr (DW)SLZ) _ GiD(R)":

ker . Gr ker

by subtraction

e H(GrD(RS2) t) = H(GrD(R)S‘2,t) — H(Grkerm,,t)
1 4 1812 + 65t* + 6515 + 1818 + t10
(1 _ t2)10
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R = C[Mx 5)t« coordinate ring of Grassmann variety used in
intersection theory of linear spaces

Fundamental Theorem of Invariant theory gives gens & relations

Extension: presented D(R)St

Computed Hilbert series H(GrD(R)St2, t)

Investigated D(RS"2) using the map =, and found H(GrD(RS!2), 1)
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