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We compute the PSL(2, N)-module structure of the Riemann-Roch
space L(D), where D is an invariant non-special divisor on the mod-
ular curve X (N), with N > 7 prime. This depends on a computation of
the ramification module, which we give explicitly. These results hold for
characteristic p if X (V) has good reduction mod p and p does not divide
the order of PSL(2, N). We give as examples the cases N = 7,11, which
were also computed using GAP [8]. Applications to AG codes associated
to this curve are considered, and specific examples are computed using
GAP [8] and MAGMA [14].

1. Introduction

The modular curve X (N) has a natural action by the finite group G =
PSL(2,N), with quotient X (1). If D is a PSL(2, N)-invariant divisor on
X (N), then there is a natural representation of G on the Riemann-Roch
space L(D). In this paper, we give some results about the PSL(2,N)-
module structure of the Riemann-Roch space L(D), in the case where N is
prime and N > 7. If D is non-special then a formula in Borne [5] gives

[L(D)] = (1 = gx (1)) [K[G]] + [degeq (D)] - [c]. (1)

Here gx(1y is the genus of X (1) (which is zero), square brackets denote
the equivalence class of a representation of G, deg.,(D) is the equivariant
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degree of D, and T is the ramification module (these will be defined in
sections 5 and 6).

Our main result (see Theorem 9 in section 5) gives an explicit compu-
tation of the G-module structure of the ramification module I'c;. We show
it can be explicitly decomposed into irreducible G-modules where the mul-
tiplicity of an irreducible G-module 7 in I only depends on 7 and the
residue class of N modulo 24. We then go on in section 6 to compute the
equivariant degrees of G-invariant divisors on X (N), and use these and
Borne’s formula to compute the G-module structure of the corresponding
Riemann-Roch spaces.

If K = Q(G) denotes the abelian extension of Q generated by the char-
acter values of G then G = Gal(K/Q) acts on the set of irreducible rep-
resentations of G. We call this the Galois action. In the case where I'¢
is invariant under the Galois action, the authors have given a somewhat
simpler formula for T'¢ [11]. In section 5 (see Theorem 10), we also prove
that the ramification module is G-invariant if and only if N =1 (mod 4).

As a corollary, it is an easy exercise now to compute explicitly the
decomposition

HY(X(N), k) = H(X(N),") @ HO(X(N), Q1) = L(K) ® L(K),

into irreducible G-modules, where K is a canonical divisor. This was dis-
cussed in Khare-Prasad [13] (over k = C) and Schoen [20] (over the finite
field £ = GF(N)). Indeed, Schoen observes that the multiplicities of the
irreducible representations occurring in H*(X (N), k) can be interpreted in
terms of dimension of cusp forms and number of cusps on X (V).

In section 7 we look at the examples N = 7,11, using GAP [8] to do
many of the computations. In the last section, applications to AG codes
associated to this curve are considered (MAGMA [14] was used to do some
of these computations).

Notation: Throughout this paper, N > 5 is a prime, F = GF(N) is the
finite field with N elements, and G = PSL(2, N).

Acknowledgements: We thank D. Prasad and R. Guralnick for enlighten-
ing correspondence, and in particular for the references Khare-Prasad [13]
and Janusz [10].

2. Modular curves

Let H denote the complex upper half-plane, let H* = H UQU {oo}, and
recall that SL(2,Q) acts on H* by fractional linear transformations. Let
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X (N) denote the modular curve defined over Q whose complex points are
given by I'(N)\H*, where

F(N){(ZZ) €SLy(Z) |a—1=d—1=b=c=0 (mod N)}.

Throughout this paper, we will assume that N is prime and N > 6. In
this case, the genus of X (V) is given by the formula

(N —6)(N2—1)
24 '
For example, X (7) is genus 3 and X (11) is genus 26.
Let N be a prime and, for j € Z/NZ, let y; be variables satisfying

g=1+

yj"_y*j = Oa ya+bya7byc+dycfd+ya+cya7cyd+byd7b+ya+dyafdyb+cybfc = 07

(2)
for all a,b,c,d € Z/NZ. These are Klein’s equations for X (N) (see Adler
[1] or Ritzenthaler [17]).

Example 1: When N = 7, this reduces to y3y2 — y3ys — y3y1 = 0, the
famous Klein quartic.
When N = 11, the 20 equations which arise reduce to the 10 equations

—Yy2y3 + Yayay3 + Y3yays = 0,
—Y3ya + yaui — Yiys = 0,
—y1y5 — Yiys + ysya = 0,

—YTYsya + Y13y + y3yays = 0,

—YTy2ys + Y1ysyi — ysysys = 0,
Yiy2 — ysys — yiys = 0,
Y1Ys — Ysys + ysya = 0,

—Y1Y5Ya + Y1Y3Ys + Y2135 = 0,
Y1Ys + y2us — ysyi = 0,

Y1Y2Y3 + Y1Yays — Yoysyi =

The curve X (N) over a field k parametrizes pairs of an elliptic curve
over k and a subgroup of order N of the group structure on the curve.
This can be extended to fields of positive characteristic, if X (V) has good
reduction. Since Klein’s equations have integer coefficients they can also be
extended to an arbitrary field k. However, Velu [24] (see also Ritzenthaler
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[19]) has shown that X (N) has good reduction over fields of characteristic
p where p does not divide N (in our case, p # N, since N is itself assumed
to be a prime).

Let

G = PSLy(Z/NZ) = T(1)/T(N),

where the overline denotes the image in PSLo(Z). This group acts on X (N).
(In characteristic 0, see Shimura [21], in characteristic £ > 0, see Ritzen-
thaler [17].) When N > 2 is prime, |G| = N(N? — 1)/2. The quotient of
X (N) by the action of PSL(2,N) is X (1) = PL.

Definition 2: When X has good reduction to a finite field k& and, in addi-
tion, the characteristic ¢ of k does not divide |G|, we say that ¢ is good.

If k is a field of good characteristic, the automorphism group of X (N)
is known to be PSL(2, N) Bending-Camina-Guralnick [3].

The action of G = SLy(Z/NZ) on the set of points of the projective
curve defined by Klein’s equations is described in Ritzenthaler [17] (see

ab) € G sends

also Adler [2], Ritzenthaler [18]). The element g = <c d

(yj)jeZ/NZ € X(N) to (p(g)yj)jEZ/NZ € X(N), where

.2 . 2
p(g)(y;) = Y Mea Rt ey
teZ/NZ.

where ¢ denotes a primitive N-th root of unity in k.

1 11
Remark 3: When the formulas for the special cases p ( 01 0>, P (0 1 >,
0
and p (g . ), are written down separately, the similarity with the Weil

representation for SLy(Z/NZ) is striking (see also Adler [2]).

2.1. Ramaification data

We will now consider the ramification data of the maps
¢n  H" — X(N)

and

Yy X(N) — X (1) =P (3)
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We will first study the characteristic zero case. We recall some facts from
Shimura [21].

ab
cd
if |tr(g)| is < 2, =2 and g # I, or > 2, respectively. We call a point z € H*
elliptic, parabolic, or hyperbolic it it is fixed by such a matrix. Parabolic

We call a matrix g = ( ) € SL(2,Z) elliptic, parabolic, or hyperbolic

points are also called cuspidal points or cusps. Note that g = (a 2), c#0,
c
fixes z € H if and only if

_a—dtJardP—1 "
2¢ '

(If ¢ = 0 then g has no fixed points in H.)
If a group G acts on a set X then we denote by G, = {g € G | g(z) = =}
the stabilizer in G of z.

Lemma 4:

o Ifz € H* is elliptic then z belongs to the SLo(Z)-orbit of zy =i or

2y = 1+5/§i.

o The stabilizer in SLy(Z) of z1 is

sta@ = g ) 0. =,

and of zo is

sta@e = 1) 0. =,

e [fz € H* is parabolic then z belongs to the SLo(Z)-orbit of co. We
have

sna@e=((y1 ) W= (37 )

e There are no hyperbolic points in H*,

The last part follows from (4). The others are proven in Shimura [21].
The following is well-known.
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Lemma 5: The ramification index of yn at P = ¢n(z) is [I'(1), : T(N),].
The stabilizer at P is

Gp=T(1),/T'(N),.
In particular, we have the following.

o If z =1z then

GP=H1=<(_013)>

is order 2.
o If 2=z then

is order 3.
o [fz= 00 then

Gr=Ha=(( o} )y =2/Vz

is order N.

When k& = C, no other cyclic subgroups of G occur as stabilizers.

Proposition 6: Assume k is an algebraically closed field of good char-
acteristic in the sense of Definition 2. If H is a cyclic subgroup of G =
Aut(X(N)) = PSLy(Z/NZ) which is not of order 2, 3, or N then H is
not the stabilizer of any point on X (N). Furthermore, there is only one
orbit of points with stabilizer of order 2, one orbit of points with stabilizer
of order 3, and one orbit of points with stabilizer of order N.

Proof: In the proof of Ritzenthaler [17] Proposition 1.3 it is stated that
¢n is ramified over three points of indices 2, 3 and N. The Hurwitz(-
Riemann-Zeuthen) formula says that (see for example Hartshorne [9],
Corollary IV.2.4):

2-g(X(N)) —2=—-2d+ deg(R),
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where R is the ramification divisor

R= Z length(QX(N)/X(l))p - P.
PEX(N)
(Indeed, there are more explicit formulas for deg(R), since we are in the
tamely ramified case.) Since the genus of X (V) and of X (1) do not depend
on the characteristic, so we can conclude that the ramification divisor of
X(N)/C has the same degree as the ramification divisor of X (N)/k. In
other words, “deg(R) over C” equals “deg(R) over k”. Since all the sum-
mands in deg(R) are > 0, this is enough to show that no other cyclic
subgroups of G arise as stabilizers over k. [

We call a cyclic subgroup of G whose order is not 1, 2, 3, or IV spurious.
Spurious subgroups are not uncommon. Here is a general construction. If
N is prime, so F = Z/NZ is a field, let E/F denote a quadratic field with
norm nm : E — F. The kernel of the norm map, T = ker(nm) embeds into
S Lo (F). Moreover, since E* is cyclic, so is T', as well as all of its subgroups.
It’s known that T" has order N + 1 since the norm map is surjective in this
case.

Definition 7: At each point P € X (N), the ramification character 6p
is the character of the action of Gp on the cotangent space to X (N) at P.

3. Representation theory of PSL(2, N)

We first consider the representation theory of G over C, following the treat-
ment in Fulton-Harris [7].

The group PSL(2, N) has 3+ (N —1)/2 conjugacy classes. Let ¢ € IF be a
generator for the cyclic group F*. Then each class will have a representative
of one of the following forms:

(01) (G.5)- G)- G- G2)

The irreducible representations of PSL(2, N) include the trivial repre-
sentation 1 and one irreducible V' of dimension N. All but two of the others
fall into two types: representations W, of dimension N + 1 (“principal se-
ries”), and Xz of dimension N — 1 (“discrete series”). The first type, W,
is labeled by a homomorphism « : F* — C*. The second type is indexed
by a homomorphism 8 : T' — C*, where T is a cyclic subgroup of order
N 41 of F(y/e)*. The characters of these are as follows:
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10 z 0 11 le T ey

GOl Ga2) 1) i)l G2
1 1 1 1 1 1
Xs[N—1 0 1 1 |[-BletJey) Bz —/ey)
14 N 1 0 0 -1
Wo|[ N+1|a(z) +a" )] 1 1 0

Let 7 denote a generator of T'. Let ¢ be a primitive Nth root of unity
in C. Let ¢ and ¢’ be defined by

g= > (“andq
(

a

)=1

N

(

>
)=-1

a

N

(5)

where the sums are over the quadratic residues and nonresidues (mod N),
respectively. If N = 1 mod 4, then the “principal series” representation
W, corresponding to

ag : F* — C*
€ — —1

is not irreducible, but splits into two irreducibles W’ and W', each of

dimension (N + 1)/2. Their characters satisfy:

10 z 0 11 le T ey
01 0zt 01 01 Yy x
W AL (@) [14+q 144 0
W' EE | ag(z) [1+¢ 1+g¢ 0

Similarly, if N = 3 mod 4, then the “discrete series” representation Xz

corresponding to

ﬁoSTH(CX

T

— —1

sending the generator T to —1, splits into two irreducibles X’ and X", each
of dimension (N — 1)/2. Their characters satisfy:

10
01

o) (

z 0
0zt

)

11
01

)

le

1) (

x ey

%)

X/

0

q —Bo

T+ yy\/€)

X//

0

—bo

T+ y\/e)
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According to Janusz [10], the Schur index of each irreducible representation
of G is 1.

The action of the Galois group G on the irreducible representations of
G is as follows. The character values lie in Q(u), where p is a primitive m*"
root of unity and m = N(N? — 1)/4. For each integer j relatively prime
to m, there is an element o; of the Galois group G = Gal(Q(p)/Q) taking
u to p?. This Galois group element will act on representations by taking a
representation with character values (aq,...,a,) to a representation with
character values (o;(a1),...,0j(an)). Representations with rational char-
acter values will be fixed under this action.

Therefore the Galois group G will fix the trivial representation and the
N-dimensional representation V. Its action preserves the set of N — 1-
dimensional “principal series” representations Xg, and the set of NV + 1-
dimensional “discrete series” representations W,. In the case N = 1
(mod 4), the Galois group will exchange the two (N + 1)/2-dimensional
representations W’ and W”; if N = 3 (mod 4), the Galois group will ex-
change the two (N — 1)/2-dimensional representations X’ and X”.

3.1. Brauer characters of some induced representations

Let k be a field of characteristic £, assume k contains a primitive |G|-th root
of unity”, and assume that ¢ is good in the sense of (2). Because ¢ does not
divide the order of G, the characters of C-representations of G are the same
as the Brauer characters of k-representations of G. Some general remarks
on the Brauer characters of induced modular representations follow.

Let G be a finite group, let H be a subgroup. Let o : H — GL,,(k) be
an m-dimensional representation. Let

o Jolg9),9€H,
U(g)_{O, geG—H.

If G=g1HUgHU...Ug,H is a disjoint union into cosets (where g; € G
and g1 = 1) then let

m = Indfo(g) = (0°(g; '99)))1<ij<r
This rm X rm matrix is the induced representation of o to G. The trace of
this representation is given by the k-valued class function

bPWe really only need for k to contain the character values of the irreducible k-
representations of G, where k denotes an algebraic closure of k.
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trm(g) = Z tro(z " gx), (6)
z€G/H
where we identify G/H with {g1, ..., g, }.
Fix an embedding k* < C* (recall k contains all the eigenvalues of
each 7(g)). Let x, denote the Brauer character of o and let x, denote the
Brauer character of 7.

Proposition 8: If H has no elements of order ¢ = char(k) then

X-(9) = D xola'gx),

z€G/H

where x5 is the function x, extended by 0 off of H.

This is well-known and the proof of this is straightforward, using only
(6) and the definitions, so omitted.

In the next few sections, we will use induced characters to compute the
degeq(D) and Ta. By the above proposition, such character computations
will hold over C and in good positive characteristic. In particular, (14) and
all the examples given in §7 also hold in this case.

4. Induced characters

To compute the PSL(2, N)-module structure of the Riemann-Roch space,
we are interested in induced representations from the non-spurious cyclic
subgroups

R O )

of orders 2, 3, and N, respectively. We compute these by computing the
restrictions of the irreducibles to these subgroups and using Frobenius reci-
procity.

4.1. Induced characters from H,

To compute the restrictions, we must find the conjugacy classes of
PSL(2,N) containing elements of these cyclic groups. For H; and Ha,
these depend on N.
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Define the number ¢ as follows. When N = 1 (mod 4), let ¢ denote an
element in F* whose square is —1 (one can take i = eWN=1/4 where ¢ is a
generator of F*). Then

01 is conjugate to ¢ 0
~10 18 0i 1)"

When N = 3 (mod 4), there is no square root of -1 in F, so we pass to
the quadratic extension and let i = = + /ey denote a square root of —1
in F(y/e)*. (If 7 is a generator of the cyclic subgroup T of order N 4+ 1 in
F(\/€)*, we can take i = 7(N+1/4)) Then

1
0 is conjugate to Tey .
—-10 Yy x

Now let us compute the restrictions of the irreducible representations
of PSL(2,N) to Hy. We do this by examining the relevant columns of the
character table of PSL(2, N) from section 3, and comparing them to the
character table of the two element group H;.

If N =1 (mod 4), the relevant columns read

1 1 1
W T [ ao(d)
W// % Oéo(i)
Xp[N -1 0

Vi N 1

Wol N +1|a(i) +ali™!)

Let 6; be the nontrivial character of H;. From these columns we see
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that the restricted representations are:

G
Resp, 1 = 1g,

N-1 N-1 1y, if ao(i) = 1
G ! H 0
= 1 0 !
Resg, W g T { 8, if ap(i) = —1
Resg1 W" = same

N -1 N -1
Resgl Xg = 5 1q, + 5 01

N+1 N -1

Res§ V = h 1p, + 61
! 2 2
N-1 N-1 21y, if a(i) = 1
G Hy
= 1

Respp, Wo = ——1m + ——0 + { 20, if a(i) = —1

The sign of ag(¢) depends on the equivalence class of N (mod 8). Since
ap(e) = —1 and i = eNV=1/4 we will have ag(i) = 1 if (N — 1)/4 is even
(N =1 (mod 8)) and ap(i) = —1if (N—1)/4is odd (N =5 (mod 8)). For
the induced representation of the nontrivial character, we have, for N = 1
(mod 8),

N -1
2

\%4

N-1 N-1
Indfy, 00 = —— (W' + W)+ =———=3 Xg+
B

N -1 N+3
+t— E Wa + 5 E Wa,
a(i)=1 a(i)=—1

and for N =5 (mod 8),

N+3 N-1 N-1
Indfj 01 = — =W + W)+ ——=3 Xg+——V
B

N -1 N+3
oy 2 Wat T 3 We
a(i)=1 a(i)=—1

Now let us compute the restricted representations for N = 3 (mod 4).
The relevant columns of the character table of PSL(2, N) read

Gl G2)

01
1 1 1
X' &2 —Bo(%)
N N
Xg|| N—1[-8G) —B8G™1)
Vv -1

0

=
+|=2

Wa
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Therefore, the restricted representations are:

G
Resy, 1 = 1g,

N-3 N-3 1y, i Boli) = —1
G I H 0
X' = 1 0 !
Resp, Tty 1*{ 0, if Boli) = 1
Resf, X" = same
N -3 N-3 21y, if A(i) = —1
G Hy
X = 1
Respr, Xp 5 o+ 5 91+{ 20, if Bi) = 1
N -1 N+1
ResgIVZ 5 1y, + 5 01
N +1 N+1
Resg1 Wy = 5 1q, + B 61

As before, the sign of §y(¢) in the representations induced from X’ and
X" depends on the equivalence class of N (mod 8). If N = 3 (mod 8), then
Bo(i) = —1 and if N = 7 (mod 8), then Fy(i) = 1. We get the following
induced representations of the nontrivial character: if N =3 (mod 8),

N -3 N+1 N -3
G _ ’ "
IndH191 = 1 (X + X )+ 2 E X5+T E Xg (7)
B(i)=1 Bli)=—1
N+1 N+1
\%4 Wa 8
eV > (8)

[e3

and if N =7 (mod 8),

N+1 N+1 N-3
G —
Indfy, 01 = —, (X' + X"+ 5 Z Xp+ —5— Z Xs (9)
Bi)=1 Bi)=—1
N+1 N+1
1% We. 10
+— Vi — ; (10)

4.2. Induced characters from Hy

Now we consider the induced characters from the cyclic group Hs of order
3. As in the case of Hj, the conjugacy classes of the elements of Hs depend
on N.

We define a number w as follows. When N =1 (mod 3), w is a root of
22+ 1=z in F* (one can take w = e(N=1/6) Note
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01 is conjugate to w 0
—11)Beonwus 0wl)

in G. When N = —1 (mod 3), = + /ey is a root of 2% + 1 = z in F(y/2)*
(one can take w = 7(V+D/6) Note

0 1Y\. . T ey
<_10>IS conjugate to(y . )7

in G. In any case, the nontrivial elements of Hy are G-conjugate.

Let 0 and 03 be the nontrivial characters of Hy. Again, to compute
Ind§, 0> and Ind§; 03, we compute the restrictions of the irreducible char-
acters of G and use Frobenius reciprocity.

If N =1 (mod 3), the relevant columns of the character table of G =
PSL(2,N) read

10 w 0
() (5.5)
1 1 1
f/I(/’ hEs) a(()
2 0o(w)
w" N;—l ao(w)
Xo[N—1 0
VI N 1
Wo| N +1|a(w) + alw™)

where the character table contains W’ and W” if N = 1 (mod 4), and
X and X" if N = 3 (mod 4). If N = 1 (mod 4), the value of ap(w)
is (=1)V=1/6 and % is even, so ap(w) = 1. Therefore, the restricted
representations are:
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€]
Resy, 1 =14,

N -1
Resgz Xl = T(le + 02 +9%)
Resf X" = same
Res$ W' = Eu 0y +62) + 1
H, - 6 H, + 02+ 2)+ H>
Resf W’ = same
N -1
Resf, X5 = 5 (1, + 02 +63)
N-—-1
Resg2 V= T(ng + 0, +63) +1p,
N-1 21y, ifalw)=1
G _ 2 H»>
Rest, Wo = —3—( H2+92+92>+{02+9§ it aw) £ 1

N -1 N -1
G G p2 § :
ITLdHQQQZITldHQGQZT e XB+TV

N-—-1 N +2
e St
a(w)=1 a(w)#1
N—1 (W +W"if N=1 (mod 12)
6 X' +X"ifN=7 (mod12) °

Assume next N = 2 (mod 3). Again, the character table contains W’
and W” if N =1 (mod 4) (so N =5 (mod 12)), and X’ and X" if N =3
(mod 4) (so N =11 (mod 12)). The relevant columns of the character table
of G are as follows. Note that for the irreducibles X’ and X" (in the case
N =11 (mod 12)), the character value depends on [y(w), where 3y is the
character of the cyclic group of order N + 1 sending a generator to —1. In
this case, w = TNgrl, and % is even, so fy(w) = 1.
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10 T ey
(1) ()
1 1 1
2
wr| S 0
Xp|| N —1|-Bw) — Bw™)
VIl N -1
Wal N +1 0

Therefore, we see that when N = 2 (mod 3), the restricted representations

are:

G
Resp, 1 =14,

N-5
Res{, X' = ———(1p, + 02 + 03) + 05 + 63

6

Resg2 X" = same

N+1
Resf W' = — (s + 02+ 02)
Resf W’ = same

N -5 2002+ 63) if Bw) =1

G 2 2 +0;
Xg=—(1 0, + 0

Resiy, Xo = =5~ (L 02 + 2)+{21H2+92+9§ifﬁ(w)7é1

N -2
Resth = T(IH2 +92+9%)+92+95

N+1
1{(35%2 Wa = T(].I—]2 +92 +0§)

And the induced representations for N =2 (mod 3) are:

N+1 N -2 N+1
Indfj,0, = Indfj, 03 = ——> Xg+—2—> Xg+—5—> Wa
B B o

+N+1V+N+1 W +W"if N=5 (mod 12)
3 6 X' +X"”if N=11 (mod 12)

4.3. Induced characters from Hj

Now we consider the induced characters from Hj, the cyclic group of order
N. For the restrictions of the irreducible characters of PSL(2, N) to Hs, the
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relevant columns of the character table of G = PSL(2, N) are as follows.
As before, the representations W’ and W appear if and only if N = 1
(mod 4), and X’ and X" appear if and only if N =3 (mod 4).

(1) (o1)

1 1 1 1
X/ N2—1 q q/
b N—1 q/ q

2
W/ 52 [ 14¢ 1+¢
W// N;—l 1+q/ 1+q

Xs|[N—1] -1 1
V[ N 0 0
Wo[N+1] 1 1

Recall

Now let #3 be the nontrivial character of H3 such that
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The restricted representations are:

Resg3 1=1p,

Res§y, X' = 0%
(i

Resf, X" = Z 0%
(5=

Resf], W' = 1p, + Z 0%

(i
Res§, W = 1p, + Z 0%

Resg3 Xg = 0%

N-1
Resg3 V=1g, + Z 0%
k=1

N—-1
Resfl3 Wo =21g, + Z 9’3’“
k=1
Threrefore,
W', N=1 (mod4), k a quad. residue mod N,
X', N=3 (mod 4), k a quad. residue mod N
G pk _ ) ’ )
Indg, 05 = ZXQ—&-V—&—; Wat W', N=1 (mod 4), k not a quad. residue mod N,
b X", N=3 (mod 4), k not a quad. residue mod N.

5. Ramification module

For the remainder of this paper, let G* denote the set of equivalence classes
of irreducible representations of G. We often abuse notation by using the
same symbol for an element of G*, a representation in its equivalence class,
and the character of such a representation. Over a field k of good positive
characteristic, we abuse notation by using G* instead to represent Brauer
characters of G over k.

Define the module I'¢ by



March 28, 2006 8:54 WSPC/Trim Size: 9in x 6in for Review Volume david'joyner

Modular representations on some Riemann-Roch spaces of modular curves X(N) 19

ep—1
> Indg, (Z zaé) :
PEX(N) =1
where fp is the ramification character at a point P. Thanks to Nakajima
[16], it is known that there is a G-module I'¢ such that [[¢] = |G| - [T¢]
(see also Borne [5]). We call T the ramification module.

In the case of the modular curve X (N), let mp, denote the induced
representation from a character fp. Then by definition,

Ra[mo,] + Rs([mo,] + 2[mez]) + B ([mo,] + - + (N — 1)[mgv-1])

fG = ’
G|
(11)
where R; is the number of P € X(N) with Gp = H;. Recall from section
2.1 that
= Gl = 16l & |G|
R2 - 2 9 R3 - 3 9 RN - N )
so that in fact
~ 1 1 1
FG = 5[71'01] + g([?TGQ] + 2[71'9%}) + N([W%] + ...+ (N - 1)[71'9;\171]). (12)

This can easily be computed using the induced characters from section
4. To combine the results of sections 4.1 and 4.2, we must look at the
congruence class of N modulo 24. We have

N =1 (mod 24) = N =1 (mod 4),N =1 (mod 8), N =1 (mod 12),

N =5 (mod 24) = N =1 (mod 4),N =5 (mod 8), N =5 (mod 12),

N =7 (mod 24) = N =3 (mod 4),N =7 (mod 8), N =7 (mod 12),

N =11 (mod 24) = N =3 (mod 4), N =3 (mod 8),N =11 (mod 12),
N =13 (mod 24) = N =1 (mod 4),N =5 (mod 8), N =1 (mod 12),
N =17 (mod 24) = N =1 (mod 4),N =1 (mod 8), N =5 (mod 12),
N =19 (mod 24) = N =3 (mod 4),N =3 (mod 8),N =7 (mod 12),

N =23 (mod 24) = N =3 (mod 4), N =7 (mod 8),N = 11 (mod 12).

Let Q denote the set of quadratic residues (mod N), let A/ denote the set
of quadratic non-residues (mod N) and let

So=)Y ¢ Ze_il)—sg.

teQ LeN
If N=1 (mod 4), then



March 28, 2006 8:54 WSPC/Trim Size: 9in x 6in for Review Volume david'joyner

20 D. Joyner, A. Ksir
N(N -1
So =Sy = %, (13)

If N =3 (mod 4), then Sg and Sy are not equal.
We prove the following result. An empty sum is by convention zero.

Theorem 9: We have the following decomposition of the ramification mod-

ule:

e If N=1 (mod 24), let m = 13813 Then

- _m / m "
Lo =5W 4 5W+mV +m) X

B
tm Y Wat(m+l) > W
a(i)=a(w)=1 a(i)=1,a(w)#1
+(m+1) Z Wao + (m+2) Z Wa.
a(i)#1,a(w)=1 a(i)#1,a(w)#1

e If N=5 (mod 24), let m = 3=5 Then

~ m—+1 m—+1

I'e=—; W'+ 5 W' +mV
tm ), Xe+(m-1) Z Xs
Bw)=1
+m Z Wy + (m+1) Z We.
a(i)= a(i)#1

o If N=7 (mod 24), let m = 3= Then

= IN—-1 So. v  ,IN—=1 Sy, .,
I'e =+( 51 +N))X +( 51 + N))X +mV
+m Y Xg+(m—1) Y X
B(i)=1 B(i)=—1
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e If N =11 (mod 24), let m = 13841 Then

. IN-5 So.., ,IN=5 Sx..,
= (5 F> ( 51 +N)X +mV+mZW

+m Z X+ (m - 1) Z X3
B(i)=p(w)=1 B(i)=1,8(w)#1

+(m—1) Z Xg+(m—2) Z Xg.

B(i)=—1,8(w)=1 B(i)=—1,8(w)#1

o If N =13 (mod 24), let m = 130=13 Then

~ m+1_, m+1_,
Lo =——W'+— W+mv+mzﬁjxﬁ

+m Z Wa+ (m+1) Z W,
a(i)=a(w)=1 a(i)=1,a(w)#1
+(m+1) Z Wao + (m+2) Z W.

a(i)#1,a(w)=1 a(i)#1,a(w)#1

o If N =17 (mod 24), let m = 13¥=5_ Then

I = @W' + TW” +mV

+mZX5+ —1) ZXB

Blw)=1
+m Z Wo + (m+1) Z Wy
a(i)= a(i)#1

o If N =19 (mod 24), let m = 13N=T_ Then

" TN 13 Soy v, TN-13 Sy,
G ( Y1 N )X ( o + N )X +mV
tm Y Xg+(m—1) Y X
Bi)=1 Bi)=—1
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o If N =23 (mod 24), let m = 13541 Then

5 IN+7 So IN+7 Sy
F = _— —_—
a=(5 % 21 TN

)X+ ( X" +mV +mY W,
+m > Xg+(m—1) > Xp
Bi)=h(w)=1 Bi)=1,6(w)=#1

+(m —1) > Xg+ (m—2) > X5.

B(i)=-1,8(w)=1 B(i)=—1,8(w)#1

Proof: It is straightforward to verify the theorem case-by-case using
(12). As an intermediate step, we tabulate the multiplicities of the irre-
ducible representations in the induced representations which comprise I'g.
These tables are included in Appendix A (see §10 below). We sketch the
case N =1 (mod 24).

We begin with the multiplicity of V. According to (12) and the N =1
(mod 24) table in Appendix A, the multiplicity of V in T'g. is

IN-1, 1. INW-1) _ 1BN-13

2 2 3 N 2 12
The multiplicity of an Xz (or a W, with a(i) = a(w) = 1) in T is the
same, since they have the same rows in the table as V. Next consider the
multiplicities of W’ and W”. Since Sg = Sy = W, these rows in the
table are exactly half of the V row, so the multiplicities of W’ and W are
both

IN-1 1N-1 1N(N-1) 13N-13 m

24+32+N 4 24 2"

Next consider a W, with a(i) = 1, a(w) # 1. This row of the table
differs from the V row in the second column, where it is NV + 2 instead of

N — 1. Since this entry is divided by 3 in the computation, the multiplicity
in I'g of such a W, will be one more than the multiplicity of V', or m + 1.
More directly,

IN-1 1 1 N(N—-1) 13N -13

S T SN2+ — —m+1
5 5 T3V TETN T 12 mt

Similarly, consider a W, with (i) # 1, a(w) = 1. This row of the table
differs from the V' row in the first column, where again the net result is to
add one to the multiplicity. In this case,

IN+3 1 +iN(N—l)_l:BN—li’)_
2 2 3 N 2 12

m+ 1.
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as desired. Finally, consider a W, with a(i) # 1, a(w) # 1. We see that
both of the first two columns of the table differ in this row from the V' row,
for a net addition of 2 to the multiplicity. In this case,

1N(N-1) 13N-13

1
ST L N2 — —m+2
5 9 T3V TtEty T 12 me

This completes the verification of the theorem in the case N =1 (mod 24).
A similar analysis can be used on the other cases.[]

If T has a Q[G]-module structure, it may be computed more simply
(see Joyner-Ksir [11]). In this case, the formula for it is

L R
o= P [Z(dimw — dim (WH@));] ™ (14)

TeG* =1
where {H1, ..., H,} represent the set of conjugacy classes of cyclic subgroups

of G). If T is not G = Gal(Q(G)/Q)-invariant, so there is no Q[G]-module
structure, then

@ 1G] - lZ(dimﬂ — dim (FHZ))};ﬂ T (15)

TeG* =1

yields the G-module decomposition of the Galois-closure of T'g (i.e., the
smallest G-invariant G-module containing fg). See the remark after Corol-
lary 6 in Joyner-Ksir [11]. Also, compare this with Lemma 3 in Khare-
Prasad [13].

This motivates the following, as stated in the introduction.

Theorem 10: For N > 5 prime, the ramification module of X(N) over
X (1) is G-invariant if and only if N =1 (mod 4).

Proof: . As noted in §3, the action of G is as follows:

e On X' and X" or W’ and W'": The induced characters from H;
and Hs are invariant under this action. The induced characters
from Hs are not; the action exchanges 6% where k is a quadratic
residue (mod N) with 0% where k' is not a quadratic residue
(mod N). However the sum appearing in the ramification module

epfl N—-1
Indg, (Z eeﬁé) =Y tIndg, 0"
=1

=1
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will include

S+ >
N
if N=1 (mod 4), or

doex'+ > x”
= ()=

if N =3 (mod 4). Here (%) denotes the Legendre symbol. If N = 1
(mod 4), then the sum of the quadratic residues is the same as the
sum of the nonresidues, so the multiplicities of W’ and W are the
same. If N = 3 (mod 4), then the sum of the quadratic residues
is not the same as the sum of the quadratic nonresidues, so these
multiplicities are different. Therefore this part of the ramification
module module is Galois invariant if and only if N =1 (mod 4).
On Xg: The multiplicity of a discrete series representation Xg de-
pends only on (i) and [(w). Observe that G fixes elements of Q,
therefore cannot exchange X3 having (i) = 1 with an X3 having
B(i) = —1, or X3 having f(w) = 1 with Xg having S(w) # 1.
Therefore this part of the ramification module is Galois invariant.
On W, Similarly, the multiplicity of a principal series representa-
tion W, depends only on (i) and a(w). Again, G will not exchange
these, so this part of the module is Galois invariant.

Thus we see that T is Galois-invariant if and only if N = 1 (mod 4).

In this case, we can use formula (14) to compute the ramification module

directly from the restricted representations in section 4, and get the same
result with fewer steps. If N = 3 (mod 4), formula (15) will yield the Galois
closure of the ramification module.

6. Equivariant degree and Riemann-Roch space

Now we will define and compute the equivariant degree of a G-invariant
divisor. This, together with Borne’s formula (1) will allow us to compute
the G-module structure of the Riemann-Roch space L(D).

Fix a point P € X(N) and let D be a divisor on X (N) of the form

D= gP)=r Y g,

e
P gea 9eG/Gp
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where Gp denotes the stabilizer in G of P and ep = |Gp| denotes the
ramification index at P.

When r = 1 such a divisor is called a reduced orbit by Borne [5]. When
r is a multiple of ep then D is the pull-back of a divisor on X (1) via ¢n
in (3).

When D is as above, the equivariant degree of D is the virtual represen-
tation

deg.,(D) = Indg, (Z 9;") ,
(=1

where @p is the ramification character of X (V) at P (a character of Gp). In
general, the equivariant degree is additive on disjointly supported divisors.
See for example Borne [5] for more details.

Example 11: Consider a hyperelliptic curve X for which every ramifica-
tion point P has ep = 2. Let D denote the sum of all the ramification
points of X. Then (by definition) dege,(D) =T'¢ = 2T'¢.

On the modular curve X (NN), the results of section 2.1 tell us that there
are only four types of reduced orbits to consider: the stabilizer Gp of a
point P in the support of D may have order 1, 2, 3, or N. Let Dy, D1, Ds,
and D3 denote reduced orbits of each type. We compute the equivariant
degree of rD; in each case.

Case 1 : Gp is trivial. If Gp has order 1, then the ramification character
is trivial. Dy is an entire orbit, in fact the pullback of a divisor on
X(1). The equivariant degree of 7Dy is r - k[G], a multiple of the
regular representation k[G] of G.

Case 2 : Gp = H,. If Gp has order 2, then the equivariant degree of D,
is I ndgp 01 (which was computed in section 4.1). Even multiples
of Dy will be pullbacks from X (1), so deg,,(2rD1) = r - k[G], and
deg,,((2r + 1)Dy) = r - k[G] + Indg 6;.

Case 3 : Gp = H,. The equivariant degree of D5 is Indgpeg, which
was computed in section 4.2. Note that Indg}ﬁ% = Indgpﬁg, SO
deg,,(2D2) = 2Indg ;. But 3D, is a pullback from X(1), so
deg.,(3D2) = k[G], and more generally deg.,(3rD2) = r - k[G],
deg,,((3r + 1)D3) =7 - k[G] + IndZ 02, and deg,,((3r 4+ 2)D3) =
r - k[G] 4 2IndZ 0.

Case 4 : Gp = Hs. This case is more complicated because Ind%g@’g de-
pends on whether k is a quadratic residue modulo N (see section
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43). If 1 < r < N —1, let g, denote the number of quadratic
residues modulo NNV in the set N —r,..., N — 1, and let n,. denote
the number of quadratic nonresidues modulo N in the same set.
Then the equivariant degree deg,,(rD3) will be

. gW' +n,W"”" N=1 (mod4)
deg,,(rD3) =r (Z Xg+V+>. Wa> +{ g X' +n. X", N=3 (mod 4).
ﬁ [e%

Now we would like to compute the G-module structure of the Riemann-
Roch space L(D) for a non-special G-invariant divisor D. First, let us con-
sider which G-invariant divisors are non-special. To be non-special, it is
sufficient to have degD > 2g — 2, where

(N —6)(N?-1)
24

g=1+
is the genus of X (V), so

(N-6)(N*~1) (N-6)
29 —2 = 15 = 6N |G|

The reduced orbits Dy, Dy and Do have degrees |G|, |G|/2 and |G|/3,
respectively, which are greater than 2g — 2 for any N, so these are always
non-special. However, the reduced orbit D3 has degree |G|/N, which is
greater than 2g — 2 only if N < 12. A multiple of this reduced orbit, r D3
will be non-special if r > (N — 6)/6.

Once the equivariant degree of a non-special divisor has been computed,

it is simple to combine this with the ramification module, using Borne’s
formula, to find the G-module structure of the Riemann-Roch space L(D).
The number of cases becomes quite cumbersome, but in each case there will
be a number M such that all but the two smallest nontrivial irreducibles
(either W’ and W"” or X’ and X") will have multiplicity either M, M + 1,
M +2, or M + 3, and the multiplicities of the two smallest irreducibles will
be half of one of these numbers.

There is one special case worth mentioning: if D is a pull-back of an
effective divisor D on X (1) via ¢, then it will be non-special; moreover in
this case

[degeq(D)] = deg(DO)[k[GHa
and we will have the following decomposition of the Riemann-Roch space
[L(D)] = (1+ deg(D))[K[G]] - [Tal,

where I' is as above.
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7. Examples

The computer algebra system GAP [8] computes information about
PSL(2,N); one can use it to compute character tables, induced charac-
ters and Schur inner products. In the examples of X (7) and X (11) below,
we use GAP to explicitly compute the G-module structure of the rami-
fication module and some Riemann-Roch spaces, in the cases N = 7 and
N = 11. Appendix B (see §11 below) gives computations of the ramification
module for higher N, and the GAP programs we used.

7.1. The case N =7

The equivalence classes of irreducible representations of PSL(2,7) are G* =
{m1, 72, ..., 6}, where

dim (1) =1, dim (72) =dim (73) =3, dim(m4) =6, dim(75) =7, dim (7g) =38.
We can identify

/ "
7T1:1G’ 7T2:X, 7T3:X, 7T4:X/3, 7T5:‘/, 7T5:Wa.

27i

Let ( = e and let Q(q) denote the (quadratic) extension of Q by
q = ¢+ ¢*+ ¢* Let G denote the Galois group of Q(q)/Q. Then G acts
on the irreducible representations G* by swapping the two 3-dimensional
representations (i.e., 1o = X’ and m3 = X”) and fixing the others.

There are 4 conjugacy classes of non-trivial cyclic subgroups of G, whose
representatives are denoted by Hp (order 2), Hy (order 3), Hs (order 7),
H, (order 4). Thus Hy is spurious. We use GAP to compute the induced
characters:

o If 0, € Hf then mp, = Indg1 01 is 84-dimensional. Moreover,

oo [ 22 @ 273 © 2ms @ A © 4, 0 # 1,
0= T D wo B 73 B 4wy D 375 D 4wg, 01 = 1.

e If 05 € Hj then mg, = Indg; 0, is 56-dimensional. Moreover,

. ~ WQ@W3@2W4®27T5@37T6, 02#1,
02 = \ ;) ® 7y @ 3 ® 274 @ 375 B 27, O = 1.

o If 5 € Hj is a fixed non-trivial character then mg, = I ndfl3 03 is
24-dimensional. Moreover,
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w3 @y D75 D e k quad. non-res.  (mod 7),
Tor = T2 D Ty © 75 D e, k quad. res.  (mod 7),
T D 5 O 27, k=0 (mod 7).

These computations agree with the computations in section 4. This data
allows us to easily compute the ramification module using equation (12):

[Cg] = [3m2 @ 473 @ 614 ® Trs @ 87). (16)

Note that this is not Galois-invariant, because w9 and 73 have differ-

ent multiplicities. A naive computation of the ramification module, using

(14), yields the following. For brevity, we represent mq[m1] + ... + mg[ms] as
(myq, ..., mg). We compute, using GAP, the quantities

(dim7—dim (77));—1.6 = (1,3,3,6,7,8)—(1,1,1,4,3,4) = (0,2,2,2,4,4),
(dim7—dim (772));—1.6 = (1,3,3,6,7,8)—(1,1,1,2,3,2) = (0,2,2,4,4,6),
(dim 7 —dim (77%)),—, ¢ = (1,3,3,6,7,8)—(1,0,0,0,1,2) = (0,3, 3,6,6,6).

(dim 7 —dim (74));_1 6 = (1,3,3,6,7,8)—(1,1,1,2,1,2) = (0,2, 2,4,6,6).
Combining this with Ry = Ry = R3 =1 and R4 = 0 in (12) gives

[Te] = Dy, | Sy (dimm; — dim (r)) 2 | 7;]
=(0,2,2,2,4,4)3 +(0,2,2,4,4,6)% + (0,3,3,6,6,6)3 + (0,2,2,4,6,6)3
=(0,7/2,7/2,6,7,8)
= %[71'2] + %[71'3] + 6[71'4] + 7[71'5] + 8[71'6].

This is impossible, and therefore we see that I does not have a Q[G]-
module structure in this case. However, the result does agree with (15): the
multiplicity given for my and w3 is the average of the two actual multiplici-
ties.

Now we will use GAP to compute the equivariant degree and Riemann-
Roch module for some example divisors. As noted in section 6, any effective
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G-invariant divisor on X (7) will be non-special. Since X (1) is genus zero,
for N =7, Borne’s formula (1) becomes

[L(D)] = [m1 @ 3me @ 3w & 674 & Tms @ 8mg) + [degeq(D)] — ']
= [m1 @ 3wy & 3713 B 674 B Tms P 876] + [degeq(D)]
—3[ma] — 4[m3] — 6[m4] — T[ms] — 8[me]
= [m] — [ms] + [degeq(D)]-
If Dy is the reduced orbit of a point with stabilizer Hy, then

[degeq(D1)] = [mo,] = [2m2 ® 273 & 274 @ 47 D 4]
and
[L(Dy)] = [m1 & 2wy & 75 @ 274 @ 475 @ 4g).
If D5 is the reduced orbit of a point with stabilizer Hs, then
[degeq(D2)] = [mg,] = [m2 & T3 ® 2714 B 275 & 3mg),
[degeq(2D2)] = [2mg,] = [2m2 & 273 B 47y & 475 B 676,
and

[L(D2)] = [m1 & w2 & 274 & 275 & 3me),

[L(2D2)] = [7‘&'1 @ 27 P w3 D 4wy P 4wy D 67‘(6}.
If D3 is the reduced orbit of a point with stabilizer Hz, then
[degeq(Dg)] = [ﬂ'aév—l] = [7‘(’3 Dy D75 D 7T6],

[degeq(2D3)] = 2[m3 © T4 © 5 © 7e)
[degeq(3D3)] = [m2 + 2m3] + 3[my © 75 © 76,
[degeq(4Ds3)] = [ma + 3m3] + 4[my & 75 & 6],
[degeq(5D3)] = [2m2 + 3m3] + 5[m4 & 5 & 7],

[degeq(6D3)] = [3ma + 3m3] + 6[m4 & 75 & 7g).
It follows that
L(Dg) = [7‘(’1] — [7‘(’3] + [7‘(’3 Dy D7y @7‘('6] = [7‘(’1 D7y DTy @7‘(’6],

which is dimension 22, and

L(2D3) = [71'1] — [71'3] —|—2[7T3 Dy D s @71'6] = [71'1 @71’3] + 2[7‘(4 D 15 @7‘(6],

which is dimension 46.
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7.2. The case N =11

We next consider the case of N = 11. Up to equivalence, the irreducible
representations of G = PSL(2,11) are G* = {my, ma, ..., Ts }, where

dim (1) =1, dim(m2) =dim(w3) =5, dim(my) = dim (75) = 10,
dim (7g) = 11, dim (77) = dim (7g) = 12.

and we can identify

I 1
m=1lg, m=X, m=X", 7T4:Xﬂ1? 7T5:Xﬂza

me =V, mr=Wy, mg=W,,.

We can use GAP to compute the character table of G and from the character
values we can deduce some things about the characters ay,as : F* — C*
and (1,82 : T — C*. The generator € of F* has order 10; it is sent by a; to
e*™/5 and by s to €27/5. The generator 7 of T has order 12; it is sent by
B1 to €2™/3 and by £, to €™/3. Because N = —1 (mod 12), the numbers
“” = 73 and “w” = 72 are both in T; we see from this that (i) = 1,
Pa(i) = =1, fi(w) # 1, and fa(w) # 1.

Thanks to the above discussion, it should be clear that if K = Q(G)
denotes the abelian extension of QQ generated by the character values of G
then G = Gal(K/Q) acts by swapping the two irreducible 5-dimensionals
X’ and X", and the two irreducible 12-dimensionals W,,, and W,,, but not
the two irreducible 10-dimensionals X, and Xg,.

There are 5 conjugacy classes of cyclic subgroups of G, whose repre-
sentatives are denoted by Hjy, ..., Hs. They satisfy |Hy| = 2, |Ha| = 3,
|Hs| = 11, |Hy| = 5, |Hs| = 6. We are interested in Hy, Hsy, and Hs; Hy
and Hj are spurious. We use GAP to compute the induced characters:

o If ; € HY then mp, = Inaffl1 01 is 330-dimensional. Moreover,
o 279 @ 273 P 674 P 4wy P 67w P 677 P b7y, 0, #1,
0 = 1 D 37 @ 3wy D 4y B 675 D bwg D 677 D 678, O = 1.

e If 05 € Hj then mg, = IndS; 0, is 220-dimensional. Moreover,

I 2mo @ 273 B 37y P 3wy B dmwg B Ay D dmwg, Oy F£ 1,
62 = T D o D 7wy D Ay B 4y D 3mwg D 4wy D 4wy, O = 1.
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o If 03 € Hj is a fixed non-trivial character then mp, = I ndgg_ 05 is
66-dimensional. Note that this is not G-invariant. Moreover,

Ty ® My ® 75 & e & w7 @ mg, k quad. non-res.  (mod 11),
Tk = § 73 D7y P75 D e Dy B 7, k quad. res.  (mod 11),
m D e D 27y D 27y, k=0 (mod 11).

From this data, we can easily compute the ramification module, using equa-
tion (12). The equivalence class [I'¢] equals

Ralmo,] + Ba(lmo,] + 20mgz)
TR (o] 4 oo+ (N = Dy 1])

where N = 11. As was mentioned above, using Shimura [21], we have
Ry = 660/2, Rz = 660/3, R1; = 660/11. Therefore,

Te] =660-[5-(0,2,2,6,4,6,6,6) + (0,2,2,3,3,4,4,4)
+-(0,3,2,5,5,5,5,5)]
=660-(0,6,5,11,10,12,12,12),

by the formulas for the induced characters above. Therefore,
[T¢] = (0,6,5,11,10,12,12,12).

As in the case of X(7), this is not Galois invariant, because mo and 73
have different multiplicities. Again we compute the Galois closure using
equation (15):

(dim7 — dim (71));—1.s = (1,5,5,10,10,11,12,12) — (1,3,3,4,6,5,6,6)
= (05 27 27 6a47 67676)a

(dim7 — dim (7H2)),_; s = (1,5,5,10,10,11,12,12) — (1,1,1,4,4,3,4,4)
=(0,4,4,6,6,8,8,8),

(dim7 — dim (7));—1.s = (1,5,5,10,10,11,12,12) — (1,0,0,0,0,1,2,2)
= (0,5,5, 10,10, 10, 10, 10),

These calculations, combined with Ry = Ry = R3 =1and Ry = R =0,
give



March 28, 2006 8:54 WSPC/Trim Size: 9in x 6in for Review Volume david'joyner

32 D. Joyner, A. Ksir

[T = [, [Sio (dimm; — dim (/) % | ]

=(0,2,2,6,4,6,6,6)% + (0,2,2,3,3,4,4,4)% + (0,5,5,10, 10, 10, 10,10) %
=(0,11/2,11/2,11,10,12,12,12)

= Uimo] + Lims] + 11[m4] + 10[ms5] + 12[mg] + 12[m7] + 12[ms].

We can see directly from this calculation T does not have a Q[GJ-module
structure in this case. However, the result does agree with (15): we have
computed the average of the multiplicities of the representations under the
Galois action.

For every non-special G-equivariant divisor D on X(11), the formula

(1) says

[L(D)] = [71'1 @ S5mo P by B %071’4 @ 1075 D 117mg B 1277 D 1271'8]
+[degeq(D)] — e
= [m] — [m2] — [ma] = [m6] + [degeq(D)]-

If Dy is the reduced orbit of a point with stabilizer Hy, then D; is
non-special and

[degeq(D1)] = [ma,] = [2m2 ® 273 & 67y B 47y P 67 B 677 & 67g],
and
[L(Dl)] = [7’1’1 @ T P 213 B STy B ATy D O D 677 @67‘(8].

If D5 is the reduced orbit of a point with stabilizer Hs, then D5 is non-
special and

[degeq(DQ)} = [7793} = [2772 @ 273 P 3wy P 3wy D 4dmwg B 4wy D 4778]7
and
[L(DQ)] = [7’(’1 @ o B 273 D 21y P 37wy B 3mg D 4my @47‘(8].

If D3 is the reduced orbit of a point with stabilizer Hs, then D3 is non-
special and

[degeq(Ds)] = [mg10] = [m2 @ 74 ® 75 ® M6 @ 7 © ],

[degeq(2D3)] = [7T2 B w3 P 21y B 275 P 2mg D 277 P 271’8],
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and

[L(D3)] = [m1 © 75 © m7 © 7],

[L(2D3)] = [7‘(’1 D 3D Ty D215 B W D 277 B 271'8].

8. Application to codes

In this section we consider applications of our previous results to we discuss
connections with the theory of error-correcting codes.

Assume that ¢ is a good prime. Also, assume that k contains all the
character values of G and that k is finite, where k& denotes the field of
definition of the reduction of X mod ¢. (The point is that we want to be
able to work over a separable algebraic closure k of k but then be able to take
Gal(k/k)-fixed points to obtain our results.) We recall some background on
AG codes following for example Joyner-Traves [12].

Let Py, ..., P, € X (k) be distinct points and E = P, +...4+ P, € Div(X)
be stabilized by G. This implies that G acts on the set supp(E) by per-
mutation. Assume D is a G-equivariant divisor of X (k), so G acts on the
Riemann-Roch space L(D). Assume these divisors have disjoint support,
supp(D) Nsupp(E) = 0. Let C = C(D, E) denote the AG code

C={(f(P1); -, f(Pn)) | f € L(D)}. (17)

This is the image of L(D) under the evaluation map

evalg : L(D) — k™,

The group G acts on C by g € G sending ¢ = (f(P1),..., f(Pn)) € C
to ¢ = (f(g7'(P1)), ..., f(g7 (Pn))), where f € L(D). First, we ob-
serve that this map sending ¢ —— ¢/, denoted ¢(g), is well-defined.
In other words, if evalg is not injective and c¢ is also represented by
fm e L(D), so ¢ = (f'(P1),..., ['(Py)) € C, then we can easily verify
(g7 (P1))s s (g (P))) = (f'(97 (P1))s s (97 (P)))- (Indeed, G
acts on the set supp(E) by permutation.) This map ¢(g) induces a ho-
momorphism of G into the permutation automorphism group of the code
Aut(C), denoted

(18)

¢: G — Aut(C) (19)
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For properties of this map, see Joyner-Traves [12]. In particular, the follow-
ing is known.

Lemma 12: If D and E satisfy deg(D) > 2g and deg(F) > 2g + 2 then ¢
and evalg are injective.

Proof: We say that the space L(D) separates points if for all points
P,Q e X, f(P)=f(Q) (for all f € L(D)) implies P = Q (see Hartshorne
[9], chapter II, §7). By Proposition IV.3.1 in Hartshorne [9], D very ample
implies L(D) separates points. In general, if L(D) separates points then

Ker(¢p) ={9€ G | g(P) =P, 1<i<n}

It is known (proof of Prop. VII3.3, [22]) that if n = deg(E) > 2g + 2 then
{9 € G| g(P) = P;, 1 <i < n}is trivial. Therefore, if n > 2g + 2 and
L(D) separates points then ¢ is injective. Since (see Corollary IV.3.2 in
Hartshorne [9]) deg(D) > 2¢ implies D is very ample, the lemma follows.
O

As an amusing application of our theory, we show how to easily recover
some results of Tsafsman and Vladut on AG codes associated to modular
curves.

First, we recall some notation and results from Tsafsman-Vladut [23].
Let Ay = Z[Cy,1/N], where (x = €2™/N let Ky denote the quadratic
subfield of Q({x), and let By = AxyNKy. There is a scheme X (N)/Z[1/N]
which represents a moduli functor “parameterizing” elliptic curves E with a
level N structure ay. There is a scheme X p(N)/Z[1/N] which represents a
moduli functor “parameterizing” elliptic curves E with a “projective” level
N structure Sy. If P is a prime ideal in the ring of integers Ok, dividing ¢
then the reduction of the form of X (V) defined over Ky, denoted X (N)/P,
is a smooth projective absolutely irreducible curve over the residue field
k(P), with a PSLo(Z/NZ)-action commuting with the reduction. Similarly,
with X () replaced by Xp(NN). Recall from §4.1.3 of Tsafsman-Vladut [23]
that

Let Xiy = Xp(N)/P and let

Y+ X — XN/PSLy(Z/NZ) = P
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denote the quotient map. Let Dy, denote the reduced orbit (in the sense
of Borne) of the point 0o, so deg(Ds) = |G|/N. Let D = rDq, for r > 1.
According to [23], in general, this divisor is actually defined over GF(¢),
not just k(P). Moreover, deg(D) =r-(N?—1)/2. Let E = P, +...+ P, be
the sum of all the supersingular points of X, and let

C=C(Xy,E,D)={(f(P1),.... f(P)) | f € L(D)}

denote the AG code associated to X}, D, E. This is a G-module, via (19).
Moreover, choosing r suitably yields a “good” family of codes with large
automorphism group.

In fact, if D is “sufficiently large” (so, D is non-special and both ¢,
evalg are injective) then the Brauer-character analoguess of formulas in
section 6 give not only the G-module structure of each L(rDy,), but that
of C' as well.

See also Remark 4.1.66 in Tsafsman-Vladut [23].

9. AG codes associated to X (7)

We focus on the Klein quartic example started in Joyner-Ksir [11]. We also
use Elkies [6] as a general reference.

Let k = GF(43). This field contains 7" roots of unity ({7 = 41), cube
roots of unity (3 = 36), and the square root of —7 (take /=7 = 6).

Consider
G oo 160 0
P1 = 0(720 = 040 ],
0 0 (7 0 041
010
p2=1001 [,
100
and

=60t &P P

_ | &=¢° (7 —C7 Cr— C7 =1 373911
P3 =7 f
&t =¢P C7 ¢r —475 39 11 37
/—7 \/7

It may be checked that these matrices preserve the form
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o(z,y,2) = 2®y +y°2 + 2%z,

over k. They generate the subgroup G = PSLy(7) of order 168 in
PGL(3,k). The Klein curve x3y + y32 + 232 = 0, denoted here by X,
has no other automorphisms in characteristic 43, so G = Aut(X).

Let D, denote the reduced orbit of the point oo, so deg(Ds) =
|G|/N = 24, and let D = rDy. Let E = P, + ... + P, denote the sum
of the remaining k(P)-rational points of X, so D and E have disjoint sup-
port.

If C is as in (18) then then map ¢ in (19) is injective. Since evalp is
injective as well, the G-module structure of C'is the same as that of L(D),
which is known thanks to the Brauer-character analog of the formula (14).
See §7.1 above and also Example 3, Joyner-Ksir [11].

Magma tells us that the points of X (k) are

{(0:1:0),(0:0:1),(1:0:0),(19:9:1),(36:9:1),(31:9:1),
(19:27:1),(1:38:1),(27:38:1),(15:38:1),(12:28:1),(38:28:1),
(36:28:1),(40:41:1),(10:25:1),(20:25:1),(13:25:1),
(20:32:1),(42:10:1),(35:10:1),(9:10:1),(40:30: 1),
(13:30:1),(33:30:1),(24:4:1),(25:36:1),(12:36:1),(6:36:1),
(12:22:1),(14:23:1),(8:23:1),(21:23:1),(24:26:1),(37:26: 1),
(25:26:1),(23:35:1),(15:14:1),(33:14:1),(38:14:1),(33:42:1),
(17:40:1),(4:40:1),(22:40:1),(5:34:1),(15:34:1),(23:34: 1),
(31:16:1),(40:15:1),(37:15:1),(9:15:1),(37:2:1),(11:6: 1),
(39:6:1),(36:6:1),(31:18:1),(9:18:1),(3:18:1),(10:11:1),
(38:14:1),(33:42:1),
(17:40:1),(4:40:1),(22:40:1),(5:34:1),(15:34:1),(23:34: 1),
(31:16:1),(40:15:1),(37:15:1),(9:15:1),(37:2:1),(11:6: 1),
(39:6:1),(36:6:1),(31:18:1),(9:18:1),(3:18:1),(10:11:1),
(5:13:1),(24:13:1),(14:13:1),(5:39:1),(41:31:1),
(13:31:1),(32:31:1),(10:7:1),(14:7:1),(19:7:1),(6:21:1),
(17:17:1),(3:17:1),(23:17:1),(3:8:1),(25:24: 1),
(16:24:1),(2:24:1),(20:29:1),(17:29:1),(6:29:1),(38:1:1)}

Magma tells us that the orbit of (1:0:0) € X (k) under G is

{(1:0:0),(36:28:1),(32:31:1),(15:34:1),(9:18:1),(37:2:1),
(2:24:1),(3:8:1),(22:40:1),(19:27:1),(13:30: 1),
(5:39:1),(8:23:1),(14:7:1),(25:26:1),(33:42:1),

(17:29:1),(42:10:1),(0:10),(0:0: 1),
(20:32:1),(12:22:1),(27:38:1),(39:6:1)}

We evaluate each element of the Riemann-Roch space L(D) at a point in
the complement of the above-mentioned orbit in the set of rational points
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X (k). For concreteness, a typical basis element of L(D), when r = 1, looks
like

Yarlly+ 1)y +3) Ty + ) w45y +9) y+ 1) Ty +12) 7y +13) 7 x
x(y+14) "y +15) "y +16) "Ly +17) "y +19) "Ly +20) "ty +21) "t x
x(y+25)" (y+33) " (y+35) "y +36)" (y+37) y+41)"
><(:c2y8 + 3422y + 162y + 2zy* + 17y" + 33y + 17),

for example with ¢ = 2 and 7 = 6. In fact, all such elements with ¢ = 1,2
and 0 < j < 6 are basis elements of L(D).

With r = 1, Magma says that C = C(X, D, F) is a [56,22, 32] code®. It
has a generator matrix of in standard form (I | A), where I is the 22 x 22
identity and A can be given explicitly as well. In this case, evalg is injective.

With r = 2, Magma says that C = C(X, D, E) is a [56, 46, 8] code. It
has a generator matrix of in standard form (I | A), where I is the 46 x 46
identity and A can be given explicitly as well. In this case, evalg is injective.

With r = 3, Magma says that C = C(X, D, E) is a [56, 56, 1] code. In
this case, evalg is not injective. Indeed, dim L(3D,) = 70.

Remark 13: Indeed, it is known more generally, that for an AG code
constructed as above from a curve of genus g that n < dim(C)+d(C)+g—1,
where d(C') denotes the minimum distance (Theorem 3.1.1 in Tsafsman-
Vladut [23]). Therefore, as an AG code, the codes constructed above with
r = 1,2 are as “long as possible”. Are they best possible over GF(43) for
those k,d?

Remark 14: An attempt to compute the permutation automorphism
group of the above [56,22,32] code using MAGMA failed due to lack of
memory (on an AMD64 linux machine with 1.5 G of RAM).

Remark 15: In general, §4.1 of [23] shows how to construct a family of
‘good” codes from the curves X = X}, for N > 5 is a prime, with auto-
morphism group G = PSL(2,p).

10. Appendix A: Tables for Theorem 9

The following tables are an intermediate step in the proof of theorem 9.
They were obtained by compiling the results in §§4.1-4.3.

“In other words, C' has length 56, dimension 22 over k, and minimum distance 32.
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N=1 (mod24) |Ind% 0:|Ind$, (0> + 203)|Ind%, (3" €605)
1c 0 0 0
v B iy
w T 2 SN
W, such that N-1 N_1 N(N-1)
a(i) = a(w) =1 2 2
W, such that N—1 N(N-1)
N-1 N +2 NUN=1)
a(i) =1,a(w) #1 2 T 2
W, such that N+3 N_1 N(N-1)
a(i) =—-1,alw) =1 2 2
W, such that N3 N(N-1)
N3 N +2 NUV=1)
a(i) = —La(w) £1] i ’
Xg % N —1 N(J\;*l)
1% Nl N-1 NV-1)

N =5 (mod 24)|Ind§, 0:|IndS, (0: + 203)|Ind$, (3" €65)
1qg 0 0 0
N+3 N+1
W/I/ N{B N%J; 50
%4 1 5 SN
W, such that N—1 N(N-1)
2= N+1
ai) =1 2 +
W, such that N3 N(N—-1)
Nt3 N +1 NN-1)
ali) = —1 2 * z
Xz such that N-1 N(N-1)
N1 N+1 NN-1)
=1 | 2 . 2
X3 such that N1 N_2 N(N-1)
Blw) #1 ? >
N-1 N(N-1)
v N1 N+1 N(N-1)
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N =7 (mod 24)|Ind$, 60:|Ind$, (02 + 203)|Ind$, (3" €65)
1c 0 0
Wa such that N+1 N_1 N(N-1)
alw)=1 2 2
W, such that N4l N(N-1)
a(w) £ 1 5 N+2 5
X i 2 Sy
Xg3 such that Na1 N(N-1)
axrd N -1
Bli) =1 ? ?
X such that N—3 N(N-1)
8= N-—-1
Biy=-1 | :
N(N—1
v % N-1 : 2 :

N =11 (mod 24) |Ind$ 61|Ind§ (62 + 263) Ind%s( é\:ll 06%)
1cq 0 0 0
W, N1 N+1 NN
ot e | o 2
1 2
X3 such that N(N-1
s =pw=1 | 2 | N+ E
Xz such that N+l N _92 N(N-1)
B =1,8w)#1 | 2 2
X3 such that N=3 N(N-1)
B) = -1, 0@) =1| 2 v :
Xz such that N-3 N_2 N(N-1)
B) =-1,8w) #1| 2 :
v Ntl N+1 N1
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N =13 (mod 24) |Ind$, 0:(Ind$, (02 + 203)|Ind$, (S, €65)
1c 0 0 0
A S
w T 7 Snr
W, such that N-1 N_1 N(N-1)
a(i) = a(w) =1 2 2
W, such that N—1 N(N-1)
s N +2
ali) = La(w) £1 | 2 * 2
W, such that N+3 N_1 N(N-1)
a(i) =—-1,alw) =1 2 2
W, such that N3 N(N—-1)
£ N +2
a(i) = —La(w) £1] i ’
X x|l N b2
% N-1 N-1 N(Y-1)
N =17 (mod 24)|Ind$ 0 |IndS, (02 + 203)|\Ind$, (3" €65)
1qg 0 0 0
N—1 N+1
v W | ah o
w I 2 Sn
W, such that N—1 N(N-1)
ali) =1 2 N1 2
W, such that N3 N(N-1)
ali)=—1 | 7 Nl 2
X3 such that N_1 N(N-1
Blw)=1 2 Nl Ean
X3 such that N1 N_2 N(N-1)
Blw) #1 2 °
V4 N;l N +1 N(J\27—1)
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N =19 (mod 24)|Ind$, 6:|Ind$, (02 + 203)|Ind$, (S, €65)
1c 0 0 0
Wa such that N+1 N—1 N(N-1)
alw)=1 2 2
W, such that N+1 N(N-1)
alw) #1 2 N2 2
X T T Sy
Xg3 such that N1 N(N-1)
N+1 N—-1 N(N-1)
Bli) = 1 2 :
X3 such that N—3 N(N-1)
N=3 N —1 NIN=1)
B(i) = -1 z 2
N(N-1
v % N-1 : 2 :
N =23 (mod 24) |Ind$ 0,|Ind$, (05 + 203)|IndG, (3" €605)
1c 0 0 0
W, Nl N+1 Nv-1)
X' N4l N So
X" Ew 5 Sy
X3 such that Ni1 N(N-1)
. 2= N +1 e
Bli) = plw) =1 ? 2
X3 such that N41 N_9 N(N-1)
0()=1,8(w) #1 2 2
X3 such that N_3 N(N-1)
Bli) = —1,8w) =1| 2 N 2
X3 such that N-3 N _9 N(N-1)
Bi) = -1,Bw) #1| 2 >
N N(N-1
14 Nl N +1 Nv-1)

11. Appendix B: Ramification modules and GAP code

We used GAP to compute the ramification module for many small values
of N. Here are the first results:
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N G-module structure of I'gy G-module structure of I'gy
by definition using JK formula
5 [0,3,3,4,5] [0,3,3,4,5]
7 [0,3,4,6,7,8] [0,7/2,7/2,6,7, 8]
11 [0,5,6,11, 10, 12, 12, 12 ] [0,11/2,11/2, 11, 10, 12, 12, 12 ]
13| [0,7,7, 13,13, 13, 13, 14, 15 ] [0,7,7,13, 13,13, 13, 14, 15 |
17 [0,9,09, 18,17, 17, 17, 18, ... | [0,9,09, 18,17, 17, 17, 18, ... ]
19 | [0,9,10,20,20,19, 19,20, ...] | [0, 19/2, 19/2, 20, 20, 19, 19, 20, ... |
23 | [0, 11, 14, 24, 24, 24, 23, 23, ... ] [0,25/2, 25/2, 24, 24, 24, 23, 23, ... ]
29 [0, 16, 16, 30, 31, 31, 30, ... ] [0, 16, 16, 30, 31, 31, 30, ... ]

GAP was able to go up to and including N = 277 (in which case G is
order about 20 million).

Here is the GAP code we used to create the table above.

ram_module_X:=function(p)

## p is a prime

## output is (mi1,...,mn)

## where n = # conj classes of G=PSL(2,p)
## and mi = mult of pi_i in ram mod of G

#it

local G,i,j,n,H,G1,H_chars,CG,G_chars,w,m,theta,pi_theta_to_the;
G:=PSL(2,p);
H:=[];

H_chars:=[];
CG:=ConjugacyClassesSubgroups(G) ;
H[1] :=Representative(CG[2]); # size 2
H[2] :=Representative(CG[3]); # size 3
n :=Size(CG);
for i in [1..n] do

if Size(Representative(CG[i]l))=p then

H[3] :=Representative(CG[i]);

fi;
od;
for i in [1..Size(H)] do

H_chars[i] :=Irr(H[il);

od;
G_chars:=Irr(G);
m:=[];

m[1]:=[1;m[2]:=[1;m[3]:=[];
theta:=List([1..3],i->H_chars[i][2]);
pi_theta_to_the:=List([1..3],i->Sum([1..(Size(H[i])-1)],
j—>j*InducedClassFunction(thetalil~(j),G)));
for i in [1..3] do
m[i] :=List(G_chars, pi->ScalarProduct(pi_theta_to_the[il,pi))/Size(H[i]);
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od;
Print("\n\n m = ",m,"\n\n");
return Sum(m);
end;

ram_module_X_JK:=function(p)
## p is a prime
## output is (ml,...,mn)
## where n = # conj classes of G=PSL(2,p)
## and mi = "mult of pi_i in ram mod of G" using JK formula
##
local G,i,j,n,H,G1,H_chars,CG,G_chars,A,B,C,D,pi;
G:=PSL(2,p);
H:=[1;
H_chars:=[];
CG:=ConjugacyClassesSubgroups(G) ;
H[1] :=Representative(CG[2]); # size 2
H[2] :=Representative(CG[3]); # size 3
n:=Size(CG);
for i in [1..n] do
if Size(Representative(CG[i]))=p then
H[3] :=Representative(CG[il);
fi;
od;
for i in [1..Size(H)] do
H_chars[i] :=Irr(H[i]);
od;
G_chars:=Irr(G);
n:=Length(G_chars);
A:=[];
for i in [1..n] do
pi:=G_chars[i];
A[i] :=ScalarProduct (H_chars[1] [1] ,RestrictedClassFunction(pi,H[1]));
od;
B:=[];
for i in [1..n] do
pi:=G_chars[il;
B[i] :=ScalarProduct (H_chars[2] [1] ,RestrictedClassFunction(pi,H[2]));
od;
c:=[1;
for i in [1..n] do
pi:=G_chars[i];
C[i] :=ScalarProduct (H_chars[3] [1] ,RestrictedClassFunction(pi,H[3]));
od;
D:=[1;
for i in [1..n] do
pi:=G_chars[i];
D[i] :=Degree0fCharacter (pi) ;
od;
return (1/2)*(3*D-A-B-C);
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end;

equiv_deg_module_X:=function(p,ii,r)

## p is a prime

## ii 1 for H[1], size 2

## ii 2 for H[2], size 3

## ii = 3 for H[3], size p

## output is (mi1,...,mn)

## where n = # conj classes of G=PSL(2,p)

## and mi = mult of pi_i in deg_equiv module of G
##

local G,i,j,n,H,G1,H_chars,CG,G_chars,w,m,theta,pi_theta,pi_theta_to_the;
G:=PSL(2,p);

H:=[]; # 3 decomp gps

H_chars:=[];

CG:=ConjugacyClassesSubgroups (G) ;

H[1] :=Representative(CG[2]); # size 2

H[2] :=Representative(CG[3]); # size 3
n:=Size(CG);

for i in [1..n] do

if Size(Representative(CG[i]))=p then
H[3] :=Representative(CG[i]);

fi;

od;

for i in [1..3] do

H_chars[i] :=Irr(H[i]);

od;

G_chars:=Irr(G);
m:=[]1;
m[1]:=[1;m[2]:=[1;m[3]:=[1;
theta:=List([1..3],i->H_chars[i]l[2]);
pi_theta_to_the:=List([1..3],i->List([1..r],j->InducedClassFunction(thetali]l~(-3),G)));
for i in [1..3] do

for j in [1..r] do

m[i] [j]:=List(G_chars, pi->ScalarProduct(pi_theta_to_the[i][j],pi));
od;

od;

return Sum(m[ii]);

end;
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