Linear ODEs, I

Prof. Joyner, 8-17-20071

We want to describe the form a solution to a linear ODE can take. Before
doing this, we introduce two pieces of terminology.

e Suppose fi(t), fa(t), ..., fa(t) are given functions. A linear combi-
nation of these functions is another fucntion of the form

cfi(t) +eafolt) + ..o +enfu(t),

for some constants ¢, ..., ¢,. For example, 3 cos(t) — 2sin(¢) is a linear
combination of cos(t), sin(t).

e A linear ODE of the form

y ™+ b ("D + L+ b ()Y 4 ba(D)y = (1), (1)

is called homogeneous if f(t) = 0 (i.e., f is the 0 function) and
otherwise it is called non-homogeneous.

The following result describes the general solution to a linear ODE.

Theorem 1 Consider a linear ODE having of the form ([), for some given
continuous functions by(t), ..., b,(t), and f(t). Then the following hold.

e There are n functions y1(t), ..., yn(t) (called fundamental solu-
tions), each satisfying the homogeneous ODE

Y™ 4+ by ()y™ Y b (DY 4 ba(t)y =0, 1<i<n, (2

such that every solution to ([A) is a linear combination of these functions
yl’ A yn'
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e Suppose you know a solution y,(t) (e particular solution) to ().
Then every solution y = y(t) (the general solution) to the DE ()
has the form

y(t) = yn(t) + v, (1), (3)

where yy, (the “homogeneous part” of the general solution) is a linear
combination

yn(t) = cryi(t) +y2(t) + ... + cayn(l),

for some constants ¢;;, 1 < i < mn.

o Conwversely, every function of the form (3), for any constants ¢; for
1 <i<mn, is a solution to ().

Example 2 Recall the example in the introduction where we looked for func-
tions solving x' +x =1 by “guessing”. The function x,(t) =1 is a particular
solution to ' +x = 1. The function z1(t) = e™" is a fundamental solution to
' +x =0. The general solution is therefore x(t) = 1+ c1e™t, for a constant
.

Example 3 The charge on the capacitor of an RLC electrical circuit is mod-
eled by a 2-nd order linear DE [(].
Series RLC Circuit notations:

E = E(t) - the voltage of the power source (a battery or other “electro-
motive force”, measured in volts, V)

q = q(t) - the current in the circuit (measured in coulombs, C)

i =1i(t) - the current in the circuit (measured in amperes, A)

L - the inductance of the inductor (measured in henrys, H)
o R - the resistance of the resistor (measured in ohms, 2);

o (C - the capacitance of the capacitor (measured in farads, F)
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Figure 1: RLC circuit.

The charge q on the capacitor satisfies the linear IPV:

1 .
Lq"+Rd + z¢=E(t), a(0) =, ¢(0)=1.

Example 4 Recall the example in the introduction where we looked for func-
tions solving ©' +x =1 by “guessing”. The function x,(t) =1 is a particular
solution to ' +x = 1. The function z1(t) = e~ is a fundamental solution to
¥ +x =0. The general solution is therefore x(t) = 1+ cre™", for a constant
Ct.

Example 5 The displacement from equilibrium of a mass attached to a
spring is modeled by a 2-nd order linear DE [(].
SSpring-mass notations:

o f(t) - the external force acting on the spring (if any)

o v = x(t) - the displacement from equilibrium of a mass attached to a
spring

e m - the mass

b - the damping constant (if, say, the spring is immersed in a fluid)

k - the spring constant.



Figure 2: spring-mass model.

The displacement x satisfies the linear IPV:

mz” +bx' + kx = f(t), x(0)==xz9, 2'(0)=wvp.

Notice that each general solution to an n-th order ODE has n “degrees
of freedom” (the arbitrary constants ¢;). According to this theorem, to find
the general solution of a linear ODE, we need only find a particular solution
y, and n fundamental solutions y; (), ..., yn(t).

Example 6 Let us try to solve

¥+r=1, x(0)=c

where ¢ = 1, ¢ = 2, and ¢ = 3. (Three different IVP’s, three different
solutions, find each one.)

The first problem, ' + x = 1 and x(0) = 1, is easy. The solutions to
the DE x’ + x = 1 which we “quessed at” in the previous example, x(t) = 1,
satisfies this.

The second problem, ©’' +x =1 and x(0) = 2, is not so simple. To solve
this (and the third problem), we really need to know what the form is of the
“general solution”.

According to the theorem above, the general solution x has the form x =
xp + xp. In this case, x,(t) = 1 and zp(t) = crz1(t) = cre”™, by an earlier



example. Therefore, every solution to the DE above is of the form z(t) =
1+ cre™t, for some constant ¢;. We use the initial condition to solve for ¢, :

e 2(0)=1:1=2(0)=1+c1"=1+¢; soc; =0 and z(t) = 1.
e 2(0)=2:2=2(0)=14+ce"=14+c¢; soc; =1 and z(t) =1+ e ".
e 2(0)=3:3=2(0)=14+c1e’=1+c¢; soc; =2 and z(t) =1+ 2e L.

Here is one way to use SAGE to solve for ¢y. (Of course, you can do
this yourself, but this shows you the SAGE syntax for solving equations. Type
solve? in SAGE to get more details.) We use SAGE to solve the last IVP
discussed above and then to plot the solution.

SAGE
sage: t = var('t’)
sage: ¢l =var('cl’)
sage: solnx = lanbda t: 1+clxexp(-t)
sage: sol nx(0)
cl +1
sage: solve([sol nx(0) == 3],cl)
[cl == 2]
sage: c¢_1 = solve([solnx(0) == 3],cl)[0].rhs()
sage: c_1
2
sage: solnxl = lanbda t: 1+c*xexp(-t)
sage: plot(sol nx1(t),O0,2)
Graphi cs object consisting of 1 graphics primtive
sage: P = plot(solnx1(t), 0, 2)
sage: show( P)
sage: P = plot(solnx1(t),0,5)
sage: show( P)

This plot 1s shown below.



Figure 3: Solution to IVP 2/ + 2 =1, 2(0) = 3.

Exercise: Use SAGE to solve and plot the solution to ' +x =1 and z(0) = 2.
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