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Introduction

e Monte-Carlo Method
e Randomly generated set of points
e From Uniform distribution

e Not very uniformly distributed

e Quasi Monte-Carlo Method
e Deterministic set of points

e More uniformly distributed
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(t,m, s)-nets

e Sobol (1967) introduced the notion of H
uniformly distributed point sets for numerical : °
integration ° ! *

e Further developed by Niederreiter (1987) into
the notion of (¢, m, s)-nets

e (t,m, s)-net in base ¢ is a set of ¢™ points in [0,1)° such that every

interval of the form H?zl[q‘ifi , “(;Ttl) where d; > 0,a; < g% are integers,

of volume ¢~ 2% = ¢=(™=1 contains exactly ¢' points.
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e Every interval of above form and volume 1/23 contains 2 points
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Ordered Orthogonal Arrays

o Left-justified columns: Consider an array of
sl columns, labeled
{(4,7) 11 <i<s,1<j<I}. Called asetT
of columns left-justified if
(¢,7) included = (4, — 1) also included.

PF PP, OOOOHF,RF,FFEFHFHOOOO

P PO ORFrRrRHFOOHF,HF,FOOHHEFE OO

P ORFrRPROH,ROHFRFOF,FOHF, O, OHR,O

HOOR MR OOROKRKOORERO

HH O O0OO0OO+H,RROOKRHKHRERHOO

HFOFROHHROHFHROHFROHHOHKKOHRO



Ordered Orthogonal Arrays

o Left-justified columns: Consider an array of
sl columns, labeled

{(4,7) 11 <i<s,1<j<I}. Called asetT
of columns left-justified if

(¢,7) included = (4, — 1) also included.

An OOA\(t,s,1,q) is an A\g" x sl array, with
columns indexed by (4, j) and elements from
F,, such that in every left-justified set 1" of ¢
columns each t-tuple occurs exactly A times as
a row.

00A5(3,2,3,2): for every left-justified 3
columns each row repeats 2 times.

F PR PR, OOOOHF,RF,FFEFHFHOOOO

P RPOOHrHFOOHF,HF,FOOHHHFH OO

P ORFrRPROH,ROHFRFROHF,FOHF, O, OHRO

H OO R HEOOROKRHEKOORHRRO

HF R OOOOHFRHF,FOOHHFHKHEKFE OO

HFOFRPROH,ROHFHROHFROHHOHKHOHRO



Ordered Orthogonal Arrays

Binary

representation:

.000
.001
.010
.011
.100
.101
.110
111
.000
.001
.010
.011
.100
.101
.110
111

.000
.101
110
.011
.010
111
.100
.001
110
.011
.000
.101
.100
.001
.010
111



Ordered Orthogonal Arrays

‘ Binary

. . representation:

; .000 | .000

. . .001 | .101

o5 . .010 | .110

. . .011 | .011

. .100 | .010

. . 101 | 111

0% o5 s 1 .110 | .100

111 | .001

.000 | .110

Theorem .001 | .011

Lawrence (1996), Mullen & Schmid (1996): There exists a 010 | .000

(t,m, s)-net in base q iff there exists a 011 | .101

OOA;:(m —t,s,m —t,q) of size g"". 100 | .100

.101 | .001

This example: g =2,m=4,t=1,5 =2 110 | 010

(1,4,2)-net exists iff OO A»(4 —1,2,4 — 1,2) of size 2* exists 111 | 111




Ordered Hamming Space (Rosenbloom & Tsfasman (1997))

Field F,
Write x € Fj™ as x = (211, ., T1r| - - - [Tn1,s - -, Tar). (1 blocks of 7
elements each)

Weight of one block, say wt(x11,...,Z1r) is the maximum value of index j
for which x1; # 0. Weight is 0 if there is no such index j.

r=3,n=4,g=2 x=(0,1,00,0,0/1,1,0|1,0,0).
2 0 2 1



Ordered Hamming Space (Rosenbloom & Tsfasman (1997))

Field F,

Write x € Fj™ as x = (211, ., T1r| - - - [Tn1,s - -, Tar). (1 blocks of 7
elements each)

Weight of one block, say wt(x11,...,Z1r) is the maximum value of index j
for which x1; # 0. Weight is 0 if there is no such index j.
Let e; = # blocks of weight i. Then wt(x) £ Y 7_, ie;.
Distance d(x,y) = wt(x —y).
r=3,n=4,49=2:x=(0,1,000,0,0|1,1,0/1,0,0).

2 0 2 1

In this case, e1 =1,e2 =2,e3=0,e0 =n—>;_ e, =1
Hence, wit(x) = 5.

Niederreiter-Rosenbloom-Tsfasman space (NRT-space)



Other contexts

o Giinther weight in the theory of linear complexity of sequences [Massey &
Serconek (1996)]

e A communication system for a type of slow fading channel [Tavildar &
Viswanath (2006)]

e List Decoding algorithms for Reed-Solomon Codes [Nielsen (2000)]



Main Problem

Consider a set € of M points such that d(x,y) > d, Vx #y in C

Determine universal upper bounds on the size of codes € in the NRT-space.



Selected previous work on bounds in NRT-space or (¢, m, s)-nets

(Martin, Stinson (1999)) Association Scheme for OOA and (¢, m, s)-nets,-
showed that OOA and ordered codes are dual concepts in the context of
Delsarte's Theory, Generalized Rao bound for (¢, m, s)-nets

(Martin (2000)) LP Bounds for OOA and (¢, m, s)-nets

(Martin, Visentin (2007)) Dual Plotkin Bound for (¢, m, s)-nets

(Rosenbloom-Tsfasman (1997)) Gilbert Bound, Plotkin Bound, Hamming
Bound, Singleton Bound, Algebraic-Geometry Bound, Code constructions
(Reed-Solomon, Reed-Muller, Algebraic-Geometry)

(Bierbrauer, Schmid, Edel (2002,2005)) Gilbert-Varshamov Bound,

(Bierbrauer (2007)) Plotkin Bound, Sphere-Packing Bound, Quadratic
Bound, explicit expression of Generalized Krawtchouk Polynomials.



Bassalygo-Elias Bound

ei; = # blocks of weight i.

Shape: e = (e1,...,er)
Degree: |e| =37 e;

Weight: |e|’ £ 3, ie;

(Number of non-zero blocks)

(Weight of x with shape ¢)



Bassalygo-Elias Bound

ei; = # blocks of weight i.

Shape: e = (e1,...,er)

Degree: |e| =37 e; (Number of non-zero blocks)
Weight: |e|' £ 3. ie;  (Weight of x with shape e)

Number of vectors of shape e is

n /I
= _ qylellel’ el
Y <60,€1,...,6T>(q ) a

Cardinality of the sphere of weight w is

Sw = Z Ve

e:le|’=w



Bassalygo-Elias Bound

Theorem
Let € be an (n, M,d) code. Let §eriv =1 — - L=1_ For any

rq" q—1
w S nr(scrit(l — 1— d/(n?"(scrit))v

q'rn dn
= < =
€=M < Sw (dn — 2wn + w?/7dcrit)

For any linear OOA(d — 1,n,r,q),C of size M,

2

el =M > %Sw(dn—mun—i— ).

7'5crit



Bassalygo-Elias Bound

Theorem
Let € be an (n, M,d) code. Let §eriv =1 — - L=1_ For any

rq" q—1
w < M 0erin (1 — /1 — df(n16erit)),

q'rn dn
= < =
€=M < Sw (dn — 2wn + w?/7dcrit)

For any linear OOA(d — 1,n,r,q),C of size M,

2

el =M > %Sw(dn—mun—i— ).

r(scrit

Proof relies on:

1. Lemma (Johnson-type bound): Let C, |C| = M’ be a code all of whose

vectors have weight w and are at least distance d apart. Then for
d>2w — w2/(nr§crit),

dn
M' < )
~ dn — 2wn + w? /Tt

2. Inequality: M S, = erF;,n(G —x)N{8w} <qg"M'



Bassalygo-Elias Bound: Asymptotics

Let 7 be fixed, n — oo,d/nr — 4, % log, M — R, then
R S 1-— Hq,r (6crit(1 -V 1- 5/5crit))-

nrHq,r(9) js the asymptotic volume of the ball of radius dnr in Fg™.

q



Generalized Krawtchouk Polynomials

e Ky(x): r-variate polynomials, indexed by the shapes f € A,.,, where A, ,,
is the set of all partitions of N < n into r parts

e Let F, G be r-variate polynomials, and define the inner product on
LQ(AT-’H):

(F,G) &) F(e)G(e)veg ™

e Orthogonality: (K5, Kg) = vsdyq



Linear Programming Bound (Delsarte 1973)

Theorem
Let F(z) = Fo + .4 FeKe(x) be a polynomial that satisfies

Fo>0, F.>0(e#0); F(e) <0 foralle such that|e| > d.
Then any (n, M, d) code satisfies
M < F(0)/Fo.
Any OOA of strengtht = d — 1 and size M' satisfies

M' > ¢""Fy/F(0).



Generalized Krawtchouk Polynomials: Properties

e Orthogonality: (K5, Kg) = vsdyq

e Using shapes F; = (0°"1,1,0""%"1), linear polynomials are
Kr(e)=q¢ N g—1)(n—er — - —eri2) —q'erip1

(Can be derived using Gram-Schmidt on {1,e1,...,e,})

e Can express e; in terms of the degree-1 polynomials to get:

€; = qi77‘71((q - 1)(n +Kp -+ KFrfi) - KFT*'H»l)? and

P(e) = dcritrn — Z ie; = Z LiKF,(e)

r—i+l
—1
where Ll = qqr(Tl)



Generalized Krawtchouk Polynomials: Properties

Intersection numbers:

z
ph ;= |{z € F;™ : shape(z — x) = g;shape(z — y) = f;shape(x —y) = h}|
are the intersection numbers



Generalized Krawtchouk Polynomials: Properties

F N /7 f

Intersection numbers:

e)Ks(e) = Zpg +Kn(e), where

p};,f = |{Z (S ]FZ’" : shape(z — X) =g, shape(z — y) —

are the intersection numbers
Values of p}ﬁhf can be explicitly computed.

z—x=(0"[0"]--|ui,...,u;0,...,00" -
(n=1f1+1)a"g—=1) h=(f1,...

h
Prf =

>f1_1

ge .

fshape(x — y) =

07)

- fr)s [Pl

h}|

—1f1-1



Generalized Krawtchouk Polynomials: Properties

Intersection numbers:

z
ph ;= |{z € F;™ : shape(z — x) = g;shape(z — y) = f;shape(x —y) = h}|
are the intersection numbers
Values of p}ﬁhf can be explicitly computed.

z—x=(0"0"]-|u1,...,u;0,...,0[07]---]0")
(n=1f1+1)a"g=1) h=(fr,. ., fi=1,.... fe), [l =|f] =1

fi+1, h:(fl,...,fi+1,“.7fr)7 h|=|f]+1
fila=2)g" ™, h=f
P, = (fx +1)(¢ — Dg" 1, h=(fi, . fo+ 1., fi=1,...,f),
b 1<k <i, [h]=]|f|

(fi+1)(q_l)qk717 :(f17"'>fk_ 7"‘7fi+17'“af7“)7
1<k <i, [h|=]f|

0, otherwise




Generalized Krawtchouk Polynomials: Properties

Three-term relation:
Let K (e) be the column vector (Ky(e))|fj=x, P(e) = >, LiKF,(e).

P(e)Kq(e) = anKiii(e) + bKi(e) + cKi—1(e)

alf,h] = Li(fi +1) h=(fi,....fi+1,....f)
eelfihl=Li(n—k+1)¢" Hg—1) h=(f,....fi—1,....fr)
Lifi(q —2)¢" ™! h=f

Li(fk+1)(q71)qi71 h:(fl,...,fk+1,...,fi71,...

be[f,h] = 1<k<i

Li(fi+D)qg—1)¢"" h=(fi, ... fo—1,... fi+1,...

1<k<i

afT)
7f7‘)



Generalized Krawtchouk Polynomials: Properties

e Three-term relation:
Let K (e) be the column vector (Ky(e))|fj=x, P(e) = >, LiKF,(e).

P(e)Kq(e) = anKiii(e) + bKi(e) + cKi—1(e)

ax[f,h] = Li(fi +1) h=(fi, ., fi+1,....f)
c"&[.ﬁh]:Li(n_ﬁ—‘rl)qi_l(q_l) h:(f17"'7fi_17~~~7f7")
Lifilg=2)¢""  h=Ff
Li(fe +1)(¢—1)¢"" h=(fr,....fu+1,.... fi—1,..., fr)
be[f, h] = 1<k<i
Li(fi+)qg—1)¢"" h=(f, . fo—1, . fi+1,...,f)
1<k<i

e Three-term relation with normalized polynomials (I?f,f?ﬁ =0df4:

P(e)Ky(e) = AcKpia1(e) + BuKe(e) + CKp_1(e)



Generalized Krawtchouk Polynomials

e Explicit expression (Bierbrauer, 2007):

Ki@) ="' U Tk (niswrminn), mi=n— 3" 25— 3 f

i=1 j=r—i j=i+1

l
hiln,y) = (1) (g~ 1) <y> (7_5’)

i=0



Linear Programming Bound

e In Hamming space, the LP Bound relies on the asymptotic estimate of the
first root of the Krawtchouk Polynomial k;(y).

e Difficult to work with roots of the Generalized Krawtchouk Polynomials.

o Instead we rely on a linear algebraic, "Spectral Method”
Bachoc (2006), Barg & Nogin (2006)



Linear Programming Bound

Let A\ be the maximum eigenvalue of

By Ao 0 ... O
Cl B1 Al - 0
S.—| 0 C B ... 0
0 0 Cx Bsg

Theorem
Let € be a (n, M, d) code. Let k be such that P(e) < A.—1, Ve : |e > d.

Then
4rdcit(n — k) , W[
< OeritA 7 F) .
M < Oerit T — Ak (a 1) K
Let @ be a (t=d—1,n,r,q) OOA of size M. Then

an (6critrn - /\n)
M > -— .
(1) 4rdait(n — k) (gm = 1)"




Linear Programming Bound

Let A\ be the maximum eigenvalue of

By Ao 0 ... O
Cl B1 Al - 0
S.—| 0 C B ... 0
0 0 Cx Bsg

Theorem
Let € be a (n, M, d) code. Let k be such that P(e) < A.—1, Ve : |e > d.

Then
47"5crit (n — K) r k[T
< — 7 —1 .
M < Oerit T — Ak (a ) K
Let @ be a (t=d—1,n,r,q) OOA of size M. Then

an (écritrn - /\n)
M > — .
(1) 4rdait(n — k) (gm = 1)"




Linear Programming Bound

e Choice of polynomial F(e): F(e) = (P(e) — Ax)G(e)? where G(e) is
(almost) an eigenfunction of

Projgeg<s 0 P(e) = Sk

S, is symmetric, irreducible and non-negative
= (Perron-Frobenius)

e )\, is the unique maximum eigenvalue with a positive eigenvector G.
o )‘nfl < Ak

e Need above to show Fy > 0, F. > 0 and F(e) <0 Ve: e >d.



Asymptotic Bound

Theorem
Let k/n — 7, fi/n — 7. Then

lim —= > max A(n S Tr
b)

o n >

w7 E:—l'rz*T

where

Nriy ..., 1) = ZLi (2\/(1 —71)71(qg — 1)gi~1
+(a-2)m(d - )+ 2((1;[11) i VrTiaE).



Asymptotic Bound

Theorem
Let k/n — 7, fi/n — 7. Then

lim = > max A(m,...,7)
e T
wT Z:—l Ti=T

where

Nriy ..., 1) = ZLi (2\/(1 —71)71(qg — 1)gi~1
+(a-2)m(d - )+ 2((1;[11) i VrTiaE).

Proof. ~
Use A\, > <y<,ySZ;y>' and take y as a {0, 1} vector with 1's placed selectively.




Asymptotic Bound

Theorem
Let Rip(8) be the function defined by

1 To1
R(r) == (Hq,l(f) +7log, qq — )

0(T) = derit — 1 max A(m,...,7), 0<7<1
s T; >0
Zle Ti=T
Then the asymptotic rate of any code family of relative distance § satisfies
R < Rip(8) and the rate of any family of OOAs of relative strength & satisfies

R >1— Rip(9).

( For le|' = d, P(e) = Saritrn — |e|’ = Jerietn — d < A1)



Improved LP Bound for r = 2

e 1. Use explicit expression of the Krawtchouk Polynomial for » = 2
K. 5,)(e) = qukfz (n — ea, e1)l~€f1 (n— f2,€2)
2. Estimate of the 1st root of ki(n,z). Let I/n —y

limn—oo 21(n,1) /0 =~(y) £ 177 = T2y = 2/(¢ = y(1 — ).

e Similar method in Aaltonen (1990)



Improved LP Bound for r = 2

e 1. Use explicit expression of the Krawtchouk Polynomial for » = 2
Ky, p)(€) = quku (n— ez, el)kfl (n— f2,e2)

2. Estimate of the 1st root of ki(n,z). Let I/n —y
limn oo z1(n,1)/n = y(y) & 95 = 22y — 2/(q = 1y(1 —y).

e Similar method in Aaltonen (1990)

Theorem

The asymptotic rate of any family of codes of relative distance § satisfies
R < ®(8), where

®(5) = min 1/2{7'2 + Hg1(m) + (1 — Tl)Hq,l(L)},

T1,T2 1-— T1
where the minimum is taken over all T1, T, that satisfy

0<n<(¢—-1)/¢*>, 0<n<(q-1)/q
Y(12) + (2 = (7)1 — 72)y(11) < 26.

The asymptotic rate of any family of OOAs of relative strength ¢ satisfies
R >1—®(9).



Numerical Results: ¢ = 2,7 =2

q=2,

r=2

LP .

Plotkin

v




Numerical Results: ¢ =2,r =3

q=2,

r

3

LP .

Pl otkin




Thank You!

(O < o«

i
v






Bassalygo-Elias Bound: Proof
Proof.

(Proof of lemma):

h-length s

1
Fori:l,...,n;h:1,...,7";06]}“2Iet 2
Mo=|{x'eC: x""=¢}.

2 1
A1 =2, A=

o= = OO O
o O = == O
O R P O R K~



Bassalygo-Elias Bound: Proof
Proof.

(Proof of lemma):

h-length suffix

10 I
Fori:l,,..,n;h:1,...,7";061[“3Iet 21 ‘
Mo=|{x'eC: x""=¢}.
M'T I 1
“ith Dlock
AM'(M' —1) < > de(x,y) =nrM? =) "> "N (A%
x,yeC i=1 h=1 CE]FZ‘

Solve the minimization:

minimize Z Z Z ()

i=1 h=1 ceFh

such that ZceF;qL M.=M"and m S A = M (nr — w)

= dM'(M' —1) <



Linear Krawtchouk Polynomials

Take Kp,... 0 = 1. For some constant ¢

Kry(z) = e(zr = (2, 1)) = e(zr —n(g — 1)/q)

c is obtained from | Kr, ||> = vr, = n(q — 1)¢"; we get
c = *gq;
We take ¢ = —¢ to ensure K,(0) > 0.

(Back)



Asymptotic volume of the ball (Rosenbloom-Tsfasman, 1997)

Let A(z) = (¢ —1)z(2" —1)/(q(z — 1)) and let zo = z0(x) be the unique
positive root of the equation

Q*lr-i
zr(l+ A(2)) = —— iz
raE)=12Y

Define the function
1
Hyr(x) = (1 — log, 20) + - log, (1 + A(20)).
Then
0 S 6 S 5crit

Hy (0
lim (nr)™* log, Ssnr = a:r(9)
n—co 1 Oerit < 0 < 1.



Three-term for normalized polynomials

Aclf,h = Li/(fi + D)(n—r)g"Hq—1) ifh=(fi,....fi+1,....[r)
Culf,h]l = Lin/(n — k + 1) figi—1(q — 1) ifh=(f, ... fi—1,...,f)

Lifig ™ (a - 2) ifh=f

Li% (fe + 1) figh ifh=(f,.... o+ 1, fi=1,..., fr),

Bi[f,h] = 1<k<i
-1 .
LiqT\/fk(fi—f—l)qu ifh=(fi,. fo—1,. . fit1,...,f)
1<k<i

(Back to 3-term)
(Back to A)



