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In this paper we show that there is no complete odd king tour
on an even chessboard, partially answering a question raised in
[BK], [$].

A king can move on a m X n checkered board to any of its
neighboring squares, where m > 1 and n > 1 are integers. There
are 8 neighboring squares if the king is not on the edge of the
board, 5 if the king is on the edge but not in a corner, and 3
otherwise. A tour on an m x n board of a given chess piece
is a sequence of legal moves of that piece on an m x n checkered
board which has the property that each square of the board is
visited at most once in that sequence. A complete tour on
an m X n board of a given chess piece is a tour which has the
property that each square of the board is visited exactly once in
that sequence. For example, a complete king tour is easy to find
but a complete knight tour is relatively hard to find. An odd
king tour is a tour which has the property that each square the
king visits can have only an odd number of neighboring squares
which have been previously visited. An analogous definition can
be given for even king tours.

A complete king tour on an m x n board may be represented
graph theoretically as a Hamiltonian cycle on a particular graph
with mn vertices, of which (m — 2) - (n — 2) of them have degree
8, 2(m + n —4) have degree 5 and the remaining 4 vertices have
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degree 3. The problem of finding an algorithm to find a hamil-
tonian circuit in a general graph is known to be NP complete
[GJ]. The problem of finding an efficient algorithm to search for
such a tour therefore appears to be very hard problem.

In [BK], C. Bailey and M. Kidwell proved that complete even
king tours do not exist. They left the question of the existence of
complete odd tours open but showed that if they did exist then
it would have to end at the edge of the board. We shall show
that

Theorem 1 No complete odd king tours exist on an mXxn board,
except possibly in the following cases:

em=n=7
e m="7andn==_,
e m>T7,n>7andm orn (or both) is odd,

e m>T7,n>T and the tour is “rapidly filling”.

The definition of “rapidly filling” requires some technical no-
tation and will be given later.

1 Background

Before proving this, we recall briefly some definitions and results
from [BK] which we shall use in our proof.

Definition 2 Two squares are called a neighbor pair if they
have a common edge or common vertexr. A neighbor pair is called
completed if both squares have been visited by the the king at
some point in a tour, including the case where the king is still on
one of the squares. A foursome s a collection of four squares
which form a 2 X 2 array of neighboring squares on the board.
A foursome is called completed if all four squares have been
visited by the the king at some point in a tour, including the case
where the king is still on one of the four squares.
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Unless stated otherwise, after a given move of a given odd
king tour, let AF denote the change in the number of completed
foursomes and let AN denote the change in the number of com-
pleted neighbor pairs. Note that AN 1is equal to the total number
of previously visited squares which are neighboring the king.

The following result was proven in [BK] using a counting
argument:

Lemma 3 (a) The number of neighbor pairs of an m X n board
18
2mn+2(m—1)(n—1) —m —n.

(b) The number of foursomes of an m x n board is

(m—1)(n—1).

The following result was proven in [BK] using a case-by-case
argument:

Lemma 4 After a particular move in a given even king tour, let
AF denote the change in the number of completed foursomes and
let AN denote the change in the number of completed neighbor
pairs. If AF =0 then AN > 2. If AF =1 then AN > 4. If
AF =2 then AN > 6. If AF = 3 then AN = 8.

We shall need the proof of this lemma (for which we refer the
reader to [BK]) rather than the lemma itself. The proof of this
lemma implies the following:

Lemma 5 For an odd king tour: If AF =0 then AN > 1. If
AF =1 then AN > 3. If AF = 2 then AN > 5. If AFF =3
then AN =17.

We shall leave the proof of this to the reader.

Definition 6 We call an odd king tour rapidly filling if there
18 a move in the tour such that 2AF +1 < AN and 1 < AF.
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2 The proof of the theorem

Proposition 7 If m and n are both even then no complete odd
king tour exists.

proof: Let N denote the total number of completed neighbor
pairs after a given point of a given odd king tour. We may
represent the values of N as a sequence of numbers, 0,1,2,....
Here 0 is the total number of completed neighbor pairs after the
first move, 1 for after the second move, and so on. Each time
the king moves, /N must increase by an odd number of neighbors
- either 1, 3, 5, or 7. In particular, the parity of /N alternates
between odd and even after every move. If m and n are both
even and if a complete odd king tour exists then the the final
parity of N must be odd. By the lemma above, the value of N
after any complete king tour is 2mn +2(m —1)(n — 1) — m —n,
which is obviously even. This is a contradiction. O

It therefore suffices to prove the above theorem in the case
where at least one of m,n is odd.

Let N denote the total number of completed neighbor pairs
in a given odd king tour. Let F' denote the number of completed
foursomes in a given odd king tour. Let M denote the number
of moves in a given odd king tour. Let

T=N-2M —2F + 4.

Lemma 8 Let AT = AN—-2-2AF, where AN, AF are defined
as above. Then AT equals —1, 1, 3, or 5. If the tour is not
rapidly filling then AT > 1 only occurs when AF = 0.

proof: We prove this on a case-by-case basis. Lemma 5 of
the previous section implies the following statement. For each
i=0,1,2,3, we have if AF = i then AT € {—1,1,3,5}. Further,
if AT > 1 then AF = 0, when the tour is not rapidly filling.
Since these are the only possible values of AF, the lemma is
proven. U

second proof of the proposition: Suppose that there is a
complete odd king tour on an m x n board. The values of T may
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be represented as a sequence 2, ... (since after the first move,
N =0,F =0,M = 1). The final value of T is, by Lemma 3,
4 —m —mn. Since each time the king moves, 7' changes by an odd
number, the parity of 7" alternates between even and odd after
each move. If m,n are both even then the final parity of T is
odd but the final value is even. O

Lemma 9 Let H(m,n) denote the largest number of non-overlapping
2 x 2 blocks which will fit in the m X n board. There are no la-
belings of the m x n checkerboard by 0’s and 1’s with no 2 x 2
blocks of 1’s and fewer than H(m,n) 0’s.

In particular, if there are no 2 X 2 blocks of 1’s then there
must be at least [m/2][n/2] 0’s.

proof: This follows from reasoning similar to Sands’ ” Gun-
port Problem” analysis [Sa]. The details are left to the reader.
O
Let
T'=N—-M—-2F +1.

By Lemma 8, we have that T’ is monotonically increasing.
Moreover, if the tour is not rapidly filling then 7" increases only
when the king moves to a square which does not complete a new
foursome (i.e., when AF = 0). The initial value of 7" is 0 and
the final value is, by Lemma 3, mn — m — n + 1. In particular,
there are exactly m+n—1 of the mn total moves which complete
a foursome.

We show that this is impossible if either m or n are greater
than 7. Recall that we have assumed that both m,n are greater
than 1. Imagine now the checkerboard labeled with the move
numbers of a complete odd king tour. Relabel those moves which
completed a foursome in some way, 1, 2, ..., m+n—1. Delete these
moves, so that no completed foursome remains. This contradicts
the lemma above if m, n are so large that m+n—1 < [m/2][n/2].

The theorem has therefore been proven for all (m,n) for
which min(m,n) > 8. We tabulate some maximum odd king
tour lengths obtained by a backtracking computer program writ-
ten in C:
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1 2 3 4 5 6 7 8 9
111 2 3 4 5 6 7 8 9
2(2 2 5 6 7 8 9 10 11
313 &5 7 10 13 16 18 21 24
414 6 10 14 18 22 27 30 34
515 7 13 18 23 28 34 39 7
6/6 8 16 22 28 34 41 ? 7
7|7 9 18 27 34 41 ? 7?7 7
8§/8 10 21 3 39 ? 7 7?7 7
9/9 11 24 34 7 ? 7 7 7

By Proposition 7, we know that there are no complete odd king
tours on a 6 X8 or 8 X8 board, since 6, 8 are both even. Therefore,
the only boards for which the main theorem has not been proven
is the 7 x 7, 7 x 8 boards. O

The above-mentioned program for the 7 x 7 tour ran for 2
weeks on a Sun ultra computer without completion, at which
point the program was terminated.

We conclude this article with a question.

Remark 10 An odd king tour of length mn — 1 on an m X n
board will be called nearly complete. Which boards have nearly
complete odd king tours?

Based on the above table, we

Congecture 11 Ifn > 3 then all 7 x n boards have nearly com-
plete odd king tours.
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