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Introduction

Numerical integration of functions on the unit cube

• Monte-Carlo Method

• Randomly generated set of points

• From Uniform distribution

• Not very uniformly distributed

• Quasi Monte-Carlo Method

• Deterministic set of points

• More uniformly distributed

Images from Morokoff & Caflisch (1994)
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(t, m, s)-nets

• Sobol (1967) introduced the notion of

uniformly distributed point sets for numerical

integration

• Further developed by Niederreiter (1987) into

the notion of (t, m, s)-nets
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• (t, m, s)-net in base q is a set of qm points in [0, 1)s such that every

interval of the form
Qs

i=1[
ai

qdi
, ai+1

qdi
), where di ≥ 0, ai < qdi are integers,

of volume q−
P

di = q−(m−t) contains exactly qt points.

• (1, 4, 2)-net in base 2

• Every interval of above form and volume 1/23 contains 2 points
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Ordered Orthogonal Arrays

• Left-justified columns: Consider an array of

sl columns, labeled

{(i, j) : 1 ≤ i ≤ s, 1 ≤ j ≤ l}. Called a set T

of columns left-justified if

(i, j) included ⇒ (i, j − 1) also included.

• An OOAλ(t, s, l, q) is an λqt × sl array, with

columns indexed by (i, j) and elements from

Fq, such that in every left-justified set T of t

columns each t-tuple occurs exactly λ times as

a row.

• OOA2(3, 2, 3, 2): for every left-justified 3

columns each row repeats 2 times.

0 0 0 0 0 0

0 0 1 1 0 1

0 1 0 1 1 0

0 1 1 0 1 1

1 0 0 0 1 0

1 0 1 1 1 1

1 1 0 1 0 0

1 1 1 0 0 1

0 0 0 1 1 0

0 0 1 0 1 1

0 1 0 0 0 0

0 1 1 1 0 1

1 0 0 1 0 0

1 0 1 0 0 1

1 1 0 0 1 0

1 1 1 1 1 1
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Ordered Orthogonal Arrays

Theorem
Lawrence (1996), Mullen & Schmid (1996): There exists a

(t, m, s)-net in base q iff there exists a

OOAqt(m− t, s, m− t, q) of size qm.

This example: q = 2, m = 4, t = 1, s = 2

(1, 4, 2)-net exists iff OOA2(4− 1, 2, 4− 1, 2) of size 24 exists

Binary

representation:
.000 .000

.001 .101

.010 .110

.011 .011

.100 .010

.101 .111

.110 .100

.111 .001

.000 .110

.001 .011

.010 .000

.011 .101

.100 .100

.101 .001

.110 .010

.111 .111
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Ordered Hamming Space (Rosenbloom & Tsfasman (1997))

• Field Fq

• Write x ∈ Fr,n
q as x = (x11, . . . , x1r| . . . |xn1, . . . , xnr). (n blocks of r

elements each)

• Weight of one block, say wt(x11, . . . , x1r) is the maximum value of index j

for which x1j 6= 0. Weight is 0 if there is no such index j.

• Let ei = # blocks of weight i. Then wt(x) ,
Pr

i=1 iei.

• Distance d(x,y) = wt(x− y).

• r = 3, n = 4, q = 2: x = (0, 1, 0|0, 0, 0|1, 1, 0|1, 0, 0).

2 0 2 1

In this case, e1 = 1, e2 = 2, e3 = 0, e0 = n−
Pr

i=1 ei = 1.

Hence, wt(x) = 5.

Niederreiter-Rosenbloom-Tsfasman space (NRT-space)
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Other contexts

• Günther weight in the theory of linear complexity of sequences [Massey &

Serconek (1996)]

• A communication system for a type of slow fading channel [Tavildar &

Viswanath (2006)]

• List Decoding algorithms for Reed-Solomon Codes [Nielsen (2000)]



Main Problem

Consider a set C of M points such that d(x,y) ≥ d, ∀x 6= y in C

Determine universal upper bounds on the size of codes C in the NRT-space.



Selected previous work on bounds in NRT-space or (t, m, s)-nets

• (Martin, Stinson (1999)) Association Scheme for OOA and (t, m, s)-nets,-

showed that OOA and ordered codes are dual concepts in the context of

Delsarte’s Theory, Generalized Rao bound for (t, m, s)-nets

• (Martin (2000)) LP Bounds for OOA and (t, m, s)-nets

• (Martin, Visentin (2007)) Dual Plotkin Bound for (t, m, s)-nets

• (Rosenbloom-Tsfasman (1997)) Gilbert Bound, Plotkin Bound, Hamming

Bound, Singleton Bound, Algebraic-Geometry Bound, Code constructions

(Reed-Solomon, Reed-Muller, Algebraic-Geometry)

• (Bierbrauer, Schmid, Edel (2002,2005)) Gilbert-Varshamov Bound,

• (Bierbrauer (2007)) Plotkin Bound, Sphere-Packing Bound, Quadratic

Bound, explicit expression of Generalized Krawtchouk Polynomials.



Bassalygo-Elias Bound

• ei = # blocks of weight i.

• Shape: e = (e1, . . . , er)

• Degree: |e| ,
Pr

i=1 ei (Number of non-zero blocks)

• Weight: |e|′ ,
P

i iei (Weight of x with shape e)

• Number of vectors of shape e is

ve =

 
n

e0, e1, . . . , er

!
(q − 1)|e|q|e|

′−|e|

• Cardinality of the sphere of weight w is

Sw =
X

e:|e|′=w

ve
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Bassalygo-Elias Bound

Theorem
Let C be an (n, M, d) code. Let δcrit = 1− 1

rqr
qr−1
q−1

. For any

w ≤ nrδcrit(1−
p

1− d/(nrδcrit)),

|C| = M ≤ qrn

Sw

dn

(dn− 2wn + w2/rδcrit)
.

For any linear OOA(d− 1, n, r, q), C of size M ,

|C| = M ≥ 1

dn
Sw(dn− 2wn +

w2

rδcrit
).

Proof relies on:

1. Lemma (Johnson-type bound): Let C, |C| = M ′ be a code all of whose

vectors have weight w and are at least distance d apart. Then for

d ≥ 2w − w2/(nrδcrit),

M ′ ≤ dn

dn− 2wn + w2/rδcrit
.

2. Inequality: MSw =
P

x∈Fr,n
q

(C− x) ∩ {Sw} ≤ qrnM ′ 30
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Bassalygo-Elias Bound: Asymptotics

Let r be fixed, n →∞, d/nr → δ, 1
nr

logq M → R, then

R ≤ 1−Hq,r

“
δcrit(1−

p
1− δ/δcrit)

”
.

qnrHq,r(δ) is the asymptotic volume of the ball of radius δnr in Fr,n
q . 32



Generalized Krawtchouk Polynomials

• Kf (x): r-variate polynomials, indexed by the shapes f ∈ ∆r,n where ∆r,n

is the set of all partitions of N ≤ n into r parts

• Let F, G be r-variate polynomials, and define the inner product on

L2(∆r,n):

〈F, G〉 ,
X

e

F (e)G(e)veq
−rn

• Orthogonality: 〈Kf , Kg〉 = vfδf,g



Linear Programming Bound (Delsarte 1973)

Theorem
Let F (x) = F0 +

P
e6=0 FeKe(x) be a polynomial that satisfies

F0 > 0, Fe ≥ 0(e 6= 0); F (e) ≤ 0 for all e such that |e|′ ≥ d.

Then any (n, M, d) code satisfies

M ≤ F (0)/F0.

Any OOA of strength t = d− 1 and size M ′ satisfies

M ′ ≥ qnrF0/F (0).



Generalized Krawtchouk Polynomials: Properties

• Orthogonality: 〈Kf , Kg〉 = vfδf,g

• Using shapes Fi = (0i−1, 1, 0r−i−1), linear polynomials are

KFi(e) = qi−1(q − 1)(n− er − · · · − er−i+2)− qier−i+1

(Can be derived using Gram-Schmidt on {1, e1, . . . , er}) 31

• Can express ei in terms of the degree-1 polynomials to get:

ei = qi−r−1`(q − 1)(n + KF1 + · · ·+ KFr−i)−KFr−i+1

´
, and

P (e) = δcritrn−
X

i

iei =
X

i

LiKFi(e)

where Li = qr−i+1−1
qr(q−1)

.



Generalized Krawtchouk Polynomials: Properties

Intersection numbers:

Kg(e)Kf (e) =
X

h

ph
g,fKh(e), where

x y

z

h

fg

ph
g,f = |{z ∈ Fr,n

q : shape(z− x) = g; shape(z− y) = f ; shape(x− y) = h}|
are the intersection numbers

Values of ph
Fi,f can be explicitly computed.

z− x = (0r|0r| · · · |u1, . . . , ui, 0, . . . , 0|0r| · · · |0r)

ph
Fi,f =

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

(n− |f |+ 1)qi−1(q − 1) h = (f1, . . . , fi − 1, . . . , fr), |h| = |f | − 1

fi + 1, h = (f1, . . . , fi + 1, . . . , fr), |h| = |f |+ 1

fi(q − 2)qi−1, h = f

(fk + 1)(q − 1)qi−1, h = (f1, . . . , fk + 1, . . . , fi − 1, . . . , fr),

1 ≤ k < i, |h| = |f |
(fi + 1)(q − 1)qk−1, h = (f1, . . . , fk − 1, . . . , fi + 1, . . . , fr),

1 ≤ k < i, |h| = |f |
0, otherwise
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Generalized Krawtchouk Polynomials: Properties

• Three-term relation:

Let Kκ(e) be the column vector (Kf (e))|f |=κ, P (e) =
P

i LiKFi(e).

P (e)Kκ(e) = aκKκ+1(e) + bκKκ(e) + cκKκ−1(e)

aκ[f, h] = Li(fi + 1) h = (f1, . . . , fi + 1, . . . , fr)

cκ[f, h] = Li(n− κ + 1)qi−1(q − 1) h = (f1, . . . , fi − 1, . . . , fr)

bκ[f, h] =

8>>>>><>>>>>:

Lifi(q − 2)qi−1 h = f

Li(fk + 1)(q − 1)qi−1 h = (f1, . . . , fk + 1, . . . , fi − 1, . . . , fr)

1 ≤ k < i

Li(fi + 1)(q − 1)qk−1 h = (f1, . . . , fk − 1, . . . , fi + 1, . . . , fr)

1 ≤ k < i

• Three-term relation with normalized polynomials 〈 eKf , eKg〉 = δf,g:

P (e)eKκ(e) = Aκ
eKκ+1(e) + Bκ

eKκ(e) + Cκ
eKκ−1(e)

33
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Generalized Krawtchouk Polynomials

• Explicit expression (Bierbrauer, 2007):

Kf (x) = q|f |
′−|f |

rY
i=1

kfi(ni, xr−i+1), ni = n−
rX

j=r−i

xj −
rX

j=i+1

fj

kl(n, y) =
lX

i=0

(−1)i(q − 1)l−i

 
y

i

! 
n− y

l − i

!



Linear Programming Bound

• In Hamming space, the LP Bound relies on the asymptotic estimate of the

first root of the Krawtchouk Polynomial kl(y).

• Difficult to work with roots of the Generalized Krawtchouk Polynomials.

• Instead we rely on a linear algebraic, ”Spectral Method”

Bachoc (2006), Barg & Nogin (2006)



Linear Programming Bound

Let λκ be the maximum eigenvalue of

eSκ =

26666664
B0 A0 0 . . . 0

C1 B1 A1 . . . 0

0 C2 B2 . . . 0
...

...
...

. . .
...

0 0 . . . Cκ Bκ

37777775
Theorem
Let C be a (n, M, d) code. Let κ be such that P (e) ≤ λκ−1, ∀e : |e|′ ≥ d.

Then

M ≤ 4rδcrit(n− κ)

δcritrn− λκ
(qr − 1)κ

 
n

κ

!
.

Let C be a (t = d− 1, n, r, q) OOA of size M . Then

M ≥ qnr`
n
κ

´ (δcritrn− λκ)

4rδcrit(n− κ)(qr − 1)κ
.
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.



Linear Programming Bound

• Choice of polynomial F (e): F (e) = (P (e)− λκ)G(e)2 where G(e) is

(almost) an eigenfunction of

Projdeg≤κ ◦ P (e) = eSκeSκ is symmetric, irreducible and non-negative

⇒ (Perron-Frobenius)

• λκ is the unique maximum eigenvalue with a positive eigenvector G.
• λκ−1 ≤ λκ.

• Need above to show F0 > 0, Fe ≥ 0 and F (e) ≤ 0 ∀e : |e|′ ≥ d.



Asymptotic Bound

Theorem
Let κ/n → τ , fi/n → τi. Then

lim
n→∞
κ
n
→τ

λκ

n
≥ max

τi≥0Pr
i=1 τi=τ

Λ(τ1, . . . , τr)

where

Λ(τ1, . . . , τr) =
rX

i=1

Li

“
2
p

(1− τ)τi(q − 1)qi−1

+ (q − 2)τi(q
r − qi−1) + 2

(q − 1)

q

i−1X
k=1

p
τkτiqi+k

”
.

Proof.
Use λκ ≥ 〈y, eSκy〉

〈y,y〉 , and take y as a {0, 1} vector with 1’s placed selectively.
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Asymptotic Bound

Theorem
Let κ/n → τ , fi/n → τi. Then

lim
n→∞
κ
n
→τ

λκ

n
≥ max

τi≥0Pr
i=1 τi=τ

Λ(τ1, . . . , τr)

where

Λ(τ1, . . . , τr) =
rX

i=1

Li

“
2
p

(1− τ)τi(q − 1)qi−1

+ (q − 2)τi(q
r − qi−1) + 2

(q − 1)

q

i−1X
k=1

p
τkτiqi+k

”
.

Proof.
Use λκ ≥ 〈y, eSκy〉

〈y,y〉 , and take y as a {0, 1} vector with 1’s placed selectively.
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Asymptotic Bound

Theorem
Let RLP(δ) be the function defined by

R(τ) =
1

r

„
Hq,1(τ) + τ logq

qr − 1

q − 1

«
δ(τ) = δcrit −

1

r
max
τi≥0Pr

i=1 τi=τ

Λ(τ1, . . . , τr), 0 ≤ τ ≤ 1.

Then the asymptotic rate of any code family of relative distance δ satisfies

R ≤ RLP(δ) and the rate of any family of OOAs of relative strength δ satisfies

R ≥ 1−RLP(δ).

( For |e|′ = d, P (e) = δcritrn− |e|′ = δcritrn− d ≤ λκ−1)



Improved LP Bound for r = 2

• 1. Use explicit expression of the Krawtchouk Polynomial for r = 2

K(f1,f2)(e) = qf2kf2
(n− e2, e1)kf1

(n− f2, e2)

2. Estimate of the 1st root of kl(n, x). Let l/n → y

limn→∞ x1(n, l)/n = γ(y) , q−1
q
− q−2

q
y − 2

q

p
(q − 1)y(1− y).

• Similar method in Aaltonen (1990)

Theorem
The asymptotic rate of any family of codes of relative distance δ satisfies

R ≤ Φ(δ), where

Φ(δ) = min
τ1,τ2

1/2
˘
τ2 + Hq,1(τ1) + (1− τ1)Hq,1

` τ2

1− τ1
)
¯
,

where the minimum is taken over all τ1, τ2 that satisfy

0 ≤ τ1 ≤ (q − 1)/q2, 0 ≤ τ2 ≤ (q − 1)/q

γ(τ2) + (2− γ(τ2))(1− τ2)γ(τ1) ≤ 2δ.

The asymptotic rate of any family of OOAs of relative strength δ satisfies

R ≥ 1− Φ(δ).
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Numerical Results: q = 2, r = 2
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Numerical Results: q = 2, r = 3
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Thank You!



Extra Slides



Bassalygo-Elias Bound: Proof

Proof.
(Proof of lemma):

For i = 1, . . . , n; h = 1, . . . , r; c ∈ Fh
q let

λh
i,c = |{xi ∈ Ci : xi,h = c}|.

1

2

M
′

i-th block

h-length suffix

0 0 1

0 1 1

0 1 0

1 1 1

1 0 1

0 0 0

λ2
i,11 = 2, λ1

i,1 = 4

12



Bassalygo-Elias Bound: Proof

Proof.
(Proof of lemma):

For i = 1, . . . , n; h = 1, . . . , r; c ∈ Fh
q let

λh
i,c = |{xi ∈ Ci : xi,h = c}|.

1

2

M
′

i-th block

h-length suffix

dM ′(M ′ − 1) ≤
X

x,y∈C

dr(x,y) = nrM ′2 −
nX

i=1

rX
h=1

X
c∈Fh

q

(λh
i,c)

2.

Solve the minimization:

minimize
nX

i=1

rX
h=1

X
c∈Fh

q

(λh
i,c)

2

such that
P

c∈Fh
q

λh
i,c = M ′ and

Pn
i=1

Pr
h=1 λh

i,0 = M ′(nr − w)

⇒ dM ′(M ′ − 1) ≤ M ′2

n

“
2wn− w2

rδcrit

”
12



Linear Krawtchouk Polynomials

Take K0,··· ,0 = 1. For some constant c

KF1(x) = c(xr − 〈xr, 1〉) = c(xr − n(q − 1)/q)

c is obtained from ‖KFi‖2 = vFi = n(q − 1)qi−1; we get

c = ±q;

We take c = −q to ensure KFi(0) > 0.

16 (Back)



Asymptotic volume of the ball (Rosenbloom-Tsfasman, 1997)

Let A(z) = (q − 1)z(zr − 1)/(q(z − 1)) and let z0 = z0(x) be the unique

positive root of the equation

xr(1 + A(z)) =
q − 1

q

rX
i=1

izi.

Define the function

Hq,r(x) = x(1− logq z0) +
1

r
logq(1 + A(z0)).

Then

lim
n→∞

(nr)−1 logq Sδnr =

(
Hq,r(δ) 0 ≤ δ ≤ δcrit

1 δcrit < δ ≤ 1.

13



Three-term for normalized polynomials

Aκ[f, h] = Li

p
(fi + 1)(n− κ)qi−1(q − 1) if h = (f1, . . . , fi + 1, . . . , fr)

Cκ[f, h] = Li

p
(n− κ + 1)fiqi−1(q − 1) if h = (f1, . . . , fi − 1, . . . , fr)

Bκ[f, h] =

8>>>>>>>>><>>>>>>>>>:

Lifiq
i−1(q − 2) if h = f

Li
q − 1

q

p
(fk + 1)fiqk+i if h = (f1, . . . , fk + 1, . . . , fi − 1, . . . , fr),

1 ≤ k < i

Li
q − 1

q

p
fk(fi + 1)qk+i if h = (f1, . . . , fk − 1, . . . , fi + 1, . . . , fr),

1 ≤ k < i

18 (Back to 3-term)

23 (Back to Λ)


