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There are some things which cannot

be learned quickly, and time, which is all we have,
must be paid heavily for their acquiring.

They are the very simplest things,

and because it takes a man's life to know them

the little new that each man gets from life

is very costly and the only heritage he has to leave.

Ernest Hemingway
(From A. E. Hotchner, Papa Hemingway , Random House, NY, 1966)
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Preface

The majority of this book came from lecture notes David Joyna (WDJ) typed up over the
years for a course on di erential equations with boundary vdue problems at the US Naval
Academy (USNA). Though the USNA is a government institution and o cial work-related
writing is in the public domain, so much of this was done at hore during the night and
weekends that he feels he has the right to claim copyright ovethis work. The DE course at
the USNA has used various editions of the following three boks (in order of most common
use to least common use) at various times:

Dennis G. Zill and Michael R. Cullen, Di erential equations with Boundary
Value Problems , 6th ed., Brooks/Cole, 2005.

R. Nagle, E. Sa, and A. Snider, Fundamentals of Di erential Equations and
Boundary Value Problems , 4th ed., Addison/Wesley, 2003.

W. Boyce and R. DiPrima, Elementary Di erential Equations and Boundary
Value Problems , 8th edition, John Wiley and Sons, 2005.

You may see some similarities but, for the most part, WDJ has twught things a bit di erently
and tried to impart this in these notes. Time will tell if ther e are any improvements.

After WDJ nished a draft of this book, he invited the second author, Marshall Hampton
(MH), to revise and extend it. At the University of Minnesota Duluth, MH teaches a course
on di erential equations and linear algebra.

A new feature to this book is the fact that every section has atleast one Sageexercise.
Sageis FOSS (free and open source software), available on the mobsommon computer
platforms. Royalties for the sales of this book (if it ever m&es it's way to a publisher) will
go to further development of Sage.

This book is free and open source. It is licensed under the Atibution-ShareAlike Creative

Commons license, http: // creativecommons. org/ licenses/ by-sa/ 3. 0/ , or the Gnu
Free Documentation License (GFDL), http://www. gnu. org/ copyleft/ fdl. html , at
your choice.

The cover image was created with the followingSagecode:
Sage

from math import cos, sin
def RKA4(f, t_start, y_start, t_end, steps):

fourth-order Runge-Kutta solver with fixed time steps.
f must be a function of ty.

step_size = (t_end - t_start)/steps

t_current = t_start

argn = len(y_start)

y_current = [x for x in y_start]

answer_table = []

answer_table.append([t_current,y_current])

for j in range(0,steps):
k1=f(t_current,y_current)



http://creativecommons.org/licenses/by-sa/3.0/
http://www.gnu.org/copyleft/fdl.html

CONTENTS

k2=f(t_current+step_size/2,[y_current[i] + k1[i]

k3=f(t_current+step_size/2,[y_current[i] + k2[i]

k4=f(t_current+step_size,[y_current[i] + k3[i]

t_current += step_size

y_current = [y_current[i] + (step_size/6)

answer_table.append([t_current,y_current])
return answer_table

def el(t, y):
return [-y[1],sin(y[0])]

npi = N(pi)

sols = []

for v in srange(-1,1+.04,.05):
pl = RK4(e1,0.0,[0.0,v],-2.5 *npi,200)[::-1]
pl = pl + RK4(e1,0.0,[0.0,v],2.5 *npi,200)

sols.append(list_plot([[x[0],x[1][0]] for x in p1], plot
f=2

show(sum(sols), axes = True, figsize = [f * 5% npi/3,f

*step_size/2 for i in range(argn)])
*step_size/2 for i in range(argn)])
*step_size for i in range(argn)])

*(k1[i]+2  *k2[i]+2 *k3[i]+k4[i]) for i in range(len(k1))]

joined=True, rgbcolor = ((v+1)/2.01,0,(1.01-v)/2.01)))

*2.5], xmin = -7, xmax = 7, ymin = -1, ymax = 1)

Xi
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Chapter 1

First order di erential equations

But there is another reason for the high repute of mathematis: it is mathe-
matics that o ers the exact natural sciences a certain measte of security which,
without mathematics, they could not attain.

- Albert Einstein

1.1 Introduction to DEs

Roughly speaking, a di erential equation is an equation inwlving the derivatives of one
or more unknown functions. Implicit in this vague de nition is the assumption that the
equation imposes aconstraint on the unknown function (or functions). For example, we
would not call the well-known product rule identity of di er ential calculus a dierential
equation.

In calculus (di erential-, integral- and vector-), you've studied ways of analyzing functions.
You might even have been convinced that functions you meet irapplications arise naturally
from physical principles. As we shall see, di erential equéions arise naturally from general
physical principles. In many cases, the functions you met incalculus in applications to
physics were actually solutions to a naturally-arising di erential equation.

Example 1.1.1. Consider a falling body of massm on which exactly three forces act:

gravitation, Fgray,
air resistance, Fres,

an external force, Fext = f (t), where f (t) is some given function.

3



4 CHAPTER 1. FIRST ORDER DIFFERENTIAL EQUATIONS

F F
res massm grav

Let x(t) denote the distance fallen from some xed initial position. The velocity is denoted
by v = x%and the acceleration bya = x°° We choose an orientation so that downwards is
positive. In this case, Fqray = Mg, where g > 0 is the gravitational constant. We assume
that air resistance is proportional to velocity (a common asumption in physics), and write

res = kv = kx® wherek > 0 is a \friction constant". The total force, Figal, iS by
hypothesis,

Fiotar = Fgrav + Fres + Fext;

and, by Newton's 2nd Lav@,

Putting these together, we have

mx%= ma=mg kx°+ f(t);

or

mx %% mx°= f (t) + mg:

This is a di erential equation in x = x(t). It may also be rewritten as a di erential equation
inv=v(t)= xqt) as

mv%+ kv = f (t) + mg:

This is an example of a \rst order di erential equation in v", which means that at most
rst order derivatives of the unknown function v = v(t) occur.

In fact, you have probably seen solutions to this in ypur calolus classes, at least when
f(t)=0and k = 0. In that case, v{t) = gand sov(t) = gdt= gt+ C. Here the constant
of integration C represents the initial velocity.

Di erential equations occur in other areas as well: weatherprediction (more generally,
uid- ow dynamics), electrical circuits, the temperature of a heated homogeneous wire, and
many others (see the table below). They even arise in problesion Wall Street: the Black-
Scholes equation is a PDE which models the pricing of derivates [BS-intrd]. Learning to
solve di erential equations helps you understand the behaiour of phenomenon present in
these problems.

"\Force equals mass times acceleration." |http://en.wikipedia.org/wiki/Newtons_law
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phenomenon description of DE
weather Navier-Stokes equation [NS-intro]
a non-linear vector-valued higher-order PDE
falling body 1st order linear ODE
motion of a mass attached Hooke's spring equation
to a spring 2nd order linear ODE [H-intro]
motion of a plucked guitar string Wave equation
2nd order linear PDE [W-intro]
Battle of Trafalger Lanchester's equations
system of 2 1st order DEs [L-intro], [M-intro]. [N-intro]
cooling cup of co ee Newton's Law of Cooling
in a room 1st order linear ODE
population growth logistic equation
non-linear, separable, 1st order ODE

Unde ned terms and notation will be de ned below, except for the equations themselves.
For those, see the references or wait until later sections wdn they will be introducedg.

Basic Concepts

Here are some of the concepts to be introduced below:

dependent variable(s),
independent variable(s),
ODEs,

PDEs,

order,

linearity,

solution.

It is really best to learn these concepts using examples. Hasver, here are the general
de nitions anyway, with examples to follow.

The term \di erential equation” is sometimes abbreviated D E, for brevity.

Dependent/independent variables . Put simply, a di erential equation is an equation
involving derivatives of one of more unknown functions. Thevariables you are di erentiating
with respect to are the independent variables  of the DE. The variables (the \unknown
functions") you are di erentiating are the dependent variables of the DE. Other variables
which might occur in the DE are sometimes called \parameters.

2Except for the important Navier-Stokes equation, which is r elatively complicated and would take us too
far aeld, http://en.wikipedia.org/wiki/Navier-stokes
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ODE/PDE : If none of the derivatives which occur in the DE are partial derivatives (for
example, if the dependent variable/unknown function is a function of a single variable)
then the DE is called anordinary di erential equation or ODE . If some of the deriva-
tives which occur in the DE are partial derivatives then the DE is a partial di erential
equation or PDE .

Order : The highest total number of derivatives you have to take in the DE is it's order .

Linearity : This can be described in a few di erent ways. First of all, a DE is linear if
the only operations you perform on its terms are combinatiors of the following:

di erentiation with respect to independent variable(s),

multiplication by a function of the independent variable(s).

Another way to de ne linearity is as follows. A linear ODE having independent variable
t and the dependent variable isy is an ODE of the form

ao(t)y™ + i+ an 1(t)y%+ an(t)y = f (1);

for some given functionsag(t), ..., a,(t), and f (t). Here

d"y(t)
(n) = (N ¢ty =
y" =y = =5

denotes then-th derivative of y = y(t) with respect to t. The terms ag(t), ..., a,(t) are
called the coe cients of the DE and we will call the term f (t) the non-homogeneous
term or the forcing function . (In physical applications, this term usually represents an
external force acting on the system. For instance, in the exaple above it represents the
gravitational force, mg.)

Solution : An explicit solution to a DE having independent variablet and the dependent
variable is x is simple a function x(t) for which the DE is true for all values of t.

Here are some examples:

Example 1.1.2. Here is a table of examples. As an exercise, determine whichf ¢he
following are ODEs and which are PDEs.
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DE indep vars || dep vars| order | linear?
mx %+ kx"= mg t X 2 yes
falling body
mv®+ kv = mg t v 1 yes
falling body
k%% = %: t; x u 2 yes
heat equation
mx %+ bx"+ kx = f (t) t X 2 yes
spring equation
P’= k(1 £)P t P 1 no
logistic population equation
k%% = %% t; X u 2 yes
wave equation
T%= K(T  Troom ) t T 1 yes
Newton's Law of Cooling
x’= Ay,y’= Bx, t X,y 1 yes
Lanchester's equations

Remark 1.1.1. Note that in many of these examples, the symbol used for the idependent
variable is not made explicit. For example, we are writing x® when we really meanx{t) =

%. This is very common shorthand notation and, in this situation, we shall usually uset
as the independent variable whenever possible.

Example 1.1.3. Recall a linear ODE having independent variablet and the dependent
variable is y is an ODE of the form

ao(t)y™ + i+ ay 1(t)y%+ an(t)y = f (1);

for some given functionsag(t), ..., an(t), and f (t). The order of this DE is n. In particular,
a linear 1st order ODE having independent variablet and the dependent variable isy is an
ODE of the form

ao(t)y%+ as(t)y = f (t);

for some ap(t), ai(t), and f (t). We can divide both sides of this equation by the leading
coe cient ag(t) without changing the solution y to this DE. Let's do that and rename the
terms:

yo+ p(t)y = o(t);

wherep(t) = ai(t)=ay(t) and g(t) = f (t)=ay(t). Every linear 1st order ODE can be put into
this form, for some p and g. For example, the falling body equationmv®+ kv = f (t) + mg
has this form after dividing by m and renamingv asy.

What does a di erential equation like mx%% kx%= mg or PO= k(1 £)P or k@4 = Gu
really mean? Inmx°% kx®= mg, m and k and g are given constants. The only things that

can vary aret and the unknown function x = x(t).
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Example 1.1.4. To be speci c, let's considerx® x = 1. This means for all t, x{t)+ x(t) =

1. In other words, a solution x(t) is a function which, when added to its derivative you
alwaysget the constant 1. How many functions are there with that property? Try guessing
a few \random" functions:

Guessx(t) = sin(t). Compute (sin(t))°+ sin(t) = cos(t) + sin(t) = p?sin(t + 7).
xqt) + x(t) =1 is false

Guessx(t) = exp(t) = €'. Compute ()°+ et = 2¢€t. xqt)+ x(t) =1 is false

Guessx(t) = exp(t) = t2. Compute (t2)°+ t2 =2t + t2. xqt) + x(t) = 1 is false
Guessx(t) =exp( t)= e . Compute (e YO+ e '=0. xqt) + x(t) =1 is false
Guessx(t) = exp(t) = 1. Compute (1)°+1=0+1=1. xqt)+ x(t)=1is true.

We nally found a solution by considering the constant function x(t) = 1. Here a way of

doing this kind of computation with the aid of the computer al gebra systemSage:
Sage

sage: t = var('t)
sage: de = lambda x: diff(x,t) + x - 1
sage: de(sin(t))
sin(t) + cos(t) - 1
sage: de(exp(t))
2xet - 1

sage: de(t'2)

t2 +2 *t-1
sage: de(exp(-t))
-1

sage: de(1)

0

Note we have rewritten x°+ x =1 as x%+ x 1 =0 and then plugged various functions for
x to see if we get O or not.

Obviously, we want a more systematic method for solving suchequations than guessing
all the types of functions we know one-by-one. We will get to hose methods in time. First,
we need some more terminology.

IVP : A rst order initial value problem (abbreviated IVP ) is a problem of the form

x°= f(x); x(a)= c;
wheref (t;x) is a given function of two variables, anda, c are given constants. The equation
x(a) = cis the initial condition
Under mild conditions of f, an IVP has a solution x = x(t) which is unique. This means
that if f and a are xed but cis a parameter then the solutionx = x(t) will depend on c.
This is stated more precisely in the following result.
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Theorem 1.1.1. (Existence and uniqueness) Fix a point(tg; Xg) in the plane. Let f (t;x)
be a function oft and x for which bothf (t;x) and f . (t;x) = % are continuous on some

rectangle
a<t<b, c<x<d;
in the plane. Here a;b;c;dare any numbers for whicha <tg <b andc <xg<d. Then
there is an h > 0 and a unique solutionx = x(t) for which
x%= f(t;x); forallt2 (tg h;to+ h);

and x(tg) = Xp.

This is proven in x2.8 of Boyce and DiPrima [BD-intro], but we shall not prove this here
(though we will return to it in more detail in XI.3 below). In most cases we shall run across,
it is easier to construct the solution than to prove this geneal theorem.

Example 1.1.5. Let us try to solve

x%+ x=1; x(0)=1:

The solutions to the DE x% x = 1 which we \guessed at" in the previous example,x(t) = 1,
satis es this IVP.

Here a way of nding this slution with the aid of the computer algebra systemSage:

Sage
sage: t = var('t)
sage: x = function('x', t)
sage: de = lambda y: diffiy,t) + vy - 1

sage: desolve(de(x),[x,t],[0,1])

(The command desolve is a DE solver in Sage.) Just as an illustration, let's try another
example. Let us try to solve

x%+ x=1; x(0)=2:

The Sagecommands are similar:

Sage
sage: t = var('t)
sage: x = function('x', t)
sage: de = lambda y: diff(y,t) + vy - 1
sage: X0 = 2 # this is forthe IC x(0) = 2

sage: soln = desolve(de(x),[x,1],[0,x0])
sage: solnx = lambda s: RR(soln.subs(t=s))




10 CHAPTER 1. FIRST ORDER DIFFERENTIAL EQUATIONS

sage: P = plot(solnx,0,5)
sage: soln; show(P)
(et + 1) =e’(-t)

This gives the solutionx(t)=(e'+1)e ' =1+ e ! and the plot given in Figure 1.

Figure 1.1: Solution to IVP x°%+ x =1, x(0) = 2.

Example 1.1.6. Now let us consider an example which does not satisfy all of th assump-
tions of the existence and uniqueness theoremx®= x2=3. The function x = (t=3+ C)3is a
solution to this di erential equation for any choice of the constant C. If we consider only
solutions with the initial value x(0) = 0, we see that we can choos&C =0 - i.e. x = t3=27
satis es the di erential equation and has x(0) = 0. But there is another solution with that
initial condition - the solution x = 0. So a solutions exist, but they are not necessarily
unique.

Some conditions on the ODE which guarantee a unique solutionill be presented inXL3.

Exercises :

1. Verify that x = t3+5 is a solution to the di erential equation x°= 3t2.

2. Subsitute x = €' into the di erential equation x%+ x° 6x = 0 and determine all
values of the parameterr which give a solution.

3. (a) Verify the, for any constant c, the function x(t) = 1+ ce ! solvesx%+ x = 1. Find
the ¢ for which this function solves the IVP x%+ x =1, x(0) = 3.

(b) Solve

x%+ x =1; x(0)=3;
using Sage.
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1.2 |Initial value problems

Recall, 15t order initial value problem , or IVP, is simply a 15! order ODE and an initial
condition. For example,

xqt) + p(t)x(t) = o(t);  x(0) = Xo;

where p(t), q(t) and xo are given. The analog of this for 29 order linear DEs is this:

a(t)xqt) + bt)xqt) + c(t)x(t) = f(t);  x(0) = xo; x40) = vo;

where a(t), it), c(t), Xo, and vg are given. This 2'¢ order linear DE and initial conditions
is an example of a 2d order IVP . In general, in an IVP, the number of initial conditions
must match the order of the DE.

Example 1.2.1. Consider the 29 order DE

x%% x =0:

(We shall run across this DE many times later. As we will see,tirepresents the displacement
of an undamped spring with a unit mass attached. The term harmonic oscillator is
attached to this situation [O-ivp].) Suppose we know that the general solution to this DE
is

X(t) = cycosg) + ¢ sin(t);

for any constants c;, ¢;. This means every solution to the DE must be of this form. (If
you don't believe this, you can at least check it it is a soluton by computing x°¢t) + x(t)
and verifying that the terms cancel, as in the following Sageexample. Later, we see how to
derive this solution.) Note that there are two degrees of fredom (the constantsc; and cy),
matching the order of the DE.

Sage
sage: t = var('t)
sage: ¢l = var('cl)
sage: c2 = var('c2)
sage: de = lambda x: diff(x,tt) + X

sage: de(cl =+cos(t) + c2 =sin(t)

0

sage: x = function('x', t)

sage: soln = desolve(de(x),[x,t]); soln

klxsin(t) + k2  *cos(t)

sage: solnx = lambda s: RR(soln.subs(k1=1, k2=0, t=s))
sage: P = plot(solnx,0,2 * i)

sage: show(P)
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This is displayed in Figure[1.2.
Now, to solve the IVP
x%% x=0; x(0)=0; xY0)=1:
the problem is to solve forc; and c, for which the x(t) satis es the initial conditions. The
two degrees of freedom in the general solution matching theumber of initial conditions in
the IVP. Plugging t = 0 into x(t) and xYt), we obtain
0= x(0) = c;cos(0) + cpsin(0) = ¢;; 1=x%0)= ¢;sin(0) + ¢, cos(0) = c,:

Therefore,c; =0, ¢, =1 and x(t) = sin(t) is the unique solution to the IVP.

Figure 1.2: Solution to IVP x%% x =0, x(0) =0, x%0) = 1.

In Figure [[.Z, you see the solution oscillates, as increases.
Another example,

Example 1.2.2. Consider the 2% order DE

x%% 4x%+4x =0:

(We shall run across this DE many times later as well. As we wil see, it represents the
displacement of a critially damped spring with a unit mass atached.) Suppose we know
that the general solution to this DE is

x(t) = crexp( 2t)+ cotexp( 2t) = ce 2+ cte %
for any constantsc;, ¢;. This means every solution to the DE must be of this form. (Agdn,

you can at least check it is a solution by computingxt), 4x{t), 4x(t), adding them up
and verifying that the terms cancel, as in the following Sageexample.)

Sage
sage: t = var('t)
sage: cl = var('cl)
sage: c2 = var('c2)
sage: de = lambda x: diff(x,t;t) + 4 = diff(x,t) + 4 * X
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sage: de(cl *exp(-2 *t) + c2 *txexp(-2 *t))
0

sage: desolve(de(x),[x,t])

(k2 *t + k1) *e"(-2 *t)

sage: P = plot(t *exp(-2 =*t),0,pi)

sage: show(P)

The plot is displayed in Figure [T.3.
Now, to solve the IVP

x%% 4x%+4x =0; x(0)=0; xY0)=1:

we solve forc; and ¢, using the initial conditions. Plugging t = 0 into x(t) and xqt), we
obtain

0=x(0)= c1exp(0)+ c 0 exp(0) = cy;
1= x%0) = c,exp(0) + c,exp(0) 2c, 0 exp(0) = ¢; + Gy

Therefore,c; =0, ¢ + ¢ = 1 and so x(t) = texp( 2t) is the unique solution to the IVP.
In Figure [[.3], you see the solution tends to 0, as$ increases.

Figure 1.3: Solution to IVP x%%4 4x%+4x =0, x(0) =0, xY0) = 1.

Suppose for the moment, that for some reason you mistakenly thoughtthat the general
solution to this DE was

X(t) = crexp( 2t)+ coexp( 2t) = e #(cy+ C);

for arbitray constants c;, ¢;. (Note: the \extra t-factor" on the second term on the right is
missing from this expression.)Now, if you try to solve for the constant ¢; and ¢, using the
initial conditions x(0) = 0, xY0) = 1 you will get the equations
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ct+c=0
2c; 20 =1:

These equations areimpossibleto solve! The moral of the story is that you must have a
correct general solution to insure that you can always solveyour IVP.

One more quick example.

Example 1.2.3. Consider the 29 order DE

x% x=0:
Suppose we know that the general solution to this DE is

x(t) = crexp(t) + coexp( t) = cie' + ce b

for any constants ¢, ¢;. (Again, you can check it is a solution.)
The solution to the IVP

x% x=0; x(©0)=1; xY0)=0;

is x(t) = % (You can solve forc; and ¢, yourself, as in the examples above.) This par-
ticular function is also called a hyperbolic cosine function , denoted cosh{) (pronounced
\kosh"). The hyperbolic sine function , denoted sinh{) (pronounced \sinch"), satis es
the IVP

x% x=0; x(0)=0; x40)=1:

The hyperbolic trig functions have many properties analogas to the usual trig functions
and arise in many areas of applications [H-ivp]. For examplecosht) represents a catenary
or hanging cable [C-ivp].

Sage
sage: t = var('t)
sage: ¢l = var('cl)
sage: c2 = var('c2)
sage: de = lambda x: diff(x,t,t) - x

sage: de(cl =exp(-t) + c2 *exp(-t))
0

sage: desolve(de(x)),[xt])

klxet + k2 *e"(-t)

sage: P = plot(e"t/2-e"(-1)/2,0,3)

sage: show(P)

You see in Figure[1.4 that the solution tends to in nity, as t gets larger.



1.3. EXISTENCE OF SOLUTIONS TO ODES 15

10

Figure 1.4: Solution to IVP x% x =0, x(0) =0, x40) = 1.

Exercises :

1. Find the value of the constant C that makes x = Ce a solution to the IVP x%= 3x,
x(0) = 4.

2. Verify that x = (C+ t) cos(t) satis es the di erential equation x% xtan(t) cog(t) =0
and nd the value of C that gives the initial condition x(2 ) =0.

3. UseSageto check that the general solution to the falling body problem

mv%+ kv = mg;

is v(t) = T2 + ce KM If v(0) = vo, you can solve forc in terms of vo to get
C= Vg % Take m = k= vp=1, g=9:8 and useSageto plot v(t) for0 <t< 1.

1.3 Existence of solutions to ODEs

When do solutions to an ODE exist? When are they unique? This sction gives some
necessary conditions for determining existence and uniqueess.

1.3.1 First order ODEs

We begin by considering the rst order initial value problem

xqt) = f(tx(); x(a)= c: (1.1)

What conditions on f (and a and ¢) guarantee that a solution x = x(t) exists? If it exists,
what (further) conditions guarantee that x = x(t) is unique?
The following result addresses the rst question.
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Theorem 1.3.1. (\Peano's existence theorem" [P-intro]) Supposef is bounded and con-
tinuous in x, and t. Then, for some value > 0, there exists a solutionx = x(t) to the
initial value problem within the range[a ;a + ].

Giuseppe Peano (18581932) was an Italian mathematician, whis mostly known for his
important work on the logical foundations of mathematics. For example, the common
notations for union [ and intersections\ rst appeared in his rst book dealing with
mathematical logic, written while he was teaching at the University of Turin.

Example 1.3.1. Take f(x;t) = x%3. This is continuous and bounded inx and t in
1<x< 1,t2 R. The IVP x%= f(x;t), x(0) = 0 has two solutions, x(t) = 0 and
x(t) = t3=27.

You all know what continuity means but you may not be familiar with the slightly stronger
notion of \Lipschitz continuity”. This is de ned next.

De nition 1.3.1. Let D R? be a domain. A functionf : D ! R is called Lipschitz
continuous if there exists a real constantk > Osuch that, for all x1;x> 2 D,

jf(x1) f(x2)j Kijxi1 Xz

The smallest suchK is called the Lipschitz constant of the functionf on D.
For example,
the function f (x) = x%2 de ned on [ 1;1] is not Lipschitz continuous;

the function f(x) = x2 dened on [ 3;7] is Lipschitz continuous, with Lipschitz
constant K = 14;

the function f de ned by f (x) = x3?sin(1=x) (x 6 0) and f (0) = O restricted to
[0; 1], gives an example of a function that is di erentiable on a ®mpact set while not
being Lipschitz.

Theorem 1.3.2. (\Picard's existence and uniqueness theorem" [[PL-intrg]) Supposef is
bounded, Lipschitz continuous inx, and continuous in t. Then, for some value > 0,
there exists a unique solutionx = x(t) to the initial value problem (I1.1) within the range
[a ;a+ ]

Charles Emile Picard (1856-1941) was a leading French mathematicia. Picard made his
most important contributions in the elds of analysis, func tion theory, di erential equations,
and analytic geometry. In 1885 Picard was appointed to the m#éematics faculty at the
Sorbonne in Paris. Picard was awarded the Poncelet Prize in 86, the Grand Prix des
Sciences Mathmatiques in 1888, the Grande Croix de la legio d’'Honneur in 1932, the
Mittag-Le er Gold Medal in 1937, and was made President of the International Congress
of Mathematicians in 1920. He is the author of many books and s collected papers run to
four volumes.



1.3. EXISTENCE OF SOLUTIONS TO ODES 17

The proofs of Peano's theorem or Picard's theorem gavell beyond the scope of this course.
However, for the curious, a very brief indication of the mainideas will be given in the sketch
below. For details, see an advanced text on di erential equéions.

sketch or the idea of the proof:A simple proof of existence of the solution is obtained by
successive approximations. In this context, the method is kown as Picard iteration.
Set Xp(t) = c and
Z t
Xj(t)= c+ f(s;% 1(s)) ds:

a
It turns out that Lipschitz continuity implies that the mapp ing T de ned by
z t
Ty)t)=c+  f(s;y(s)) ds;

a

is a contraction mapping on a certain Banach space. It can the be shown, by using the
Banach xed point theorem, that the sequence of \Picard iterates" x; is convergent and
that the limit is a solution to the problem. The proof of uniqu eness uses a result called
Grenwall's Lemma.

Example 1.3.2. Consider the IVP

x°=1 x; x(0)=1
with the constant solﬁtion x(t) = 1. Computing th,g Picard iterates by hand is easy:
xo(t) =1, x2(t) =1+ 1 Xo(s)) ds=1, xp(t) =1+ 1 x1(s)) ds =1, and so on. Since
eachx;(t) =1, we nd the solution
x(t) = !|!r1n Xi(t) = !llrln 1=1:

We now try the Picard iteration method in Sage. Consider the IVP

x°=1 x; x(0)=2

which we considered earlier.

Sage
sage: var('t, s
sage: f = lambda tx: 1-x
sage: a = 0; ¢c = 2
sage: x0 = lambda t: c¢; xO(t)
2
sage: x1 = lambda t: ¢ + integral(f(s,x0(s)), s, a, t); x1(t)
2 -t
sage: x2 = lambda t: ¢ + integral(f(s,x1(s)), s, a, t); x2(t)
22 -t + 2
sage: x3 = lambda t: ¢ + integral(f(s,x2(s)), s, a, t); x3(t)
36 + t72/2 -t + 2
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sage: x4 = lambda t: ¢ + integral(f(s,x3(s)), s,
t°4/24 - t°3/6 + t72/2 -t + 2

sage: x5 = lambda t: c + integral(f(s,x4(s)), s,
-t°5/120 + t74/24 - t°3/6 + t°2/2 -t + 2

sage: x6 = lambda t: c + integral(f(s,x5(s)), s,
t°6/720 - t'5/120 + t°4/24 - t°3/6 + t72/2 -t + 2
sage:
sage:
sage:
sage:
sage:

P1 = plot(x2(t), t, 0, 2, linestyle="--"
P2 = plot(x4(t), t, 0, 2, linestyle=".")
P3 = plot(x6(t), t, 0, 2, linestyle="")
P4 = plot(1+exp(-t), t, 0, 2)
(P1+P2+P3+P4).show()

a, t); x4(t)
a, t); x5(t)

a, t); x6(t)

From the graph in Figure you can see how well these iterateare (or at least appear to

be) converging to the true solutionx(t) =1+ e .

More generally, here is somesagecode for Picard iteration.

Figure 1.5: Picard iteration for x°= 1

def picard_iteration(f, a, c, N):

Sage

X, X(0) = 2.

Computes the N-th Picard iterate for the IVP

x' = f(t,x), x(@ = c.

EXAMPLES:

sage: var('x t s
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X, t, s)

sage: a = 0; ¢c = 2

sage: f = lambda tx: 1-x
sage: picard_iteration(f, a, c, 0)

2

sage: picard_iteration(f, a, c, 1)
2 -t

sage: picard_iteration(f, a, c, 2)
t2/2 -t + 2

sage: picard_iteration(f, a, c, 3)
136 + t72/2 -t + 2

if N == 0:
return ¢ *tx+ 0

if N == 1
x0 = lambda t: ¢ + integral(f(s,c xs*x 0), s, a, t)
return expand(xO(t))

for i in range(N):
x_old = lambda s: picard_iteration(f, a, ¢, N-1).subs(t=s)
x0 = lambda t: ¢ + integral(f(s,x_old(s)), s, a, t)

return expand(xO0(t))

Exercise : Apply the Picard iteration method in Sageto the IVP

x0= (t+ x)%, x(0)=2;

and nd the rst three iterates.

1.3.2 Higher order constant coe cient linear homogeneous O DEs

We begin by considering the second ordrinitial value problem

ax’% bx%+ cx=0; x(0)= dg; xY0) = dy; (1.2)

where a; b;c;d;d; are constants anda 6 0. What conditions guarantee that a solution

x = X(t) exists? If it exists, what (further) conditions guarantee that x = x(t) is unique?
It turns out that no conditions are needed - a solution to[1.2 dways exists and is unigue.
As we will see later, we can construct distinct explicit soltions, denoted x; = x4(t) and

X2 = X»(t) and sometimes calledfundamental solutions , to ax®+ bx°+ cx = 0. If we

let X = c1X1 + CoXp, for any constants ¢c; and ¢, then we know that x is also a solutioﬂ],

sometimes called thegeneral solution to ax®%+ bx°+ cx = 0. But how do we know there
exist c; and ¢, for which this general solution also satis es the initial conditions x(0) = dg

and xY0) = d;? For this to hold, we need to be able to solve

3|t turns out that the reasoning in the second order case is very similar to the general reasoning for n-th
order DEs. For simplicity of presentation, we restrict to th e 2-nd order case.
4This follows form the linearity assumption.
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c1x1(0) + ¢x2(0) = di;  ¢1x9(0) + cx3(0) = dy;
for c; and c,. By Cramer's rule,
d; x2(0) x1(0) di
_dy x3(00) - x30) d
x1(0) x2(0) ’ x1(0) x2(0) -
x9(0) x3(0) x9(0) x3(0)

For this solution to exist, the denominators in these quotients must be non-zero. This
denominator is the value of the \Wronskian" [W-linear] at t = 0.

De nition 1.3.2. For n functions f4, ..., fn, which aren 1 times di erentiable on an
interval 1, the Wronskian W (fq;:::;f) as a function on| is de ned by
f1(x) f2(x) fn(x)

f2(x) f2(x) fR(x)
f{n 1)(X) f2(n 1)(X) fr(]n 1)(X)
for x2 1.

The matrix constructed by placing the functions in the rst r ow, the rst derivative of
each function in the second row, and so on through ther{ 1)-st derivative, is a square
matrix sometimes called afundamental matrix of the functions. The Wronskian is the
determinant of the fundamental matrix.

Theorem 1.3.3. (\Abel's identity”) Consider a homogeneous linear seconderder ordinary
di erential equation

dy
dx?

on the real line with a continuous function p. The Wronskian W of two solutions of the
di erential equation satis es the relation

d
+ P+ qx)y =0

Z X
W (x) = W (0)exp P(s)ds
0

Example 1.3.3. Considerx%+ 3x%+2x = 0.

Sage

sage: t = var("t")

sage: x = function("x",t)

sage: DE = diff(x,t,t)+3 * diff(x,t)+2 *X==
sage: desolve(DE, [x,t])

klxe™(-t) + k2 xe’(-2 *t)
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sage: Phi = matrix([[e"(-t), (-2 *1)],[-e"(-1), -2 *e"(-2 *1)]]); Phi

[ e’(-) e(-2 *1)]

[ -e*(-1) -2 xe'(-2 *t)]
sage: W = det(Phi); W

-e"(-3 1)

sage: Wt = e"(-integral(3,t)); Wt
e’ (-3 *t)

sage: W*W(t=0) == Wt

e’(-3 *t) == e'(-3 *t)

sage: bool(W *W(t=0) == Wit)

True
De nition 1.3.3. We sayn functions f,, ..., f, are linearly dependent over the interval
I, if there are numbers a;;  ;an (not all of them zero) such that

afi(x)+  + anfa(x)=0;
for x 2 |. If the functions are not linearly dependent then they are cHed linearly inde-
pendent .
Theorem 1.3.4. If the Wronskian is non-zero at some point in an interval, then the asso-

ciated functions are linearly independent on the interval.

Example 1.3.4. If f1(t) = € and f(t) = e ! then

e et _ 9
e et :
Indeed,
Sage

sage: var('t)
t
sage: f1 = exp(t); f2 = exp(-t)
sage: wronskian(f1,f2)

-2

Therefore, the fundamental solutionsx; = €', xo, = e ! are

Exercise : Using Sage, verify Abel's identity
(a) in the example x°° x =0,
(b) in the example x°% 2 x%+2x =0.
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1.4 First order ODEs - separable and linear cases

Separable DEs:
We know how to solve any ODE of the form

yO=f(t);

at least in principle - just integrate both sidedd. For a more general type of ODE, such as

=f(ty)

R
[_ngs fails. RFor mstanlg{e if yO = t+y thenéntegratlng both sides givesy(t) = ‘g dt =

yodt = t+ydt= tdt+ y(t) dt= >+ y(t)dt. So, we have only succeeded in writing

y(t) in terms of its integral. Not very heIpfuI.

However, there is a class of ODEs where this idea works, withasne modi cation. If the
ODE has the form

o alt)
Y= by’ (13)

then it is called separable .
To solve a separable ODE

(1) write the ODE (L3) as % = 90

(2) \separate” the t's and the y's:

h(y) dy = g(t) dt;

(3) integrate both sides:

Z Z
= 2m

h(y)dy= g(t)dt + C (1.4)

I've added a \+ C" to emphasize that a constant of integration must be included in
your answer (but only on one side of the equation).

R R R
®Recall y°really denotes &, so by the fundamental theorem of calculus, y =~ dt = y°dt = f(t)dt =
F (t) + ¢, where F is the \anti-derivative" of f and cis a constant of integration.
51t particular, any separable DE must be rst order, ordinary di erential equation.
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The answer obtained in this manner is called an \implicit solution" of (L3) since it
expresses/ implicitly as a function oft.

Why does this work? It is easiest to understand by working bakwards f;gom the formula

([I4). Recall that one form of the fundamental theorem of catulus is % h(y)dy = h(y).

If we think of y as a being a function oft, and take the t-derivative, we can use the chain
rule to get
Z z Z

_d _d _ . d dy _ dy
o= g o0dt= G hWdy= (g M) g = ho) g

So if we di erentiate both sides of equation (1.4) with respet to t, we recover the original
di erential equation.

Example 1.4.1. Are the following ODEs separable? If so, solve them.
@ (?+y)y’= 2y,
(b) y°= x=y,y(0)= 1,
() T°= k (T  Troom), Wherek < 0 and T,oom are constants,
(d) ax®+ bx= c, wherea6 0, b6 0, and c are constants
(e) ax®+ bx= c, wherea 6 0, b, are constants andc = c(t) is not a constant.
() y°=(y 1(y+1), y(0)=2.
(@ y°= y?+1, y(0)=1.

Solutions:

(a) not separable,

(b) ydy= xdx,soy?=2= x2=2+c, sox?+ y? =2c. This is the general solution (note
it does not givey explicitly as a function of x, you will have to solve fory algebraically
to get that). The initial conditions say when x =0, y =1, so 2c=02+12 =1, which
gives ¢ = 1=2. Therefore, x? + y2 = 1, which is a circle. ,That is not a furH:tion S0

cannot be the solution we want. The solution is eithery = = 1 x2ory = 1 x2
but which one? Sincey(0) = 1 (note the minus sign) it must bey = 1 x2
(© +9— = kdt, s0 InjT  Tyoomj = kt + c (some constantc), SO T Trpom = CeX

(some constantC), so T = T(t) = Troom + CeXt.

@d L=(c bx=a= 2(x g, soxd—xg = Ddt,solnjx = 2t+C,whereCisa
constant of integration. This is the implicit general solution of the DE. The explicit
. . b .
general solution isx = ‘t—’)+ Be at, whereB is a constant.

The explicit solution is easy nd using Sage:
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Sage
sage: a = var('a)
sage: b = var('b)
sage: ¢ = var('c)
sage: t = var('t)
sage: x = function('x', t)

sage: de = lambda y: a =*diff(y,t) + b *y - C
sage: desolve(de(x),[x,t])
(cxe’(b *t/a)lb + c) =e’(-b =*t/a)

(e) If c= c(t) is not constant then ax®+ bx = c is not separable.

dy
() (y 1)(y+1)

= dt so%(ln(y 1) In(y+1))= t+ C, whereC is a constant of integration.
This is the \general (implicit) solution" of the DE.

Note: the constant functions y(t) = 1 and y(t) = 1 are also solutions to this DE.
These solutions cannot be obtained (in an obvious way) from lte general solution.

The integral is easy to do usingSage:
Sage

sage: y = var(y)
sage: integral(1/((y-1) * (y+1)),y)
log(y - 1)/2 - (log(y + 1)/2)

Now, let's try to get Sageto solve fory in terms of t in %(In(y 1) In(y+1) = t+C:
Sage

sage: C = var('C"
sage: solve([log(y - 1)/2 - (log(y + 1)/2) == t+Cl.y)
flogly + 1) == -2 »C +logly - 1) - 2 =]

This is not working. Let's try inputting the problem in a die rent form:
Sage

sage: C = var('C"
sage: solve([log((y - D/(y + 1)) == *t+2 * Cly)
[y == (-e"(2 =*C + 2xt) - 1)/(e"(2 *C + 2¢t) - 1)]
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This is what we want. Now let's assume the initial condition y(0) = 2 and solve for
C and plot the function.

Sage
sage: solny=lambda t:(-e*(2 * C+2+1)-1)/(e"(2 * C+2+ 1)-1)
sage: solve([solny(0) == 2],C)
[C == log(-1/sqrt(3)), C == -log(3)/2]

sage: C = -log(3)/2

sage: solny(t)

(-e"(2 *t/3 - 1)/Ee(2 *)/3 - 1)
sage: P = plot(solny(t), 0, 1/2)
sage: show(P)

This plot is shown in Figure [[.G. The solution has a singulady at t = In(3)=2 =
0:5493::.

1 I
-1 -0.75 -05 -0.25 025 05 07s 1

Figure 1.6: Plot of y°=(y 1)(y+1), y(0)=2,for0 <t< 1=2.

(@) yzdf—l = dt so arctany) = t + C, where C is a constant of integration. The initial
condition y(0) = 1 says arctan(l) = C, soC = . Thereforey = tan(t + 3) is the
solution.

1.4.1 Autonomous ODEs

A special subclass of separable ODEs is the class atitonomous ODEs, which have the
form

yo= f(y);
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where f is a given function (i.e., the slopey only depends on the value of the dependent
variable y). The cases (c), (d), (f), and (g) above are examples.
One of the simplest examples of an autonomous ODE i% = ky, wherek is a constant.
We can divide by y and integrate to get
Z 1 Z
ydyzlogjyjz k dt = kt + Cq:

After exponentiating, we get

s Kt+Cp — ACqp okt
1y = 1= evle™:

We can drop the absolute value if we allow positive and negatie solutions:
y= eCrekt:

Now note that €t can be any nonzero number, but in facty = 0 is also a solution to the

ODE so we can write the general solution ag/ = Cek! for an arbitrary constant C. If k is

positive, solutions will grow in magnitude exponentially, and if k is negative solutions will

decay to 0 exponentially.
Perhaps the most famous use of this type of ODE is in carbon dag.

Example 1.4.2. Carbon-14 has a half-life of about 5730 years, meaning thatfter that
time one-half of a given amount will radioactively decay (ino stable nitrogen-14). Prior to
the nuclear tests of the 1950s, which raised the level of C-1li the atmosphere, the ratio
of C-14 to C-12 in the air, plants, and animals was 10%°. If this ratio is measured in an
archeological sample of bone and found to be:@8 10 17, how old is the sample?

Solution: Since a constant fraction of C-14 decays per unititne, the amount of C-14
satis es a di erential equation y°= ky with solution y = Cek. Since

y(5730) = Ce*"*% = y(0)=2 = C=2,

we can computek = log(2)=5730 1:21 10 °.
We know that

10 7 ) C 1
y(0)=y(ti) = 10 15 =10 = Cat = &0
wheret; is the time of death of whatever the sample is from. Sd; = '09k1°2 38069 years

before the present.
Here is a non-linear example.
Example 1.4.3. Consider

yo=(y 1(y+1); y0)=1=2

Here is one way to solve this usingSage:
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Sage

sage: t = var('t)
sage: x = function('x', t)
sage: de = lambda y: diff(yt) == y2 - 1
sage: soln = desolve(de(x),[x,t]); soln
1/2 =log(x(t) - 1) - 1/2 *log(x(t) + 1) == ¢ + t
sage: # needs an abs. value ...
sage: c¢,xt = var("c,xt")
sage: solnxt = (1/2) *log(abs(xt - 1)) - (1/2)
== Cc +t
sage: solve(solnxt.subs(t=0, xt=1/2),c)
[c == -1/2 =*log(3/2) - 1/2 *|og(2)]
sage: c0 = solve(solnxt.subs(t=0, xt=1/2),c)[0].rhs(); ¢
-1/2 *log(3/2) - 1/2 *|og(2)
sage: soln0 = solnxt.subs(c=c0); soln0
1/2 +log(abs(xt - 1)) - 1/2 *log(abs(xt + 1))
== t- 1/2 =*log(3/2) -1/2 *|og(2)
sage: implicit_plot(soln0,(t,-1/2,1/2),(xt,0,0.9))

27

*log(abs(xt + 1))

Sagecannot solve this (implicit) solution for x(t), though I'm sure you can do it by hand if
you want. The (implicit) plot is given in Figure 1.7.]

D-g - T T T T T

0.75

0.6 -

0.45 -

015+

Figure 1.7: Plot of y°=(y 1)(y +1), y(0) = 1=2, for

A more complicated example is

I I
-0.45 -0.3 -0.15 0 0.15

0.3

y=yly 1)y 2):

|
0.45

1=2<t< 1=2.
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This has constant solutionsy(t) = 0, y(t) = 1, and y(t) = 2. (Check this.) Several
non-constant solutions are plotted in Figure[1.8.

15

0.5

x\\ : :

Figure 1.8: Plot of y°= y(y 1)(y 2), y(0) = yo, for 0<t< 4, and various values ofyo.

Exercise : Find the general solution toy®= y(y 1)(y 2) either \by hand" or using Sage

1.4.2 Linear 1st order ODEs

The bottom line is that we want to solve any problem of the form

x%+ p(t)x = q(t); (1.5)

where p(t) and q(t) are given functions (which, let's assume, aren't \too horrible"). Every
rst order linear ODE can be written in this form. Examples of DEs which have this form:
Falling Body problems, Newton's Law of Cooling problems, Mking problems, certain simple
Circuit problems, and so on.

There are two approaches

\the formula",

the method of integrating factors.

Both lead to the exact same solution.
\The Formula™: The general solution to (L5) is

R R
e POdgt)dt+ C 16
e P(t)dt ' (1.6)

X =

R
where C is a constant. The factor e Pt js called the integrating factor  and is often
denoted by . This formula was apparently rst discovered by Johann Bernoulli [F-1st].
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Example 1.4.4. Solve

xy%+ y = e

R
We rewrite this as y°+ ly = €. Now compute = e Y = &) = x 5o the formula

i X
gives

R . R
X=-dx+C  edx+C _e&+C,
X - X T ox

y:

Here is one way to do this usingSage:
Sage

sage: t = var('t)

sage: x = function('x', t)

sage: de = lambda y: diff(y,t) + (1/t) *y - exp(t)t
sage: desolve(de(x),[x,t])

(c + et

R
\Integrating factor method": Let = e PM I Multiply both sides of (L5) by

x %+ p(t)x = q(b):

The product rule implies that

(x)°= x %+ p(t)x = q(b):

(In response to a question you are probably thinking now: Nothis is not obvious. This is
Bernoulli's very clever idea.) Now just integrate both sides. By the fundamental theorem
of calculus,

Z Z
x = (x)%dt= q(t)dt

Dividing both side by  gives (1.6).

Exercises : Find the general solution to the following seperable di erential equations:
1. x9=2xt.
2. x% xsin(t)=0

3. (L+t)x%=2x.
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4. x9 xt x=1+t.

Solve the following linear equations. Find the general soltion if no initial condition
is given.

5. x%+ x =1, x(0) = 0.

6. xO+4x =2te 4.

7. X%+ 2x = 2t, x(1) = 3.

8. The function e ¥ does not have an anti-derivative in terms of elementary funtions,

but this anti—geerivative is important in probabilityy. So we dene a new function,

erf (t) := p2 ,'e Y"du. Find the solution of X 2xt =1 in terms of erf (t).

©

(a) Use Sage's desolve command to solve

tx 0+ 2x = el=t:

(b) Use Sageto plot the solution to y°= y2 1, y(0) = 2.

1.5 Isoclines and direction elds

Recall from vector calculus the notion of a two-dimensionalector eld: F(x;y) = ( g(x;y); h(x;y)).
To plot F, you simply draw the vector F(x;y) at each point (x;y).
The idea of the direction eld (or slope eld ) associated to the rst order ODE

yo=f(xy); vy(@=c (1.7)

is similar. At each point (x;y) you plot a small vector having slopeb(x;y). For example,
the vector eld plot of F(x;y)=(1;f(x;y)) or F(x;y)=(1;f(x;y))= 1+ f(x;y)2 (which
is a unit vector).

How would you draw such a direction eld plot by hand? You could compute the value of
f (x;y) for lots and lots of points (x;y) nd then plot a tiny arrow of slope f (x;y) at each
of these points. Unfortunately, this would be virtually imp ossible for a person to do if the
number of points was large.

For this reason, the notion of the \isoclines" of the ODE is very useful. An isocline of
(LX) is a level curve of the functionz = f (X;y):

f(x;y)jf(x;y)= mg;

where the given constantm is called the slope of the isocline. In terms of the ODE, this
curve represents the collection of all points X;y) at which the solution has slopem. In
terms of the direction eld of the ODE, it represents the collection of points where the



1.5. ISOCLINES AND DIRECTION FIELDS 31

vectors have slopan. This means that once you have draw a single isocline, you casketch
ten or more tiny vectors describing your direction eld. Very useful indeed! This idea is
recoded below more algorithmically.

How to draw the direction eld of ([L.7) by hand:

Draw several isoclines, making sure to include one which cdéains the point (a;c).
(You may want to draw these in pencil.)

On each isocline, draw \hatch marks" or \arrows" along the line each having slope
m.

This is a crude direction eld plot. The plot of arrows form yo ur direction eld. The
isoclines, having served their usefulness, can now safelyebgnored.

Example 1.5.1. The direction eld, with three isoclines, for
y'=5x+y 5 y(0)=1;

is given by the graph in Figure[1.9.

e B B o B S BB
- - B = ~ 5B - o —~ - ~
R T TR s S
T B, W P o= = E S
L o T
% & N % N RS S T T
S S SR
L T B e e . e
LT T T T T S
2% K% RTR R ORORCRT
Y.ONON % N R B % ~
Y % & % AR W % % ~
s

Figure 1.9: Plot of y°=5x+y 5,y(0)=1,for 1<x< 1.

The isoclines are the curves (coincidentally, lines) of thdorm 5x + y 5= m. These are
lines of slope 5, not to be confused with the fact that it represents an isocine of slopem.

The above example can be solved explicitly. (Indeedy = 5x + € solvesy’=5x+y 5,
y(0) = 1.) In the next example, such an explicit solution is not possible. Therefore, a
numerical approximation plays a more important role.

Example 1.5.2. The direction eld, with three isoclines, for

yo= x2+y% y(0)=3=2
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Y T Ty r It rorTr T rru

P I Y A A A A A A A A
I Y Y A A A A A A A I A A A A A R A A )

T S Y SR S A A A A A I A A A R A A )
A Y R RV AR ARV ARV AR S A VP SV S S A N A
| AR SR S SRR AR A SR G S S I S S S S S S S A S

[ Y A A SV P S o S S S S A |

e A A e s AT A A S
AR S SR S S Gl i i i S S S S

& Y S A A G O e i I R S SR SR SN |
R A A A S i e R S Y S S S |

Y A S S S G e e A A AN SN S |

P B A R O e e A A A S
7 T ST AT ST AR R L TR [P T AT - AN I s R R )

[ B A S SR S SR S S P S T A A S SR S R A
N1V A ARV IR A ARV AR AR AV S P SV A A S A A
TR S Y A A A A AN AR A I A S A N S S S S S )

[ S R S A A A A A A A A A A R )

S - 11 I R Y B A R Y A A A Y A A A A A R e
Fo B ool s otfy Wl T o [ O oy 8 s B B s &

-1.8 1.2 0.6 [5) 0.6 1.2 1.8

Figure 1.10: Direction eld and solution plot of y°= x2+ y2, y(0)=3=2, for 2<x< 2.

is given by the in Figure [1.10.

The isoclines are the concentric circlex? + y? = m.
The plot in Figure [.I0 was obtaining using the Sagecode below.

Sage
sage: x,y = var("x,y")
sage: f(x,y) = X2 + y2
sage: plot_slope_field(f(x,y), (X,-2,2),(y,-2,2)).sho w(aspect_ratio=1)

There is also a way to \manually draw" these direction elds using Sage.
Sage

sage: pts = [(-2+i/5,-2+}/5) for i in range(20) \
for j in range(20)] # square [-2,2]x[-2,2]

sage: f = lambda p:p[0]'2+p[1]2 # x = p[0] and y = p[1]

sage: arrows = [arrow(p, (p[0]+0.02,p[1]+(0.02) *f(p)), \
width=1/100, rgbcolor=(0,0,1)) for p in pts]

sage: show(sum(arrows))

This gives the plot in Figure [L.17.

Exercises :

1. Match the solution curves in Figure[1.12 to the ODEs below.
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Figure 1.11: Direction eld for y9= x2+ y? y(0)=3=2, for 2<x< 2.

@ y°=y* 1

(b) ¥°= &5

(c) y°=sin(t)sin(y)
(d) y°=sin(ty)

(e) yo=2t+y

(f) y°=sin(3t)

2. Using Sage, plot the direction eld for y%= x2 y2.

1.6 Numerical solutions - Euler's method and improved Eu-
ler's method

Read Euler: he is our master in everything.
- Pierre Simon de Laplace

Leonhard Euler was a Swiss mathematician who made signi caincontributions to a wide
range of mathematics and physics including calculus and cestial mechanics (see [Eul-num]
and [Eu2-num] for further details).
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yo=f(xy); y(@)=c (1.8)

wheref (X;y) is some given function. We shall try to approximate the value of the solution
at x = b, whereb > a is given. Sometimes such a method is called \numerically irggrating

Note: the rst order DE must be in the form (1.8) or the method d escribed below does
not work. A version of Euler's method for systems of 1-st orde DEs and higher order DEs
will also be described below.

Geometric idea : The basic idea can be easily expressed in geometric terms. é\know
the solution, whatever it is, must go through the point (a;c) and we know, at that point,
its slope ism = f (a; ¢). Using the point-slope form of a line, we conclude that the aangent
line to the solution curve at (a;c) is (in (x;y)-coordinates, not to be confused with the
dependent variabley and independent variablex of the DE)

y=c+(x a)f(a;0:

In particular, if h> 0is a given small number (called theincrement ) then taking x = a+ h
the tangent-line approximation from calculus | gives us:

y(a+ h)=c+ h f(a;0):

Now we know the solution passes through a point which is \neady" equal to (a+ h;c+ h
f (a;c). We now repeat this tangent-line approximation with ( a;c) replaced by @+ h;c+
h f (a;c). Keep repeating this number-crunching atx = a, x = a+ h, x = a+2h, ..., until
you getto x = h.

Algebraic idea : The basic idea can also be explained \algebraically". Redafrom the
de nition of the derivative in calculus 1 that

g = YE ) Y00,

h > 0 is a given and small. This an the DE together givef (x;y(x)) = M Now
solve fory(x + h):

y(x+ h)=y(x)+ h f(xy(x)):

If we call h f(x;y(x)) the \correction term" (for lack of anything better), call y(x) the
\old value of y", and call y(x + h) the \new value of y", then this approximation can be
re-expressed

Ynew = Yoid + h T (X;Yoid):

Tabular idea : Let n > 0 be an integer, which we call thestep size. This is related to
the increment by
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h= —a:
n
This can be expressed simplest using a table.
X y hf (x;y)

a c hf (a;c)
a+h | c+ hf(a;0) :
a+2h :

b ??7? XXX

The goal is to Il out all the blanks of the table but the xxx ent ry and nd the ??? entry,
which is the Euler's method approximation for y(b).

Example 1.6.1. Use Euler's method with h = 1=2 to approximate y(1), where

y y=5x 5 y0)=1:
Putting the DE into the form (1.8)] we see that here f (x;y) =5x+y 5,a=0, c=1.

x| y | hf(xy)= 3(5x+y 5)
0 1 2
1=2 1+( 2)= 1 7=4

1 1+( 7=4)= 114
soy(l) = L = 2:75. Thisis the nal answer.
Aside: For your information, y = € 5x solves the DE andy(1) = e 5= 2:28:.

Here is one way to do this usingSage:
Sage

sage: x,y=PolynomialRing(QQ,2,"xy").gens()
sage: eulers_method(5 *X+y-5,1,1,1/3,2)

X y h *f(x,y)
1 1 1/3

4/3 4/3 1

5/3 713 17/9
2 38/9 83/27

sage: eulers_method(5 *X+y-5,0,1,1/2,1,method="none")

[[o, 1], [1/2, -1], [1, -11/4], [3/2, -33/8]]

sage: pts = eulers_method(5 *X+y-5,0,1,1/2,1,method="none")
sage: P = list_plot(pts)

sage: show(P)

sage: P = line(pts)

sage: show(P)
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sage: P1 = list_plot(pts)
sage: P2 = line(pts)
sage: show(P1+P2)

The plot is given in Figure [I.13.

Figure 1.13: Euler's method with h = 1=2 for x°+ x =1, x(0) = 2.

1.6.2 Improved Euler's method

Geometric idea : The basic idea can be easily expressed in geometric terms.sAn Euler's
method, we know the solution must go through the point (a; ¢) and we know its slope there
ism = f (a;c). If we went out one step using the tangent line approximatian to the solution
curve, the approximate slope to the tangent line atx = a+ h;y = ¢+ h f (a;c) would be
m®= f (a+ h;c+ h f(a;c). The idea is that instead of usingm = f (a;c) as the slope of the
line to get our rst approximation, use %’“0 The \improved" tangent-line approximation
at (a;¢) is:
0 . : .

m+m-_ c+ h f(a;o+ f(a+ 2,c+ h f(a,c)):
(This turns out to be a better approximation than the tangent -line approximation y(a+ h) =
ct+ h f (a;¢) usedin Euler's method.) Now we know the solution passes thwugh a point which
is \nearly" equal to (a+ h;c+ h %’“0). We now repeat this tangent-line approximation
with (a;c) replaced by (a+ h;c+ h f (a;c). Keep repeating this number-crunching atx = a,
X =a+ h,x=a+2h, ..., until you getto x = bh.

Tabular idea : The integer step sizen > 0 is related to the increment by

y(a+ h)y=c+ h
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as before.
The improved Euler method can be expressed simplest using able.

X y hmim® = B(F(gy) + f(x+ hyy+h fqy))
a C Sf(ao+ f(a+ hc+h f(a0))
a+h |c+ %(f(a;c)+f(a+ h;c+ h f(a;0)) :
a+2h :
b 277 XXX

The goal is to Il out all the blanks of the table but the xxx ent ry and nd the ??? entry,
which is the improved Euler's method approximation for y(b).

Example 1.6.2. Use the improved Euler's method with h = 1=2 to approximate y(1),
where
yO y=5x 5 y(0)=1:

Putting the DE into the form (1.8)] we see that here f (x;y)=5x+y 5,a=0, c=1.
We rst compute the \correction term™:

pLOWLLCRYER IO = Asx+y 5+5(x+ M)+ (y+h (xy) 5
= z(x+y 5+5(x+h)+(y+h (5x+y 5) 5)
= (1+ 5)5x+(@1+ By 3
= 25x=4+5y=+4 5

X ‘ y ‘ hm+ m?© — 25x+5y 10
2 4
0 1 15-8
1=2 1+( 158)= 7=8 95=64

1 | 7=8+( 9564)= 151=64

soy(l) = 16%1 = 2:35:. This is the nal answer.
Aside: For your information, this is closer to the exact valuey(1) = e 5= 2:28:: than
the \usual" Euler's method approximation of 2:75 we obtained above.

1.6.3 Euler's method for systems and higher order DEs

We only sketch the idea in some simple cases. Consider the DE

yO% p(x)y%+ ax)y = f(x);  y(@) = e; yYa) = e;
and the system
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v = f1(xy1y2); yi(a) = ci;
yd= fa(xy1y2); ya(a) = ¢

We can treat both cases after rst rewriting the DE as a system create new variables
y1 = y and let y, = y0 It is easy to see that

¥ =y y1(a) = ey
y3=f(x) aX)yr p(X)y2 Ya(a)= e

Tabular idea : Let n > 0 be an integer, which we call thestep size. This is related to
the increment by

h= —a:
n
This can be expressed simplest using a table.
X Y1 hf 1(X;y1;Y2) Y2 hf 2(X;y1;Y2)
a e hf 1(a; er; ) ) hf 2(a; er; )
a+h | e+ hfi(a;e;e) : er + hf 1(a;e1; e) '
a+2h :
b ??7? XXX XXX XXX

The goal is to |l out all the blanks of the table but the xxx ent ry and nd the ??? entries,
which is the Euler's method approximation for y(b).

Example 1.6.3. Using 3 steps of Euler's method, estimatex(1), where x°® 3x%+2x =1,
x(0)=0, x40) =1

First, we rewrite x%° 3x%2x =1, x(0) =0, x0) = 1, as a system of ! order DEs with
ICs. Let x1 = X, X2 = x° so

X
X

X2; x1(0) = 0;
=1 2X1+3Xp; X2(0)=1:

NORFr O

This is the DE rewritten as a system in standard form. (In geneal, the tabular method
applies to any system but it must be in standard form.)
Taking h=(1 0)=3 =1=3, we have

t | xa | x2=83 | x2 | (1 2x3+3x2)=3

0 0 1=3 | 1 4=3
1=3 | 1=3 | 7=9 | 7=3 22-0
2=3 | 10=0 | 43=27 | 43=9 XXX

1 73227 | XXX XXX XXX
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Sox(1) = x1(1) 7327 =27

Here is one way to do this usingSage:

Sage
sage: RR = RealField(sci_not=0, prec=4, rnd="RNDU")
sage: t, X, y = PolynomialRing(RR,3,"txy").gens()
sage: f = y; g = 1-2  #x+3=*y
sage: L = eulers_method_2x2(f,g,0,0,1,1/3,1,method="no ne")
sage: L

[[0, O, 1], [1/3, 0.35, 2.5], [2/3, 1.3, 5.5],
[1, 3.3, 12], [4/3, 8.0, 24]]
sage: eulers_method_2x2(f,g, 0, 0, 1, 1/3, 1)

t X h = f(t,x,y) y h *g(t,x,y)
0 0 0.35 1 1.4

1/3 0.35 0.88 25 2.8

2/3 1.3 2.0 55 6.5

1 3.3 4.5 12 11
sage: P1 list_plot([[p[O],p[1]] for p in L])

sage: P2 line([[p[0],p[1]] for p in LJ])
sage: show(P1+P2)
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The plot of the approximation to x(t) is given in Figure [L.14.

Figure 1.14: Euler's method with h = 1=3 for x®® 3x%+2x =1, x(0) =0, xY0) = 1.

Exercise : Use Sageand Euler's method with h = 1=3 for the following problems:

1. (a) Use Euler's method to estimatex(1) if x(0) =1 and ‘é—f = x + t2, using 1,2, and
4 steps.

(b) Find the exact value of x(1) by solving the ODE (it is a linear ODE).

2. Find the approximate values ofx(1) and y(1) where

x0= x+y+t x(0)=0;
y’=x y;  y(0)=0;

3. Find the approximate value of x(1) where x°= x2 + t2, x(0) = 1.

1.7 Numerical solutions Il - Runge-Kutta and other methods

The methods of[1.6 are su cient for computing the solutions of many problems, but often
we are given di cult cases that require more sophisticated methods. One class of methods
are called the Runge-Kutta methods, particularly the fourth-order method of that class
since it achieves a popular balance of e ciency and simplidy. Another class, the multistep
methods, use information from some numbem of previous steps. Within that class, we
will brie y describe the Adams-Bashforth method. Finally, we will say a little bit about
adaptive step sizes - i.e. changindh adaptively depending on some local estimate of the
error.
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1.7.1 Fourth-Order Runge Kutta method

To explain why we describe the method as "fourth-order" it is necessary to introduce a
convenient (big-O) notation for the size of the errors in our approximations. We say that a
function f (x) is O(g(x)) as x ! 0 if there exist a positive constantsM and xg such that for
all x 2 [ xo;Xo] we havejf (x)j M jg(x)j. The constant M is called the implied constant.
This notation is also commonly used for the case wher ! 1 but in this text we will always
be considering the behavior off (x) near x = 0. For example, sin(x) = O(x), asx ! 0, but
sin(x) = O(1),asx!1 . More informally, a function is O(g(x)) if it approaches 0O at a rate
equal to or faster than g(x). As another example, the function f (x) = 3x2 + 6x* is O(x?)
(asx ! 0). As we approachx = 0, the higher order terms become less and less important,
and eventually the 3x? term dominates the value of the function. There are many contete
choices ofxg and the implied constant M. One choice would bexg =1 and M =9.

For a numerical method we are interested in how fast the errordecreases as we reduce
the stepsize. By "the error" we mean the global truncation error: for the problem of
approximating y(x; ) if y°= f (x;y) and y(x;) = y; the global truncation error is de ned as
E(h) = jy(Xf) Vynj. Hereyy, is our approximate value fory at x = x; after taking n steps
of stepsizeh = "7,

For Euler's method, E (h) = O(h) and we say that it is a rst-order method. This means
that as we decrease the stepsizé, at some point our error will become linear inh. In
other words, we expect that if we halve the stepsize our errowill be reduced by half. The
improved Euler method is a second-order method, s& (h) = O(h?). This is very good
news, because while the improved Euler method involves roudy twice as much work per
step as the Euler method, the error will eventually fall quadratically in h.

The fourth-order Runge-Kutta method involves computing four slopes and taking a
weighted average of them. We denote these slopes &g, ko, k3, and k4, and the formula
are:

Xn+1 = Xp+ h;
Yn#1 = Yo+ h(ky + 2k +2Kk3 + Kk4)=6;
where
ki = f(Xn;Yn);
ko = f (Xn + h=2;y, + hk1=2),
ks = f (xn + h=2);yn + hk2=2);
and

ks = f(Xn+ h;yn + hkz):

Example 1.7.1. Lets consider the IVP y° = ig,{;‘(g y(1) = 1, and suppose we wish to

approximate y(2). The table below shows the Euler, improved Euler, and fouth-order
Runge-Kutta (RK4) approximations for various numbers of steps from 1 to 512.
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steps

Euler

imp. Euler

RK4

1

1.0

0.916666666667

0.878680484793

2

0.933333333333

0.889141488073

0.876938215214

4

0.90307164531

0.880183944727

0.876770226006

8

0.889320511452

0.877654079757

0.876757721415

16

0.882877913323

0.87698599324

0.87675688939

32

0.879775715551

0.876814710289

0.876756836198

64

0.878255683243

0.876771374145

0.876756832844

128

0.877503588678

0.876760476927

0.876756832634

256

0.877129540678

0.876757744807

0.876756832621

512

0.876943018826

0.876757060805

0.876756832620

43

The nal Runge-Kutta value is correct to the number of digits shown. Note that even
after 512 steps, Euler's method has not acheived the accurgmf 4 steps of Runge-Kutta or
8 steps of the improved Euler method.

1.7.2 Multistep methods - Adams-Bashforth

The fourth-order Adams-Bashforth method is:
Xn+1 = Xp+ h; (1.9)
Yn+1 = Yn *t %(San 5Kpn 1+37fn 2 9fpn 3); (1.10)

wheref; = f (Xj;Vi).

1.7.3 Adaptive step size

In our discussion of numerical methods we have only consided a xed step size. In some
applications this is su cient but usually it is better to ada ptively change the stepsize to
keep the local error below some tolerance. One approach fooihg this is to use two di erent
methods for each step, and if the methods di er by more than the tolerance we decrease
the stepsize. TheSagecode below implements this for the improved Euler method andhe
fourth-order Runge-Kutta method.

Sage
def RK24(xstart, ystart, xfinish, f, nsteps = 10, tol = 107(- 5.0)):

Simple adaptive step-size routine. This compares the impro ved
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Euler method and the fourth-order Runge-Kutta method to
estimate the error.

EXAMPLE:
The exact solution to this IVP is y(x) = exp(x), so y(1)
should equal e = 2.718281828...
Initially the stepsize is 1/10 but this is decreased during
the calculation:

sage: esol = RK24(0.0,1.0,1.0,lambda x,y: y)

sage: print "Error is: ", N(esol[-1][1]-e)

Error is: -8.66619043193850e-9

sol = [ystart]

xvals = [xstart]

h = N((xfinish-xstart)/nsteps)

while xvals[-1] < xfinish:
# Calculate slopes at various points:
k1 = f(xvals[-1],sol[-1])

rk2 = f(xvals[-1] + h/2,sol[-1] + k1 *h/2)
rk3 = f(xvals[-1] + h/2,sol[-1] + rk2 *h/2)
rkd = f(xvals[-1] + h,sol[-1] + rk3 * h)
iek2 = f(xvals[-1] + h,sol[-1] + k1 *h)

# Runge-Kutta increment:

rk_inc = h »(k1+2 »rk2+2 *rk3+rk4)/6

# Improved Euler increment:

ie_inc = h =« (kl+iek2)/2

#Check if the error is smaller than the tolerance:

if abs(ie_inc - rk_inc) < tol:
sol.append(sol[-1] + rk_inc)
xvals.append(xvals[-1] + h)

# If not, halve the stepsize and try again:

else:
h = h/2

return zip(xvals,sol)

More sophisticated implementations will also increase thestepsize when the error stays
small for several steps. A very popular scheme of this type ishe Runge-Kutta-Fehlberg
method, which combines fourth- and fth-order Runge-Kutta methods in a particularly
e cient way [A-ode]

Exercises :

. _ dy _ . .
1. For the initial value problem y(1)=1and g = £ ¥ | approximate y(2) by using:

(a) a 2-step improved Euler method
(b) a 1-step 4th-order Runge-Kutta method.
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2. Compare the results of using the fourth-order Runge-Kuta and Adams-Bashforth
methods to approximate y(3) for the IVP 3—§ = sinc(x) vy, y(0) =1 for 5, 10, and
100 steps. Use the Runge-Kutta values to prime the Adams-Bdgorth method.

3. Modify the adaptive stepsize code so that the stepsize isncreased if the estimated
error is below some threshold. Pick a problem and time your cde compared to the
original version.

4. Sometimes we wish to model quantities that are subjectedd random in uences, as
in Brownian motion or in nancial markets. If the random inu ences change on
arbitrarily small timescales, the result is usually nondi erentiable. In these cases,
it is better to express the evolution in terms of integrals, but they are often called
stochastic di erential equations nonetheless. One example from nancial markets is a
model of the value of a stock, which in integral form is:

z t z t
S(t)= Sp+ Sds + Sdw;
0 0

where W is a Brownian motion. For such a model there is a stochastic aalogue of
Euler's method called the Euler-Maruyama method (see [H-sde] for more details
and references). The main subtlﬁty_is correctly scaling thencrement of the Brownian
motion with the stepsize: dW = = dt wp,1, wherew(0; 1) is a sample from a normal
distribution with mean 0 and standard deviation 1. So for this example, the Euler-
Maruyama method gives:

pP_—
Si+1 = §+2Sh+ hSiWO;]_Z

Implement the Euler-Maruyama method to simulate an IVP of this example with
=2and =1fromt=0to t=21with 100 steps, with S(0) = Sy = 0. To generate
the w(0; 1) in Sageyou can use thenormalvariate command. Compute the average
trajectory of 100 simulation runs - is it equal to the deterministc ODE S°= S ?
(This is a reasonable guess since the expected value of thedvynian motion W is 0.)

1.8 Newtonian mechanics

We brie y recall how the physics of the falling body problem leads naturally to a di erential
equation (this was already mentioned in the introduction and forms a part of Newtonian
mechanics [M-mech]). Consider a mass falling due to gravity. We orient coordinates to
that downward is positive. Let x(t) denote the distance the mass has fallen at time and
v(t) its velocity at time t. We assume only two forces act: the force due to gravityFgray,
and the force due to air resistencefes. In other words, we assume that the total force is
given by

Fiotal = Fgrav + Fres:
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We know that Fgray = mg, whereg > 0 is the gravitational constant, from high school
physics. We assume, as is common in physics, that air resigtae is proportional to velocity:
Fres = kv = kx{t), wherek 0 is a constant. Newton's second law [N-mech] tells us
that Fiom = ma = mx%t). Putting these all together gives mx%t) = mg  kxqt), or

vqt) + %v(t) = g: (1.11)

This is the di erential equation governing the motion of a falling body. Equation (L. 1I)
can be solved by various methods: separation of variables duy integrating factors. If we
assumev(0) = vq is given and if we assume > 0 then the solution is

v(t) = %HVO %)e kt=m . (1.12)
In particular, we see that the limiting velocity is Vimit = %

Example 1.8.1. Wile E. Coyote (see [W-mech] if you haven't seen him before) &s mass
100 kgs (with chute). The chute is released 30 seconds aftehé jump from a height of 2000
m. The force due to air resistence is given byFes = kv, where

15; chute closed
10G chute open

Find

(a) the distance and velocity functions during the time when the chute is closed (i.e.,
0 t 30 seconds),

(b) the distance and velocity functions during the time when the chute is open (i.e., 30 t
seconds),

(c) the time of landing,

(d) the velocity of landing. (Does Wile E. Coyote survive the impact?)

soln: Taking m =100, g=9:8, k =15 and v(0) =0 in (L.IZ), we nd

196 196 s,
vil)= == —3e®:

This is the velocity with the time t starting the moment the parachutist jumps. After t =30
seconds, this reaches the velocityp = 13 1¥e 92 =64:607::. The distance fallen is

Rt

o Va(u) du

_ 196, 3920
= U+ 55

x1(t)

3
=1 3920.
e 20 =3 -

After 30 seconds, it has fallenx1(30) = 13/20 + 3920e 92 = 1529:283:: meters.
Taking m = 100, g =9:8, k =100 and v(0) = vg, we nd
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49, .« 833 196 g,

5 15 3

This is the velocity with the time t starting the moment Wile E. Coyote opens his chute
(i.e., 30 seconds after jumping). The distance fallen is

Vo (t) =

R

o V2(u) du+ x1(30)

— 49 833 t 196 ta 922 71099 3332 9=2.
sl g€ t e e et igte T

x2(t)

Now let us solve this usingSage.

Sage
sage: RR = RealField(sci_not=0, prec=50, rnd="RNDU")
sage: t = var('t)
sage: v = function('v', t)
sage: m = 100; g = 98/10; k = 15

sage: de = lambda v: m =*diff(v,t) + k *V - mx(Q
sage: desolve(de(v),[v,t],[0,0])

196/3 »(e"(3/20 *t) - 1) =*e7(-3/20 ~*t)

sage: solnl = lambda t: 196/3-196 *exp(-3 *t/20)/3
sage: P1 = plot(solnl(t),0,30,plot_points=1000)

sage: RR(soln1(30))

64.607545559502

This solves for the velocity before the coyote's chute is opged, 0<t < 30. The last number
is the velocity Wile E. Coyote is traveling at the moment he opens his chute.

Sage
sage: t = var('t)
sage: v = function('v', t)
sage: m = 100; g = 98/10; k = 100

sage: de = lambda v: m =*diff(v,t) + k *V - mx(Q

sage: desolve(de(v),[v,t],[0,RR(soIn1(30))])

1/10470 (102606 *e"t + 573835) =*e’(-t)

sage: soln2 = lambda t: 49/5+(631931/11530) * exp(-(t-30))\
+ soln1(30) - (631931/11530) - 49/5

sage: RR(soln2(30))

64.607545559502

sage: RR(soIn1(30))

64.607545559502

sage: P2 = plot(soln2(t),30,50,plot_points=1000)

sage: show(P1+P2)

This solves for the velocity after the coyote's chute is opend, t > 30. The last command
plots the velocity functions together as a single plot. (Youwould see a break in the graph if
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you omitted the Sage's plot option ,plot_points=1000 . That is because the number of

samples taken of the function by default is not su cient to ca pture the jump the function

takes att = 30.) The terms at the end of soln2 were added to insurex,(30) = x1(30).
Next, we nd the distance traveled at time t:

Sage

sage: integral(solnl(t),t)

3920*e"(-(3 *t/20))/9 + 196  *t/3

sage: x1 = lambda t: 3920 *e"(-(3 =*t/20))/9 + 196  *t/3
sage: RR(x1(30))

1964.8385851589

This solves for the distance the coyote traveled before thelmte was open, O<t < 30. The
last number says that he has gone about 1965 meters when he apehis chute.
Sage

sage: integral(soln2(t),t)

49+t/5 - (631931 +e7(30 - t)/11530)

sage: x2 = lambda t: 49  *t/5 - (631931 *e"(30 - 1)/11530)
+ x1(30) + (631931/11530) - 49 *30/5

sage: RR(x2(30.7))

1999.2895090436

sage: P4 = plot(x2(t),30,50)

sage: show(P3+P4)

(Again, you see a break in the graph because of the round-o eor.) The terms at the
end of x2 were added to insurex,(30) = x1(30). You know he is close to the ground at
t = 30, and going quite fast (about 65 m/s!). It makes sense thathe will hit the ground
soon afterwards (with a large pu of smoke, if you've seen thecartoons), even though his
chute will have slowed him down somewhat.

The graph of the velocity 0<t< 50 is in Figure[L.15. Notice how it drops att = 30 when
the chute is opened. The graph of the distance fallen &t < 50 is in Figure[I1.16. Notice
how it slows down att = 30 when the chute is opened.

The time of impact is timpact = 30:7::.. This was found numerically by solving x»(t) =
2000.
The velocity of impact is Vo(timpact) 37 m/s.

Exercise : Drop an object with mass 10 kgs from a height of 2000 m. Suppesthe force
due to air resistence is given byF,.s = 10v. Find the velocity after 10 seconds usingSage
. Plot this velocity function for 0 <t< 10.
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B0 -

a0 -

204
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Figure 1.15: Velocity of falling parachutist.

2000
1500

1000

10 20 30 40 50

Figure 1.16: Distance fallen by a parachutist.

1.9 Application to mixing problems

Suppose that we have two chemical substances where one isgible in the other, such as
salt and water. Suppose that we have a tank containing a mixtue of these substances, and
the mixture of them is poured in and the resulting \well-mixe d" solution pours out through
a value at the bottom. (The term \well-mixed" is used to indic ate that the uid being
poured in is assumed to instantly dissolve into a homogeneaimixture the moment it goes
into the tank.) The rough idea is depicted in Figure [1.17.

Assume for concreteness that the chemical substances areltsand water. Let
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Figure 1.17: Solution pours into a tank, mixes with another type of solution. and then
pours out.

A(t) denote the amount of salt at time t,

FlowRateln = the rate at which the solution pours into the tan Kk,

FlowRateOut = the rate at which the mixture pours out of the ta nk,

Cin = \concentration in" = the concentration of salt in the solut ion being poured into
the tank,

Cout = \concentration out” = the concentration of salt in the solu tion being poured
out of the tank,

Rin = rate at which the salt is being poured into the tank = (FlowRa teln)( Ci, ),

Rout = rate at which the salt is being poured out of the tank = (FlowR ateOut)( Coyt).
Remark 1.9.1. Some things to make note of:

If FlowRateln = FlowRateOut then the \water level" of the tank stays the same.
We can determine Cq; as a function of other quantities:

A(t)

Cout = m,

where T (t) denotes the volume of solution in the tank at timd.
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The rate of change of the amount of salt in the tankAYt), more properly could be
called the \net rate of change". If you think if it this way then you see Aqt) =
Rin Rout-

Now the di erential equation for the amount of salt arises from the above equations:

A(t
Aqt) = (FlowRateln) Ci,  (FlowRateOut) %:

Example 1.9.1. Consider a tank with 200 liters of salt-water solution, 30 gams of which

is salt. Pouring into the tank is a brine solution at a rate of 4 liters/minute and with a

concentration of 1 grams per liter. The \well-mixed" solution pours out at a rate of 5

liters/minute. Find the amount at time t.

We know
_ _ A(t) _ Alt) | _an-
AYt) = (FlowRateln) Ci, (FlowRateOut) T - 4 200 1 A(0) = 30:
Writing this in the standard form AC+ pA = g, we have
R
(t)g(t)dt+ C
A(t) = ;
(t) 0
R 5R 1 _dt . . . .
where = e POd = ¢ > 20 t% = (200 t) °is the \integrating factor". This gives

A(t)=200 t+ C (200 t)°, where the initial condition implies C = 170 200 °.

Here is one way to do this usingSage:
Sage

sage: t = var('t)

sage: A = function(A', t)

sage: de = lambda A: diff(A,t) + (5/(200-t)) *A - 4
sage: desolve(de(A),[At])

(t - 20005 =*(c - 1/(t - 200)°4)

This is the form of the general solution. (Sageuses Maxima and%cis Maxima's notation
for an arbitrary constant.) Let us now solve this general solition for c, using the initial
conditions.

Sage
sage: c,t = var('c,t)
sage: tank = lambda t: 200-t
sage: solnA = lambda t: (c + 1/tank(t)"4) * tank(t)"5
sage: solnA(t)
(c - (L/(t - 200)°4)) *(t - 200)°5

sage: solnA(0)
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-320000000000 =*(c - 1/1600000000)
sage: solve([solnA(0) == 30],¢)

[c == 17/32000000000]

sage: ¢ = 17/32000000000

sage: solnA(t)

(17/32000000000 - (1/(t - 200)"4))
sage: P = plot(solnA(t),0,200)

sage: show(P)

«(t - 200)'5

This plot is given in Figure 1.18.

Figure 1.18: A(t), 0 <t< 200,A°=4 5A(t)=(200 t), A(0) = 30.

Exercises :

1. Now useSageto solve the same problem but with the same ow rate out as 4 liers/min
(note: in this case, the \water level" in the tank is constant). Find and plot the

solution A(t), 0 <t< 200.

2. Consider two tanks that are linked in a cascade - i.e. the st tank empties into the
second. Suppose the rst tank has 100 liters of water in it, an the second has 300
liters of water. Each tank initially has 50 kilograms of salt dissolved in the water.
Suppose that pure water ows into the rst tank at 5 liters per minute, well-mixed
water ows from the rst tank to the second at the same rate (5 liters/minute), and
well-mixed water also ows out of the second tank at 5 liters/minute.

(@) Find the amount of salt in the rst tank x4(t). Note that this does not depend
on what is happening in the second tank.

(b) Find the amount of salt in the second tank x»(t).

(c) Find the time when there is the maximum amount of salt in the second tank.



Chapter 2

Second order di erential equations

If people do not believe that mathematics is simple, it is on{ because they
do not realize how complicated life is.
- John von Neumann

2.1 Linear dierential equations

To begin, we want to describe the general form a solution to aihear ODE can take. We
want to describe the solution as a sum of terms which can be coputed explicitly in some
way.

Before doing this, we introduce two pieces of terminology.

Supposef 1(t), fo(t), :::, fa(t) are given functions. A linear combination  of these
functions is another function of the form

cif1(t) + cof2(t) + + cafn(t);

for some constantscy, ..., ¢,. For example, 3cost) 2sin(t) is a linear combination
of cost), sin(t). An arbitrary linear combination of cost), sin(t) would be written as
¢y cost) + ¢ sin(t).

A linear ODE of the form

y™ + b t)y™ D+ by 1 (D)y0+ a(t)y = f(1); (2.1)

is called homogeneous if f (t) =0 (i.e., f is the 0 function) and otherwise it is called
non-homogeneous .

53
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Consider the n-th order ODE

y™ + by )y Y+t by 1(H)y%+ bu(t)y = 0: (2.2)
Suppose there aren functions yi(t), ..., yn(t) such that
eachy = y;(t) (1 i n) satis es this homogeneous ODE (2.2),

y=Cyi1+ * ChYn;

for some (unigue) constantscy, ... , Cp.
In this case, they;'s are calledfundamental solutions

Remark 2.1.1. If you are worried that this de nition is not very practical, then don't. We
shall give a condition later (the \Wronskian test") which will make it much easier to see if
a collection of n functions form a set of fundamental solutions.

The following result describes the general solution to a liear ODE.

Theorem 2.1.1. Consider a linear ODE of the above form (2.1), for some givenantinuous
functions by(t), ..., by(t), and f (t). Then the following hold.

There aren functions y4(t), ..., yn(t) (above-mentioned fundamental solutions), each
y=vVit) (1 i n) satisfying the homogeneous ODE, such that every solutiony,
to (2.2) can be written

Yh = Gy1 + * ChYn;

for some (unique) constantscy, ... , C,.

Suppose you know a solutiony,(t) (a particular solution ) to (2.1). Then every
solution y = y(t) (the general solution ) to the DE (2.1) has the form

y(t) = yn(t) + yp(t); (2.3)

whereyy, (the \homogeneous part" of the general solution) is a linearcombination

Yh(t) = coya(t) + ya(t) + i+ Cryn(t);

for some constantsci, 1 i n.

Conversely, every function of the form (2.3), for any constats ¢, for1 i n,isa
solution to (2.1).



2.1. LINEAR DIFFERENTIAL EQUATIONS 55

Example 2.1.1. Recall Example 1.1.4 in the introduction where we looked forfunctions
solving x°+ x = 1 by \guessing". We found that the function Xp(t) = 1 is a particular
solution to x°+ x = 1. The function x1(t) = e ' is a fundamental solution to x°+ x = 0.
The general solution is thereforex(t) =1+ cye !, for a constant c;.

Example 2.1.2. Let's look for functions solving x°° x = 1 by \guessing". Motivated
by the above example, we nd that the function xp(t) = 1 is a particular solution to
x% x =1. The functions x4(t) = €', xo(t) = e ! are fundamental solutions tox®® x = 0.
The general solution is thereforex(t) =1+ cye !, for a constant c;.

Example 2.1.3. The charge on the capacitor of an RLC electrical circuit is maleled by a
2-nd order linear DE [C-linear].
Series RLC Circuit notations:

E = E(t) - the voltage of the power source (a battery or other \electromotive force",
measured in volts, V)

g= q(t) - the current in the circuit (measured in coulombs, C)
i = i(t) - the current in the circuit (measured in amperes, A)
L - the inductance of the inductor (measured in henrys, H)

R - the resistance of the resistor (measured in ohms, );

C - the capacitance of the capacitor (measured in farads, F)

The charge g on the capacitor satis es the linear IPV:

1 .
Lg% Rq%+ ca= E@®: d0)= o; aX0) = io:

Figure 2.1: RLC circuit.
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Example 2.1.4. The displacement from equilibrium of a mass attached to a spng sus-
pended from a ceiling as in Figure 2.2 is modeled by a 2-nd orddinear DE [O-ivp].
Spring-mass notations:

f (t) - the external force acting on the spring (if any)

X = X(t) - the displacement from equilibrium of a mass attached to a pring
m - the mass

b - the damping constant (if, say, the spring is immersed in a uid)

k - the spring constant.

The displacementx satis es the linear IPV:

mx%% bx%+ kx = f(t); x(0)= xo; xY0) = vo:

Figure 2.2: spring-mass model.

Notice that each general solution to ann-th order ODE has n \degrees of freedom" (the
arbitrary constants ¢;). According to this theorem, to nd the general solution of a linear
ODE, we need only nd a particular solution y, and n fundamental solutions y1(t), ...,

Yn(1).

Example 2.1.5. Let us try to solve

x%+ x=1; x(0)= c;

wherec=1, ¢c=2, and ¢ = 3. (Three dierent IVP's, three di erent solutions, nd ea ch
one.)

The rst problem, x%+ x =1 and x(0) = 1, is easy. The solutions to the DE x°+ x =1
which we \guessed at" in the previous examplex(t) = 1, satis es this.
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The second problem,x°+ x = 1 and x(0) = 2, is not so simple. To solve this (and the
third problem), we really need to know what the form is of the \general solution".

According to the theorem above, the general solutionx has the form x = x, + Xp. In
this case, xp(t) = 1 and xn(t) = c1x1(t) = cie b, by an earlier example. Therefore, every
solution to the DE above is of the form x(t) = 1+ ce !, for some constantc;. We use the
initial condition to solve for c;:

x(0)=1:1= x(0)=1+ e’ =1+ ¢ sog =0 and x(t) = 1.
Xx(0)=2:2=x(0)=1+ e’ =1+ ¢gsoc;=1and x(t)=1+ e ..
x(0)=3:3= x(0)=1+ =1+ ¢ sogg=2and x(t)=1+2e ..

Here is one way to useSageto solve for ¢;. (Of course, you can do this yourself, but this
shows you theSagesyntax for solving equations. Typesolve? in Sageto get more details.)
We use Sageto solve the last IVP discussed above and then to plot the soltion.

Sage

sage: t = var('t)

sage: x = function('x',t)

sage: desolve(diff(x,t)+x==1,[x,t])

(c + ety =e'(-t)

sage: ¢ = var('c)

sage: solnx = lambda t: 1+c *exp(-t) # the soln from desolve
sage: solnx(0)

c+1

sage: solve([solnx(0) == 3],c)

[c == 2]

sage: c0 = solve([solnx(0) == 3], ¢)[0].rhs()

sage: solnxl = lambda t: 1+cO *exp(-t); solnx1(t)
sage: P = plot(solnx1(t),0,5)

sage: show(P)

This plot is shown in Figure 2.3.

Exercise : Use Sageto solve and plot the solution to x°+ x = 1 and x(0) = 2.

2.2 Linear dierential equations, continued

To better describe the form a solution to a linear ODE can take we need to better under-
stand the nature of fundamental solutions and particular sdutions.
Recall that the general solution to

y™ + b (t)y™ D+ by 1 (1)y0+ a(t)y = f(1);
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Figure 2.3: Solution to IVP x°%+ x =1, x(0) = 3.

has the formy = y, + yn, Whereyy, is a linear combination of fundamental solutions.

Example 2.2.1. The general solution to the di erential equation equation

x% 5x%+6x =0

has the form x = x(t) = c1 exp(2t) + ¢, exp(3t), for arbitrary constants c; and ¢c,. Suppose
we are also givenn initial conditions y(xo) = ag, Y{Xo) = a1, :::, Y Y(xg) = an 1. For
example, we could impose the initial conditions: x(0) = 3 and xY0) = 4. Of course, no
matter what xo and vg are are given, we want to be able to solve for the coe cientscs; ¢,
in x(t) = cpexp(2t) + c, exp(3t) to obtain a unigue solution. More generally, we want to be
able to solve ann-th order IVP and obtain a unique solution.

A few questions arise.

How do we know this can be done?

How do we know that (for somec;; c;) some linear combination x(t) = ¢, exp(2t) +
co exp(3t) isn't identically O (which, if true, would imply that x = x(t) couldn't
possibly satisfy x(0) = 3 and xY0) = 4)?

We shall answer this question below.

The complete answer to the questions mentioned in the abovexample actually involves
methods from linear algebra which go beyond this course. Thdasic idea though is not
hard to understand and it involves what is called \the Wronskian!" [W-linear].

Before we motivate the idea of the Wronskian by returning to the above example, we need
to recall a basic fact from linear algebra.

1 Josef Wronski was a Polish-born French mathematician who worked in many di erent areas of applied
mathematics and mechanical engineering [Wr-linear].
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Lemma 2.2.1. (Cramer's rule) Consider the system of two equations in two unknowns
X;y:
ax + by = sy; cx + dy = sy

The solution to this system is

det St P det & %1
So d C
X a b ; y= a b
det c d det c d
Note the determinant det 2 3 = ad bcis in the denominator of both expressions.

In particular, if the determinant is O then the formula is inv alid (and in that case, the
solution either does not exist or is not unique).

Example 2.2.2. Write the general solution to x%° 5x%6x = 0 as x(t) = cix1(t)+ coXo(t)
(we know x1(t) = exp(2t), x»(t) = exp(3t), but we leave it in this more abstract notation
to make a point). Assume the initial conditions x(0) = 3 and x40) = 4 hold. We can try
solve forcy; ¢ but plugging t = 0 into the general solution:

3=x(0)= 1+ ce® = 1+ ¢, 4= x%0) = c126° + ¢,36° = 2¢; + 3¢yt

You can solve these \by hand" for c;;c; (and you encouraged to do so). However, to
motivate Wronskian's we shall use the initial conditions in the more abstract form of the

general solution:

3=x(0) = &x1(0) + &x2(0); 4= xY0) = &1x9(0) + c2x3(0):

Cramers' rule gives us the solution for this system of two egations in two unknowns cy; C:

3 x2(0) x1(0) 3
R I
e 0 60 7T Ta0) %0

x2(0) x3(0) x2(0) x3(0)

In the denominator of these expressions, you see the \Wrong&n" of the fundamental solu-
tions X1, X, evaluated att = 0.

From the example above we see \Wronskians" arise \naturally' in the process of solving
for c; and c;.

In general terms, what is a Wronskian? It is best to explain wrat this means not just for
two functions (say, fundamental solutions x1;Xx, of a second-order ODE, as we did above)
but for any nite number of functions. This more general casewould be useful in case we
wanted to try to solve a higher order ODE by the same method. Iff 1(t), f2(t), :::, fn(t)
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are given n-times di erentiable functions then their fundamental matrix isthen n
matrix
f%)(t) fgo(t) f%(t)
= ( fyufa)= % flft) f2:(t) fn:(t) § |
fin -l)(t) fén .1)(t) fr(]n .1)(t)

The determinant of the fundamental matrix is called the Wronskian , denotedW (f 1; :::;fn).
The Wronskian actually helps us answer both questions aboveimultaneously.

Example 2.2.3.
easily compute the Wronskian:

Sage

Take f1(t) = sin?(t), fo(t) = cos?(t), and f3(t) = 1. Sageallows us to

sage: t = var('t)

sage: Phi = matrix([[sin(t)"2,cos(t)"2,1],
[diff(sin(t)"2,t),diff(cos(t)"2,t),0],
[diff(sin(t)"2,t,t),diff(cos(t)"2,t,t),0]])

sage: Phi

[ sin(t)"2 cos(t)2

[ 2 xsin(t)  *cos(t) -2 xsin(t)  *cos(t)

[-2 *sin(t)’2 + 2 xcos(t)’2 2 =*sin(t)2 - 2 * cos(t) 2

sage: det(Phi)
0

1]
0]

Here det(Phi)
means

W (sin (t)%; cog(t)?;1) = 0:
Let's try another example using Sage.
Sage

is the determinant of the fundamental matrix Phi.

Since it is zero, this

sage: t = var('t)
sage: Phi = matrix([[sin(t)"2,cos(t)"2],
sage: Phi

[diff(sin(t)"2

[ sin(t)"2

[ 2 *cos(t) =sin(t) -2
sage: Phi.det()

-2 xcos(t) *sin(t)"3 - 2

cos(t)"2]
*cos(t) *sin(t)]

*Ccos(t)"3  *sin(t)

,t),diff(cos(t)"2,t)]])
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This meansW (sin (t)?; cogt)?) = 2cos()sin(t)® 2 cosf)3 sin(t), which is non-zero.

If there are constantscy, ..., ¢y, not all zero, for which

caf1(t) + cofo(t)  + cifpa(t)=0; forall t; (2.4)
then the functions f; (1 i n) are called linearly dependent . If the functions f;
(3 i n)are not linearly dependent then they are calledlinearly independent  (this

de nition is frequently seen for linearly independent vectors [L-linear] but holds for functions
as well). This condition (2.4) can be interpreted geometri@lly as follows. Just ascix+ cpy =
0 is a line through the origin in the plane andcix + coy + c3z = 0 is a plane containing the
origin in 3-space, the equation

CiX1+ CX2  + CnXp =0;
is a \hyperplane" containing the origin in n-space with coordinates K1;:::;Xn). This con-
lies entirely in this hyperplane. If you pick n functions \at random" then they are \prob-

ably" linearly independent, because \random" space curveglon't lie in a hyperplane. But
certainly not all collections of functions are linearly independent.

Example 2.2.4. Consider just the two functions f1(t) = sin?(t), f,(t) = cos?(t). We
know from the Sagecomputation in the example above that these functions are Inearly
independent.

Sage

sage: P = parametric_plot((sin(t)"2,cos(t)"2),0,5)
sage: show(P)

The Sageplot of this space curve #(t) = (sin( t);cost)?) is given in Figure 2.4. It is
obviously not contained in a line through the origin, therefore making it geometrically clear
that these functions are linearly independent.

The following two results answer the above questions.

Theorem 2.2.1. (Wronskian test ) If fq(t), fo(t), :::, fn(t) are givenn-times di eren-
tiable functions with a non-zero Wronskian then they are lirearly independent.

As a consequence of this theorem, and th8agecomputation in the example above,f 1(t) =
sin(t), fo(t) = cos?(t), are linearly independent.

Theorem 2.2.2. Given any homogeneous-th linear ODE
y™ + by(t)y™ D+ by 1 ()y%+ ba(t)y = 0;

with di erentiable coe cients, there always exists n solutions y;(t), ..., yn(t) which have a
non-zero Wronskian.
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Figure 2.4: Parametric plot of (sin(t)?; cos()?).

The functions y;(t), ..., yn(t) in the above theorem are calledfundamental solutions
We shall not prove either of these theorems here. Please sé&J-intro] for further details.

Exercises :
1. UseSageto compute the Wronskian of

(@) f1(t) =sin(t), f2(t) = cos(t),
(b) fa(t) =1, fo(t) = t, f5(t) = t2 fa(t) = .

2. Use the Wronskian test to check that

(@) yi(t) = sin(t), y»(t) = cos(t) are fundamental solutions fory°%+ y =0,

(b) yi(t) = 1, yo(t) = t, ya(t) = t2, ya(t) = t3 are fundamental solutions fory® =
/0002 @

2.3 Undetermined coe cients method

The method of undetermined coe cients [U-uc] can be used to slve the following type of
problem.

PROBLEM : Solve

ay®+ by’+ cy = f (x); (2.5)
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wherea 6 0, b and c are constants, andf (x) is a special type of function. (Even the case
a = 0 can be handled similarly, though some of the discussion Hew might need to be
slightly modi ed.) Thet assumption that f (x) is of a \special form" will be explained in
moe detail later.

More-or-less equivalent is the method of annihilating opeators [A-uc] (they solve the same
class of DESs), but that method will be discussed separately.

2.3.1 Simple case

For the moment, let us assumef (x) has the \simple" form a; p(x) e** cos(@zx), or
a; p(x) e€** sin(azx), where a1, ay, ag are constants andp(x) is a polynomial.

Solution :

Solve the homogeneousDE ay®+ by?+ cy = 0 as follows. Let r; and r, denote the
roots of the characteristic polynomial aD2 + bD + ¢ = 0.

{ r1 6 ry real: the solution isy = ¢, €% + coe'2X.
{ ro=ryreal ifr = ry = ry then the solution isy = ¢c;€* + coxe™.

{ ri, rocomplex: ifry = +1i ,rp= i , where and are real, then the
solution isy = c;e* cos(x )+ c,e* sin(x ).

Denote this solution y,, (some texts usey.) and call this the homogeneous part of
the solution. (Some texts call this the complementary part d the solution.)

Compute f (x), fqx), f %), ... . Write down the list of all the di erent terms which
arise (via the product rule), ignoring constant factors, plus signs, and minus signs:
t1(x); ta(x); 5 tk(x):

If any one of these agrees withy; or y, then multiply them all by x. (If, after this,
any of them still agrees withy; or y, then multiply them all again by x.)

Let y, be a linear combination of these functions (your \guess"):

Yp = A1t1(X) + i+ Apte(X):

This is called the general form of the particular solution (when you have not
solved for the constantsA;). The A;'s are calledundetermined coe cients

Plug y, into (2.5) and solve for Ay, ..., Ag.

Lety = yh + Yp = Yp + C1y1 + Coyo. This is the general solution to (2.5). If there
are any initial conditions for (2.5), solve for then cy; ¢, now.
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Diagramatically:

Factor characteristic polynomial
#
Compute yy
#
‘ Compute the general form of the particular, y, ‘
#
| Compute the undetermined coe cients |
#
‘ Answer: y = yp + Yp. ‘

Examples

Example 2.3.1. Solve

y% vy = cos(2x):

The characteristic polynomial is r? 1 = 0, which has 1 for roots. The \homogeneous
solution" is therefore y, = ;€ + cpe *.

We compute f (x) = cos(2x), fqx) = 2sin(), fx) = 4cos(X), ... . They are all linear
combinations of

f1(x) = cos(2x); fa(x) =sin(2x):
None of these agrees witty; = € ory, = e *, so we do not multiply by x.

Let yp be a linear combination of these functions:

Yp = A1c0s(X)+ Az sin(2x):

You can compute both sides ofy° y, = cos(2x):

( 4A1cos(X) 4A,sin(2x))  (Apcos(x)+ Az sin(2x)) = cos(2x):

Equating the coe cients of cos(2x), sin(2x) on both sides gives 2 equations in 2 unknowns:
5A; =1 and 5A; =0. Solving, we getA; = 1=5andA,; =0.

The general solution:y = y, + y, = c1€* + coe * %005(2().

Example 2.3.2. Solve
y% vy = xcos(X):
The characteristic polynomial is r? 1 = 0, which has 1 for roots. The \homogeneous

solution" is therefore y, = ¢, €* + cpe *.
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We computef (x) = x cos(X), f x) =cos(2x) 2xsin(2x), fx) = 2sin(x) 2sin(2x)
2x c0s(ZX), ... . They are all linear combinations of

f1(x) = cos(2x); fa(x) =sin(2x); f3(x) = xcos(X); :fa(x) = xsin(2x):

None of these agrees witty; = € ory, = e *, so we do not multiply by x.

Let yp be a linear combination of these functions:

Yp = Apcos(X)+ Ajzsin(2x) + Asx cos(x) + Asxsin(2x):

In principle, you can compute both sides ofygO Yp = xcos(x) and solve for the A;'s.
(Equate coe cients of x cos(X) on both sides, equate coe cients of cos(X) on both sides,
equate coe cients of x sin(2x) on both sides, and equate coe cients of sin(X) on both sides.
This gives 4 equations in 4 unknowns, which can be solved.) Yowill not be asked to solve
for the A;'s for a problem this hard.

Example 2.3.3. Solve
y%%+ 4y = x cos(X):

The characteristic polynomial is r? + 4 = 0, which has 2i for roots. The \homogeneous
solution" is therefore y = ¢; cos(X) + ¢, sin(2x).

We computef (x) = x cos(X), f (x) =cos(2x) 2xsin(2x), fx)= 2sin(x) 2sin(2x)
2x c0s(X), ... . They are all linear combinations of
f1(x) = cos(2x); fa(x) =sin(2x); f3(x) = xcos(X); :fa(x) = xsin(2x):

Two of these agree withy; = cos(2x) or y, = sin(2x), so we_domultiply by x:

f1(x) = xcos(X); fa(x) = xsin(2x); f3(x) = x2cos(X); :fa(x) = x%sin(2x):

Let yp be a linear combination of these functions:

Yp = A1X COS(X) + Apx sin(2x) + Azx? cos(X) + Agx? sin(2x):

In principle, you can compute both sides ofy8°+ 4y, = x cos(x) and solve for the Aj's. You
will not be asked to solve for theA;'s for a problem this hard.

2.3.2 Non-simple case

More generally, suppose that you want to solveay®+ by’+ cy = f (x), where f (x) is a
sum of functions of the \simple" functions in the previous subsection. In other words,
f(x)= f1(x)+ fa(x)+ =i+ fr(x), where eachf;(x) is of the form ¢ p(x) e cospx), or
c p(x) e€* sin(bx), where a;b;care constants andp(x) is a polynomial. You can proceed
in either one of the following ways.

1. Split up the problem by solving each of thek problems ay®+ by’+ cy = f;(x),
1 j K, obtaining the solution y = y;j (x), say. The solution to ay’% by’+ cy = f (x)
istheny = y1 + yo + i1 + yy (the superposition principle).
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2. Proceed as in the examples above but with the following sjjht revision:

Find the \homogeneous solution" y, to ay®®% by’= cy =0, y, = C1y1 + CoYo.

Compute f (x), fqx), f %¥x), ... . Write down the list of all the di erent terms
which arise, ignoring constant factors, plus signs, and mias signs:

t1(x); t2(Xx); 5 te(X):

Group these terms into their families. Each family is determined from its par-
ent(s) - which are the terms inf (x) = f(X)+ fo(x)+ ::: + f(x) which they arose
form by di erentiation. For example, if f (x) = xcos(X) + e * sin(x) + sin(2 x)
then the terms you get from di erentiating and ignoring constants, plus signs
and minus signs, are

X €0S(X); X sin(2x); cos(X); sin(2x); (from x cos(x));
e *sin(x);e *cosk);  (from e *sin(x));
and
sin(2x); cos(X); (from sin(2x)):

The rst group absorbes the last group, since you can only count the di erent
terms. Therefore, there are only two families in this exampé:

fx cos(); x sin(2x); cos(x); sin(2x)g

is a \family" (with \parent" x cos(X) and the other terms as its \children") and

fe Xsin(x);e * cosik)g

is a \family" (with \parent” e * sin(x) and the other term as its \child").

If any one of these terms agrees withy; or y, then multiply the entire family by
X. In other words, if any child or parent is \bad" then the entir e family is \bad".
(If, after this, any of them still agrees withy; or y, then multiply them all again

by x.)
Let y, be a linear combination of these functions (your \guess"):

Yp = Agti(X) + i+ Agte(x):
This is called the general form of the particular solution . The Aj's are
called undetermined coe cients
Plug yp into (2.5) and solve for Ay, ..., Ak.

Lety = yh+ yp = Yp + C1y1 + GY2. This is the general solution to (2.5).
If there are any initial conditions for (2.5), solve for then c;;c, last - after the
undetermined coe cients.
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Example 2.3.4. Solve
Y000 (00 0Ly = 1DyeX:

We use Sagefor this.

Sage
sage: x = var("x")
sage: y = function("y",x)
sage: R.<D> = PolynomialRing(QQIl], "D")
sage: f = D3 -D2-D +1

sage: f.factor()
(D+1) = (D-1)2
sage: f.roots()

[(_1! 1)1 (11 2)]

So the roots of the characteristic polynomial are 11; 1, which means that the homogeneous
part of the solution is

Yh = C1€° + coxe* + cze X

Sage

sage: de = lambda y: diff(y,x,3) - diff(y,x,2) - diff(y,x,1) +y
sage: cl = var("cl1"); c2 = var("c2"); c3 = var("c3")

sage: yh = cl *e'x + c2 *x*xe'x + c3 *e"(-X)

sage: de(yh)

0

sage: de(xX"'3 *e™x-(3/2) *X"2 *e"X)

12+ x*e™x

This just con rmed that y}, solvesy®%0 y% y01 = 0. Using the derivatives of F (x) = 12xe*,
we generate the general form of the particular:

Sage

sage: F = 12 xx*e'x
sage: diff(F,x,1); diff(F,x,2); diff(F,x,3)
12xxxe™x + 12 xe'x
12+ xxe™X + 24 xe’X
12+ xxe"x + 36 *e’x
sage: Al = var("Al"); A2 = var("A2")
sage: yp = Al *x2 xex + A2 *X"3 xe'X




68 CHAPTER 2. SECOND ORDER DIFFERENTIAL EQUATIONS

Now plug this into the DE and compare coe cients of like terms to solve for the underter-
mined coe cients:

Sage

sage: de(yp)

12+x*e'Xx *A2 + 6*xe™Xx *A2 + 4+e"x Al

sage: solve([12 *A2 == 12, 6 *rA2+4x Al == 0],A1,A2)
[[A1 == -3/2, A2 == 1]]

Finally, lets check if this is correct:

Sage
sage: y = yh + (-3/2) *X2*e'X + (1) *X'3 *e'x
sage: de(y)
12%x*e"X

Exercise : Using Sage, solve

y000 00, yO = 10yex:

2.3.3 Annihilator method

We consider again the same type of di erential equation as inthe above subsection, but
take a slightly di erent approach here.

PROBLEM: Solve

ay%% byP+ cy = f (x): (2.6)

We assumethat f (x) is of the form ¢ p(x) €* cospx), or ¢ p(x) e* sin(bx), where
a; b; care constants andp(x) is a polynomial.
soln:

Write the ODE in symbolic form (aD?+ bD + c)y = f (x).
Find the \homogeneous solution" y, to ay®®% by’= cy =0, y, = C1y1 + CoYo.

Find the di erential operator L which annihilates f (x): Lf (x) = 0. The following
annihilator table  may help.
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function annihilator
Xk D k+1
x K gdx (D a‘)k+1

xkeX cos(x) | (D? 2D + 2+ 2k
xkeX sin(x) | (D 2D + 2+ 2k

Find the general solution to the homogeneous ODEL. (aD?+ bD + c)y = 0.

Let y, be the function you get by taking the solution you just found and subtracting
from it any terms in yj,.

Solve for the undetermined coe cients in y, as in the method of undetermined coef-
cients.

Example

Example 2.3.5. Solve
vy vy = cos(2x):
The DE is (D? 1)y = cos(2x).

The characteristic polynomial isr? 1 =0, which has 1 for roots. The \nomogeneous
solution" is therefore y, = c1€* + ce *.

We nd L = D?+4 annihilates cos().

We solve D2 +4)(D? 1)y = 0. The roots of the characteristic polynomial (r? +
4)(r?2 1) are 2i; 1. The solution is

y = Ajcos(X)+ Arsin(2x) + Aze‘ + Aze *:

This solution agrees with y, in the last two terms, so we guess

Yp = A1c0s(X) + Ajsin(2x):
Now solve forA; and A, as before: Compute both sides of/go Yp = €0S(2x),

( 4Apcos(X) 4Arsin(2x))  (A1cos(X)+ Ajsin(2x)) = cos(2x):

Next, equate the coe cients of cos(2x), sin(2x) on both sides to get 2 equations in 2
unknowns. Solving, we getA; = 1=5and A, =0.

The general solution:y = y, + yp = 1€ + ce * %cos(ZX).

Exercises: Solve the following problems using the method of undetermied coe cients:
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1. (a) Find the general solution to x%° x° 20x = 0.

(b) Use the general solution to solve the initial value probem x%° x° 20x = 0,
x(0) =1, xY0) = 1.

2. Find the general solution tox%° x°= t.

3. Find the general solution to y%% 4y = BT
2.4 Variation of parameters
The method of variation of parameters is originally attributed to Joseph Louis La-

grange (1736-1813), an lItalian-born mathematician and asbnomer, who worked much of
his professional life in Berlin and Paris [L-var]. It involves, at one step, a prepeated di er-
entiation which is theoretically described by the so-callel Leibniz rule, described next.

2.4.1 The Leibniz rule

In general, the Leibniz rule (or generalized product rule) is
(fg)%= G+ fg"
(fg)%= %y +2f G0+ fg®

(fg)OOO__ f006+3f O%O+ 3f (bOO_l_ fQOO;O

and so on, where the coe cients occurring in g){™ are binomial coe cients

computed for example usingPascal's triangle ,

and so on. (For second order ODEs, we only need the rst two Ldintiz rules.)
Using Sage, this can be checked as follows:



2.4. VARIATION OF PARAMETERS 71

Sage

sage: t = var('t)

sage: x = function('x', t)

sage: y = function(y', t)

sage: diff(x(t) *y(t),1)

x(t) *diffty(t), t, 1) + y(t) = diff(x(t), t, 1)

sage: diff(x(t) *y(1),1,1)

x(t) *diff(y(t), t, 2) + 2 * diff(x(t), t, 1) = diff(y(t), t, 1)
+ y(t) *diff(x(t), t, 2)

sage: diff(x(t) *y(b),4,t,t)

x(t) *diffy(t), t, 3) + 3 * diff(x(t), t, 1) = diff(y(t), t, 2)
+ 3= diff(x(t), t, 2) = diff(y(t), t, 1) + y(t) = diff(x(t), t, 3)

2.4.2 The method

Consider an ordinary constant coe cient non-homogeneous 2d order linear di erential
eqguation,

ay%% by’+ cy = F(x)

where F (x) is a given function and a, b, and ¢ are constants. (The varation of parameters
method works even ifa, b, and ¢ depend on the independent variablex. However, for
simplicity, we assume that they are constants here.)

Let y1(x), y2(x) be fundamental solutions of the corresponding homogeneauequation

ay%% by’+ cy = 0:

Starts by assumingthat there is a particular solution in the form

Yp(x) = ua(x)y1(x) + uz(x)y2(x); (2.7)

where uy(x), ux(x) are unknown functions [V-var]. We want to solve for u; and u,.
By assumption, y, solves the ODE, so

ayp™+ byp + cyp = F(X):
After some algebra, this becomes:

a(ufys + udy2)+ a(ufy) + udyd) + bludy; + udy,) = F:

If we assume

0 0, _
ujys + uzy2 =0

then we get massive simpli cation:

a(ufy? + ugys) = F:
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Cramer's rule (Lemma 2.2.1) implies that the solution to this system is

0 ¥y yp O
det det
ugz F(x) y? ’ ucz): y? F(x) (2.8)
Y1 Y2 Y1 Y2
det det
y? Y3 y? Y3

(Note that the Wronskian W (y1;y>) of the fundamental solutions is in the denominator.)
Solve these foru; and u, by integration and then plug them back into (2.7) to get your
particular solution.

Example 2.4.1. Solve

y%% y = tan( x):

soln: The functionsy; = cos(x) and y, = sin(x) are fundamental solutions with Wronskian
W (cos(x); sin(x)) = 1. The formulas (2.8) become:

0 sin(x)
tan(x) cos(x)
1

cosx) 0
sin(x) tan(x)
1

det det

c
[=Y=)
1
c
No
1

Therefore,
sin?(x)
cos) '’

Therefore, using methods from integral calculus,u; = Injtan(x) + sec(x)j + sin(x) and
u, = cosk). Using Sage, this can be check as follows:

ud = u3 = sin(x):

Sage

sage: integral(-sin(t)“2/cos(t),t)

-log(sin(t) + 1)/2 + log(sin(t) - 1)/2 + sin(t)
sage: integral(cos(t)-sec(t),t)

sin(t) - log(tan(t) + sec(t))

sage: integral(sin(t),t)

-cos(t)

As you can see, there are other forms the answer can take. Theapticular solution is

Yp = ( Injtan(x) + sec(x)j + sin(x))cos(x) +( cosK))sin(x):

The homogeneous (or complementary) part of the solution is

VYh = €1 c0osi) + Cpsin(x);

so the general solution is



2.5. APPLICATIONS OF DES: SPRING PROBLEMS 73

Y = Ynt Yp= cicosi)+ csin(x)
+(  Injtan(x) + sec(x)j + sin(x)) cos(x) + (  cos)) sin(x):

Using Sage, this can be carried out as follows:

Sage

sage: SR = SymbolicExpressionRing()

sage: MS = MatrixSpace(SR, 2, 2)

sage: W = MS([[cos(t),sin(t)],[diff(cos(t), t),diff(sin ®, O
sage: W

[ cos(t) sin(t)]

[-sin(t) cos(t)]

sage: det(W)

sin(t)"2 + cos(t)"2

sage: Ul = MS([[0,sin(t)],[tan(t),diff(sin(t), ©)]])
sage: U2 = MS([[cos(1),0],[diff(cos(t), t),tan(t)]])
sage: integral(det(Ul)/det(W),t)

-log(sin(t) + 1)/2 + log(sin(t) - 1)/2 + sin(t)
sage: integral(det(U2)/det(W),t)

-cos(t)

Exercises :

2

1. Find the general solution to y°% 4y = S E]

using variation of parameters.

2. UseSageto solve y°% y = cot( x).

2.5 Applications of DEs: Spring problems

Ut tensio, sic Vvis?.
- Robert Hooke, 1678

251 Partl

One of the ways DEs arise is by means of modeling physical phemenon, such as spring

equations. For these problems, consider a spring suspendé&odm a ceiling. We shall consider

three cases: (1) no mass is attached at the end of the spring2] a mass is attached and

the system is in the rest position, (3) a mass is attached andtie mass has been displaced
from the rest position.

2\As the extension, so the force."
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Figure 2.5: A spring at | Figure 2.6: A spring | Figure 2.7: A spring in
rest, without mass at- | at rest, with mass at- | motion.
tached. tached.

One can also align the springs left-to-right instead of topto-bottom, without changing
the discussion below.

Notation: Consider the rst two situations above: (a) a spring at rest, without mass
attached and (b) a spring at rest, with mass attached. The digance the mass pulls the
spring down is sometimes called the \stretch", and denoteds. (A formula for s will be
given later.)

Now place the mass in motion by imparting some initial velocty (tapping it upwards with
a hammer, say, and start your timer). Consider the second twosituations above: (a) a
spring at rest, with mass attached and (b) a spring in motion. The di erence between these
two positions at time t is called the displacement and is denotedx(t). Signs here will be
choosen so that down is positive.

Assume exactly three forces act:
1. the restoring force of the spring,Fspring
2. an external force (driving the ceiling up and down, but may be 0), Fext,

3. a damping force (imagining the spring immersed in oil or that it is in fact a shock
absorber on a car),Fgamp.

In other words, the total force is given by

Ftotat = Fspring * Fext * Fdamp:

Physics tells us that the following are approximately true:
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1. (Hooke's law [H-intro]): Fspring = kX, for some \spring constant” k > 0,
2. Fext = F (1), for some (possibly zero) functionF,
3. Fgamp = by, for some \damping constant" b 0 (wherev denotes velocity),

4. (Newton's 2nd law [N-mech]): Fiar = ma (where a denotes acceleration).

Putting this all together, we obtain mx%= ma= kx+ F(t) bv= kx+ F(t) bx2 or

mx %%+ bx%+ kx = F(t).

This is the spring equation . When b= F(t) = 0 this is also called the equation for simple
harmonic motion. The solution in the case of simple harmonicmotion has the form

X(t) = cpcos(t )+ cosin(!t );

where! = P k=m. There is a more compact and useful form of the solutionA sin('t + ),
useful for graphing. This compact form is obtained using theformulas

cpcos(t )+ csin(lt )= Asin(it + ); (2.9)

where A = P ?1 + % denotes theamplitude and = 2arctan(-2y) is the phase shift .

Co+ A

Consider again rst two gures above: (a) a spring at rest, without mass attached and
(b) a spring at rest, with mass attached. The mass in the secoth gure is at rest, so
the gravitational force on the mass, mg, is balanced by the restoring force of the spring:
mg = ks, where s is the stretch.In particular, the spring constant can be conputed from
the stretch:

_ mg
k_ T.

Example 2.5.1. A spring at rest is suspended from the ceiling without mass. A2 kg
weight is then attached to this spring, stretching it 9.8 cm. From a position 2/3 m above
equilibrium the weight is give a downward velocity of 5 m/s.

(@) Find the equation of motion.
(b) What is the amplitude and period of motion?
(c) At what time does the mass rst cross equilibrium?

(d) At what time is the mass rst exactly 1/2 m below equilibri um?
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We shall solve this problem usingSagebelow. Notem = 2, b= F(t) = 0 (since no
damping or external force is even mentioned), and the streta is s = 9:8 cm = 0:098 m.
Therefore, the spring constant is given byk = mg=s= 2 9:8=(0:098) = 200. Therefore,
the DE is 2x%+ 200x = 0. This has general solution x(t) = ¢; cos(1Q@) + ¢, sin(10t). The
constants ¢; and ¢, can be computed from the initial conditions x(0) = 2=3 (down is
positive, up is negative), xY0) = 5.

Using Sage, the displacement can be computed as follows:

Sage
sage: t = var('t)
sage: x = function('x', t)
sage: m = var('m’)
sage: b = var('b")
sage: k = var('k)
sage: F = var('F)
sage: de = lambda y: m =*diff(y,tt) + b = diff(y,t) + k *y - F
sage: de(x)

b+ D[O](x)(t) + k *X(t) + m =D[0, 0](x)(t) - F

sage: m = 2; b =0; k =200; F =0

sage: de(x)

200.000000000000 =*x(t) + 2 *D[O, O](x)(t)

sage: desolve(de(x),[x,t])

k1xsin(10 =t)+k2 =*cos(10 =*t)

sage: print desolve_laplace(de(x(t)),["t","x"],[0,-2/ 3,5])
sin(10 =*t)/2-2  *cos(10 *t)/3

Now we write this in the more compact and useful formA sin(!it + ) using formula (2.9)
and Sage.

Sage

sage: ¢l = -2/3; c2 = 1/2

sage: A = sqrt(cl2 + c2°2)

sage: A

5/6

sage: phi = 2 =+atan(cl/(c2 + A))

sage: phi

-2 = atan(1/2)

sage: RR(phi)

-0.927295218001612

sage: sol = lambda t: cl *Cc0S(10 *t) + ¢c2 =*sin(10 =*t)
sage: sol2 = lambda t: A *sin(10 =t + phi)
sage: P = plot(sol(t),0,2)

sage: show(P)

This plot is displayed in Figure 2.8.
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Figure 2.8: Plot of 2x°%+ 200x =0, x(0) = 2=3,x%0)=5,for0 <t< 2.

(You can also, if you want, type show(plot(sol2(t),0,2)) to check that these two func-
tions are indeed the same.) Of course, the periodis210= =5 0:628.

To answer (c) and (d), we solvex(t) =0 and x(t) = 1=2:

Sage

sage: solve(A *sin(10 =t + phi) == 0,t)
[t == atan(1/2)/5]

sage: RR(atan(1/2)/5)

0.0927295218001612

sage: solve(A *sin(10 =t + phi) == 1/2,1)
[t == (asin(3/5) + 2 * atan(1/2))/10]
sage: RR((asin(3/5) + 2 * atan(1/2))/10)
0.157079632679490

In other words, x(0:0927::) 0, x(0:157::) 1=2.

Exercise : Using the problem above andSage, answer the following questions.

(a) At what time does the weight pass through the equilibrium position heading down for
the 2nd time?

(b) At what time is the weight exactly 5/12 m below equilibriu m and heading up?
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2.5.2 Part 2

Recall from the previos subsection, the spring equation

mx %% b0+ kx = F(t)

where x(t) denotes the displacement at timet.
Until otherwise stated, we assume there is no external forceF (t) = 0.

The roots of the characteristic polynomialmD? + bD = k = 0 are

b P P 4mk
2m '
by the quadratic formula. There are three cases:

(a) real distinct roots: in this case the discriminant > 4mk is positive, sok? > 4mk. In
other words, b is \large". This case is referred to asoverdamped . In this case, the
roots are negative,

b pb2 4mk b+pb2 4mk
ry= <0 and ri= <

2m 2m

0;

so the solution x(t) = i€t + c,€'2t is exponentially decreasing.

(b) real repeated roots: in this case the discriminantt? 4mk is zero, sob= = 4mk. This
case is referred to agritically damped . This case is said to model new suspension
systems in cars [D-spr].

(c) Complex roots: in this case the discriminant * 4mk is negative, sol? < 4mk.
In other words, bis \small". This case is referred to asunderdamped (or simple
harmonic when b= 0).

Example 2.5.2. An 8 Ib weight stretches a spring 2 ft. Assume a damping force mmerically
equal to 2 times the instantaneous velocity acts. Find the dsplacement at timet, provided
that it is released from the equilibrium position with an upw ard velocity of 3 ft/s. Find the
equation of motion and classify the behaviour.

We knowm =8=32=1=4,b=2, k= mg=s=8=2 =4, x(0) =0, and x{0) = 3. This
means we must solve

1
ZXOO+2XO+4X20; x(0)=0; xY0)= 3
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The roots of the characteristic polynomial are 4 and 4 (so we are in the repeated real
roots case), so the general solution i(t) = cie * + cte #: The initial conditions imply
c1=0,c= 3,s0

x(t)= 3te 4:

Using Sage, we can compute this as well:

Sage
sage: t = var("'t")
sage: x = function(""x")
sage: de = lambda y: (1/4) * diff(y,t,t) + 2 +diff(y,t) + 4 *y
sage: de(x(t))
diff(x(t), t, 2)/4 + 2 +diff(x(t), t, 1) + 4 *X(t)

sage: desolve(de(x(t)),[x,t])

'(%k2 *t+%k1) *%e™-(4 *t)'

sage: desolve_laplace(de(x(t)),[t","x"],[0,0,-3 D
-3 xt*x%e™-(4 *t)

sage: f = lambda t : -3 xtxe(-4 *t)

sage: P = plot(f,0,2)

sage: show(P)

The graph is shown in Figure 2.9.

Figure 2.9: Plot of (1=4)x°%+ 2x%+4x =0, x(0) =0, xX{0)= 3,for0<t< 2.

Example 2.5.3. An 2 kg weight is attached to a spring having spring constant D. Assume
a damping force numerically equal to 4 times the instantaneas velocity acts. Find the
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displacement at time t, provided that it is released from 1 m below equilibrium with an
upward velocity of 1 ft/s. Find the equation of motion and classify the behaviour.
Using Sage, we can compute this as well:

Sage

sage: t = var("'t")

sage: x = function(""x")

sage: de = lambda y: 2  =*diff(y,t,t) + 4 = diff(y,t) + 10 *y
sage: desolve_laplace(de(x(t)),["t","x"],[0,1,1])
'%e -t *(sin(2 =*t)+cos(2 *t))

sage: desolve_laplace(de(x(t)),["t","x"],[0,1,-1])
'%e -t *cos(2 t)'

sage: sol = lambda t: e"(-t) *C0S(2 *t)
sage: P = plot(sol(t),0,2)

sage: show(P)

sage: P = plot(sol(t),0,4)

sage: show(P)

The graph is shown in Figure 2.10.

Figure 2.10: Plot of 2%+ 4x%+10x =0, x(0) =1, x40)= 1,for0<t< 4.

Exercise : Refer to Example 2.5.3 above. Use&ageto nd what time the weight passes
through the equilibrium position heading down for the 2nd time.

Exercise : An 2 kg weight is attached to a spring having spring constant10. Assume a
damping force numerically equal to 4 times the instantaneos velocity acts. UseSageto
nd the displacement at time t, provided that it is released from 1 m below equilibrium
(with no initial velocity).
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253 Part3

If the frequency of the driving force of the spring matches the frequency of the homogeneous
part xu(t), in other words if

OO+!2

X X = Fgcos(t);

satises ! = then we say that the spring-mass system is in(pure or mechanical)
resonance and is called the resonance frequency . This notion models a mechanical
system when the frequency of its oscillations matches the sgem's natural frequency of
vibration. It may cause violent vibrations in certain struc tures, such as small airplanes (a
phenomenon known as resonance \disaster").

Example 2.5.4. Solve

x%% 1 2x = Focos(t); x(0)=0; x%0)=0;

where! = =2 (ie, mechanical resonance). We usé&agefor this:
Sage

sage: t = var('t)

sage: x = function('x’, t)

sage: (m,b,k,w,F0) = var("m,b,k,w,F0")

sage: de = lambda y: diff(y,t,t) + w2 *y - FO *cos(w *t)
sage:m =1, b =0; k=4 F0 =1, w=2

sage: desolve(de(x),[x,t])

kl*sin(2 *t) + k2 *cos(2 *t) + 1/4 =*t=sin(2 *t) + 1/8 =cos(2 *t)

sage: soln = lambda t : t *sin(2 *t)/4  # this is the soln satisfying the ICs
sage: P = plot(soin(t),0,10)

sage: show(P)

This is displayed in Figure 2.5.4.

Example 2.5.5. Solve

x%% 1 2x = Fgcos(t); x(0)=0; x%0)=0;

where! =2 and =3 (ie, mechanical resonance). We usé&agefor this:
Sage

sage: t = var('t)

sage: x = function('x’, t)

sage: (m,b,k,w,g,FO) = var("m,b,k,w,g,F0")

sage: de = lambda y: diff(y,t,t) + w2 *y - FO *cos(g *t)
sage: m =1, b=0; k=4 F0=1,w=2,9g=3
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Figure 2.11: A forced undamped spring, with resonance.

sage: desolve(de(x),[x,t])

kl*sin(2 *t) + k2 *cos(2 *t) - 1/5 =*cos(3 *t)

sage: soln = lambda t : cos(2 *1)/5-cos(3  *t)/5  # this is the soln satisfying the ICs
sage: P = plot(soln(t),0,10)

sage: show(P)

This is displayed in Figure 2.5.5.

Figure 2.12: A forced undamped spring, no resonance.
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EE object term in DE units symbol
(the voltage drop)
charge gq= i(t)dt coulombs
current i=o amps
emf e= ¢g(t) volts v | —1 |_+

resistor Ro%= RIi ohms —VVVv—
capacitor C 1q farads | |
inductor Lg%= LiO henries | _(000 L

Figure 2.13: Dictionary for electrical circuits

2.6 Applications to simple LRC circuits

An LRC circuit is a closed loop containing an inductor of L henries, a resistor ofR ohmes,
a capacitor of C farads, and an EMF (electro-motive force), or battery, of E(t) volts, all
connected in series.

They arise in several engineering applications. For exampl, AM/FM radios with analog
tuners typically use an LRC circuit to tune a radio frequency. Most commonly a variable
capacitor is attached to the tuning knob, which allows you to change the value ofC in the
circuit and tune to stations on di erent frequencies [R-cir].

We use the following \dictionary"” to translate between the diagram and the DEs.

Next, we recall the circuit laws of Gustav Kircho (also spelled Kirchho ), a German
physicist who lived from 1824 to 1887. He was born in Kenigskerg, which was part of
Germany but is now part of the Kaliningrad Oblast, which is an an exclave of Russia
surrounded by Lithuania, Poland, and the Baltic Sea.

Kircho 's First Law . The algebraic sum of the currents travelling into any node & zero.

Kircho 's Second Law : The algebraic sum of the voltage drops around any closed Igo
is zero.

Generally, the charge at timet on the capacitor, q(t), satis es the DE
Lg°% Rq®+ éq: E (t): (2.10)

Example 2.6.1. In this example, we model a very simple type of radio tuner, uig a
variable capacitor to represent the tuning dial. Consider the simple LC circuit given by the
diagram in Figure 2.14.

According to Kircho 's 2 " Law and the above \dictionary", this circuit corresponds to
the DE
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Figure 2.14: A simple LC circuit.

1 . .
% Ca=sin(2t) +sin(111):
The homogeneous part of the solution is

NOERS! cos(t:p C)+ ¢ sin(t:p C):
If C61=4 andC 6 1=121 then

1 . )
msm(llt).

When C = 1=4 and the initial charge and current are both zero, the solutbn is

O(t) = C1714 sin(2t) +

1 . 161 . 1
= R + - :
q(t) 117sm(llt) 936sm(2t) 4t cos(2)
Sage

sage: t = var("t")

sage: g = function("q",t)

sage: L,R,C = var('L,R,C")

sage: E = lambda t:sin(2 *f)+sin(1l  *t)

sage: de = lambda y: L =*diff(y,tt) + R = diff(y,t) + (1/C) *y-E(t)
sage: L,R,C=1,0,1/4

sage: de(q)

-sin(2  *t) - sin(11  *t) + 4 =q() + D[0, 0](q)(t)

sage: print desolve_laplace(de(q(t)),["t","q"],[0,0,0 )

-sin(11  *t)/117+161 =*sin(2 *1)/936-t  *cos(2 *t)/4

sage: soln = lambda t: -sin(11 *1)/117+161 =*sin(2 =*t)/936-t *cos(2 *t)/4

sage: P = plot(soln,0,10)
sage: show(P)

This is displayed in Figure 2.6.1.
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Figure 2.15: A LC circuit, with resonance.

You can see how the frequency =2 dominates the other terms.

When 0<R < 2p L=C the homogeneous form of the charge in (2.10) has the form

oh(t) = cret cos(t)+ el sin(t);

where = R=2L< Oand = 4L=C RZ2=(2L). Thisis sometimes called thetransient
part of the solution. The remaining terms in the charge are calledhe steady state terms

Example 2.6.2. An LRC circuit has a 1 henry inductor, a 2 ohm resistor, 1=5 farad
capacitor, and an EMF of 50 cosf). If the initial charge and current is 0, since the charge
at time t.

The IVP describing the chargeq(t) is

q*% 2¢°+5q=50cos(t); q(0)= g{0)=0:
The homogeneous part of the solution is

oh(t) = cie tcos(2) + cre 'sin(2t):

The general form of the particular solution using the method of undetermined coe cients
is

op(t) = Agcost) + Az sin(t):
Solving for A1 and A, gives

op(t) = 10e 'cos(2) l—25etsin(2t):
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Sage

sage: t = var("t")

sage: g = function("q",t)

sage: L,R,C = var('L,R,C")

sage: E = lambda t: 50 *cos(t)

sage: de = lambda y: L =*diff(y,ttf) + R = diff(y,t) + (1/C) *y-E(1)

sage: L,R,C = 1,2,1/5

sage: desolve(de(q),[q.t])

(k1 *sin(2 *t) + k2 *cos(2 *t)) *e"(-t) + 5 =sin(t) + 10 =*cos(t)

sage: soln = lambda t: e"(-t) *(-15 *sin(2 *1)/2-10 *cos(2 * )\
+5+sin(t)+10 *cos(t) # the soln to the above ODE+ICs

sage: P = plot(soln,0,10)

sage: soln_ss = lambda t: 5 *sin(t)+10  *cos(t)
sage: P_ss = plot(soln_ss,0,10,linestyle=":")
sage: soln_tr = lambda t: e"(-t) *(-15 *sin(2 *t)/2-10 *cos(2 *t))

sage: P_tr = plot(soln_tr,0,10,linestyle="--")
sage: show(P+P_ss+P_tr)

This plot (the solution superimposed with the transient part of the solution) is displayed
in Figure 2.6.2.

Figure 2.16: A LRC circuit, with damping, and the transient p art (dashed) of the solution.

Exercise : Use Sageto solve
¢ 2q=sin@t) +sin(L10); o0)= 60 =0;

in the caseC = 1=121.
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2.7 The power series method

27.1 Partl

In this part, we recall some basic facts about power series @hTaylor series. We will turn
to solving ODEs in part 2.
Roughly speaking,power series are simply in nite degree polynomials

ps
f(X)= ag+ aix + apx?+ 1= axk; (2.11)
k=0
for some real or complex numbersag;as;:::. A power series is a way of expressing a
\complicated" function f (x) as a sum of \simple" functions like x, x2, ::: . The number

ay is called the coe cient  of x¥, for k =0;1;:::. Let us ignore for the moment the precise
meaning of this in nite sum. (How do you associate a value to @& in nite sum? Does the
sum converge for some values of? If so, for which values? ...) We will return to that issue
later.

First, some motivation. Why study these? This type of function is convenient for several
reasons

it is easy to di erentiate a power series (term-by-term):

b3
fAx) = a; + 2apx +3agx?+ 1= kagxK 1= (k+1)ags x5
k=0 k=0

it is easy to integrate such a series (term-by-term):

Z
1 1 | R oq
f(X)dX = agX + —a;x%+ —ax3+ 1= axkl = Zag.g X<
(x) X + ay 32 k:ok+lk k=1kk+1

if (as is often the case) the summandsyx¥'s tend to zero very quickly, then the sum
of the rst few terms of the series are often a good numerical pproximation for the
function itself,

power series enable one to reduce the solution of certain dérential equations down
to (often the much easier problem of) solving certain recurence relations.

Power series expansions arise naturally in Taylor's theomm from di erential calculus.

Theorem 2.7.1. (Taylor's Theorem ) If f(x) is n+ 1 times continuously di eren-
tiable in (a; x) then there exists a point 2 (a;x) such that
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2
(0= f@+(x afta+ & z.a) t%a) +
x A" m (x at (n+1) ¢ 3.

+ Tf (a) + Wf (): (2.12)

The sum
2 n
T)= 1@+ 0 At Cpidte s+ EoT O

is called the n-th degree Taylor polynomial of f centered at a. For the case

n =0, the formula is
fx)=f@+(x afy);

which is just a rearrangement of the terms in themean value theorem from di er-
ential calculus,

()= f(x)z f(a),

a

The Taylor series of f centered at a is the series

(x a?
2!
When this series converges td (x) at each point x in some inverval centered abouta then

we sayf has aTaylor series expansion (or Taylor series representation) ata. A Taylor
series is basically just a power series but using powers af a instead of powers ofx.

As the examples below indicate, many of the functions you areised to seeing from calculus
have a Taylor series representation.

f@+(x af%a)+ f %a) +

Geometric series:

T =14 x+ X2+ X3+ X+
1 X

= x" (2.13)

To see this, assumgxj< landletn!1 in the polynomial identity

n+l
1ex+x2+ +x01=1 X
1 x

For x 1, the series does not converge.
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The exponential function:

x2 x3 x4
=1+ X+ —+ —+ —+
2 6 24
x2 x3 x4
B TR TR}
R yn
= o (2.14)
n=0

To see this, takef (x) = € and a = 0 in Taylor's theorem (2.12), using the fact that
Je = ¢ ande” =1:

2 3 n n+1
K=l+ x4 w Xy +X—+7:
21 3! nt  (n+1)!
for some between 0 andx. Perhaps it is not clear to everyone that asn becomes
larger and larger (x xed), the last (\remainder") term in this sum goes to 0. Howe ver,
Stirling's formula tells us how large the factorial function grows,

p

N 2n n(1+0(%));

o>

so we may indeed take the limitasn!1 to get (2.14).

Wikipedia 's entry on \Power series" [P1-ps] has a nice animation showig how more
and more terms in the Taylor polynomials approximate € better and better. This ani-
mation can also be constructed usingage( http://wiki.sagemath.org/interact/calculus#TaylorSe rie

The cosine function:

x2 x4 x5
=1 —+ = _——+
cosx 2" 24 720
x2 x* X8
=1 — 4+ — _
21 41 6!
X %2n
= )" 2.15
(1 2! (2.15)

n=0

This too follows from Taylor's theorem (take f (x) = cos x and a = 0). However, there
is another trick: Replace x in (2.14) by ix and use the fact (\Euler's formula") that
eX = cos(x) + isin(x). Taking real parts gives (2.15). Taking imaginary parts gives
(2.16), below.
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The sine function:
sinx = X X3+ X X! +
- 6 120 5040
x3 x> X/
=1 — 4+ — _
3 51 7
s N X2n+1
= (D" ——— (2.16)
=0 (2n +1)!
Indeed, you can formally check (using formal term-by-term d erentiation) that
d cosf) = sin( x):
dx - '
(Alternatively, you can use this fact to deduce (2.16) from (2.15).)
The logarithm function:
1, 1,5 1,
= = = X+
log(1 x) X 2x 3x 4x
X g
= =x" (2.17)
n
n=0
This follows from (2.13) since (using formal term-by-term integration)
Z X
1
—— = log(1
LT g1 x)
Sage
sage: taylor(sin(x), x, 0, 5)
X - X3/6 + xX'5/120
sage: P1 = plot(sin(x),0,pi)
sage: P2 = plot(x,0,pi,linestyle="--")
sage: P3 = plot(x-x"3/6,0,pi,linestyle="-.")
sage: P4 = plot(x-x"3/6+x"5/120,0,pi,linestyle=":")
sage: T1 = text("x",(3,2.5))
sage: T2 = text("x-x"3/3!",(3.5,-1))
sage: T3 = text("x-x"3/3!+x"5/5!",(3.7,0.8))
sage: T4 = text("sin(x)",(3.4,0.1))
sage: show(P1+P2+P3+P4+T1+T2+T3+T4)
This is displayed in Figure 2.17.

Exercise : Use Sageto plot successive Taylor polynomial approximations for ca(x).
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Figure 2.17: Taylor polynomial approximations for sin(x).

Finally, we turn to the meaning of these sums. How do you assadate a value to an in nite
sum? Does the sum converge for some values x? If so, for which values? . We will (for
the most part) answer all of these.

First, consider our in nite power series f (x) in (2.11), where the ax are all given andx is
xed for the momemnt. The partial sums of this series are

fo(X) = ag; f1(X)= ag+ a1x; fa(X)= ag+ aix + ayx?;

We say that the series in (2.11)converges at x if the limit of partial sums

nI!|{n fn(x)

exists. There are several tests for determining whether or ot a series converges. One of
the most commonly used tests is the

Root test : Assume

kil=k —
i =

L — I .a .. Im .a -1=k
kI!YlH JakX X k!Il Ja)
exists. If L < 1 then the in nite power series f (x) in (2.11) converges atx. In general,
(2.11) converges for allx satisfying
imoiavi K < x < lim iai 17K
k|!|1m jak] X k|!|1m jak] :
The number limy1  jagj K (if it exists, though it can be 1) is called the radius of
convergence .

Example 2.7.1. The radius of convergence o&* (and cos(x) and sin(x)) is 1 . The radius
of convergence of 4(1 x) (and log(1 + x)) is 1.
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Example 2.7.2. The radius of convergence of

R KT+ k+1
f0= e X
k=0

can be determined with the help of Sage. We want to compute

KT+ k+1
M e

Sage

sage: k = var(k)
sage: limit(((K*7+k+1)/(2°k+k"2))"(-1/k),k=infinity)
2

In other words, the series converges for alk satisfying 2<x< 2.

Exercise : Use Sageto nd the radius of convergence of

X 341

2k
X
3K+1
0

f(x) =
K=

2.7.2 Part 2

In this part, we solve some DEs using power series.
We want to solve a problem of the form

yox) + p(x)ydx) + y(x) = f(x); (2.18)

in the case wherep(x), q(x) and f (x) have a power series expansion. We will call @ower
series solution a series expansion foy(x) where we have produced some algorithm or rule
which enables us to compute as many of its coe cients as we li&.

_ _ P
Solution strategy : Write y(X) = ag+ aix + axx? + i = ﬁ:o axK, for some real or
complex numbersag; as; :::.

Plug the power series expansions foy, p, g, and f into the DE (2.18).
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Comparing coe cients of like powers of x, derive relations between thea;'s.

Using these recurrence relations [R-ps] and the ICs, solveoff the coe cients of the
power series ofy(x).

Example 2.7.3. Solvey® y=5, y(0)= 4, using the power series method.
This is easy to solve by undetermined coe cients: yn(x) = c1€* and yp(x) = Aj. Solving

for A1 givesA; = 5 and then solving forc; gives 4 =y(0) = 5+ ce®soc; =1 so
y=¢€" b,
Solving this using power series, we compute
2 P 1 k
yAx) =  ap+2axx +3azx?+ 1= p e (K+ 1) aker X
y(x) = ap aix  axx? = p, axK
P
5 = ( ag+a)+( ap+a)x+ = po( ax+(k+1)ag)xK

Comparing coe cients,

fork=0: 5= ag+ ay,
fork=1: 0= a;+2ay,

for generalk: 0= ay +(k+1)ak+ for k> 0.
The IC gives us 4 = y(0) = ap, so

= 4 a=1; ap=1=2;, az=1=6; jag = 1=Kkl

This implies

y(X)= 4+ x+ x=2+ + xK=ki + = 5+¢

which is in agreement from the previous discussion.

Example 2.7.4. Solve Bessel's equation [B-ps] of the 0-th order,

x?y%% xy%+ x?y =0; y(0)=1; y10)=0;

using the power series method.

This DE is so well-known (it has important applications to physics and engineering)
that the series expansion has already been worked out (mostekts on special functions or
di erential equations have this but an online reference is B-ps]). Its Taylor series expansion
around O is:
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X pm x 2m
Jo(x) = — 5
o mi2 2

for all x. We shall see below thaty(x) = Jg(X).
Let us try solving this ourselves using the power series meithd. We compute

P
x2y%¥x) = 0+0 x+2a2x2+6a3x3+12a4,‘54+ = o (K +2)(Kk + 1) an XK
) = 0+ ax+2ax2+3agd+ g Lo kagxk
x2y(x) = 0+0 x+agx®+ apx3+ = po, e oxK
2 P 1 2 k
0 = O+ axx+(ag+4day)x + = aXx+ (& 2+ koa)x™

By the ICs, ag =1, a; = 0. Comparing coe cients,

KPay = a 25 k 2
which implies
11

1 11 1
= (5% a=0; aa=(z )% a=0; as= (5 > 2)%
2 2 4 2 4 6

In general,
ax =( 1)k2 2 L. s =0:
2k — k!z! 2k+1 — Y,

for k 1. This is in agreement with the series above fod.
Some of this computation can be formally done inSageusing power series rings.

Sage

sage: R6.<a0,al,a2,a3,a4,a5,a6> = PolynomialRing(QQ,7)

sage: R.<x> = PowerSeriesRing(R6)

sage: y = a0 + al *x + a2*X2 + a3 *X'3 + a4 *x4 + a5 *X'5 +\
a6*x6 + O(X7)

sage: yl1 = y.derivative()

sage: y2 = yl.derivative()

sage: X2 *y2 + x*yl + X2 xy

al*x + (a0 + 4 *ra2)*x2 + (a1l + 9 *a3)*x3 + (a2 + 16 =*ad) *x4 +\

(@3 + 25 *ab) *x'5 + (a4 + 36 *ab) *x6 + O(X7)

This is consistent with our \paper and pencil" computations above.

Sageknows quite a few special functions, such as the various typeof Bessel functions.

Sage

sage: b = lambda x:bessel_J(x,0)
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sage: P = plot(b,0,20,thickness=1)

sage: show(P)

sage: y = lambda x: 1 - (1/2)2 *X2 + (1/8)'2 x4 - (1/48)2 *X'6
sage: P1 = plot(y,0,4,thickness=1)

sage: P2 = plot(b,0,4,linestyle="--")

sage: show(P1+P2)

This is displayed in Figure 2.18-2.19.

Figure 2.18: The Bessel functionJo(x), for Figure 2.19: A Taylor polynomial approxi-
O<x< 20. mation for Jo(X).

Exercises :

P
1. Using a power series around = 0 of the form y(t) = ﬁ:o cnt", nd the recurrence
relation for the ¢ if y satis es y%% ty%+ y = 0.

2. (a) Find the recurrence relation of the coe cients of the power serielg solution to the
ODE x°= 4x3x around x = 0, i.e. for solutions of the form x = = 1_, cyt".
(b) Find an explicit formula for ¢, in terms of n.

3. UseSageto nd the rst 5 terms in the power series solution to x°% x =0, x(0) =1,
x%0) = 0. Plot this Taylor polynomial approximation over <t<

4. Find two linearly independent solutions of Airy's equation  x% tx = 0 using power
series.
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2.8 The Laplace transform method

What we know is not much. What we do not know is immense.
- Pierre Simon Laplace

28.1 Partl

Pierre Simon Laplace (1749 1827) was a French mathematiciaand astronomer who is
regarded as one of the greatest scientists of all time. His whk was pivotal to the development
of both celestial mechanics and probability, [L-It], [LT-It].
The Laplace transform  (abbreviated LT) of a function f (t), de ned for all real numbers
t 0, is the function F (s), de ned by:
Z,
F(s)=LI[f(t)]= e S (1) dt:
0

The LT sends \nice" functions of t (we will be more precise later) to functions of another
variable s. It has the wonderful property that it transforms constant- coe cient di erential
equations int to algebraic equationsin s.

The LT has two very familiar properties: Just as the integral of a sum is the sum of the
integrals, the Laplace transform of a sum is the sum of Laplae transforms:

L[f (t)+ g(t)] = L[f ()] + L [g(t)]
Just as constant factor can be taken outside of an integral, he LT of a constant times a
function is that constant times the LT of that function:

L [af ()] = aL [f (1)]
In other words, the LT is linear .

For which functions f is the LT actually de ned on? We want the inde nite integral t o
converge, of course. A functionf (t) is of exponential order if there exist constants tg
and M such that

R f(Mj<Mel; forall t>ty:

If 50 f (t) dt exists andf (t) is of exponential order then the Laplace transform L [f ] (S)
exists for s >

Example 2.8.1. Consider the Laplace transform off (t) = 1. The LT integral converges

for s> 0.
Z,

LfIE= e st gt
1
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Example 2.8.2. Consider the Laplace transform off (t)
fors>a.

e, The LT integral converges

Z 1
e(a s)t dt
0 1
1 e(a s)t
S a 0
1

S a

L[F1(s)

Example 2.8.3. Consider the Laplace transform of the translatedunit step (or Heaviside)
function,

0 fort<c

uit o=
( ) 1 fort>c;

where ¢ > 0. (this is sometimes also denotedH (t ¢).) This function is \o " (i.e., equal
to 0) until you get to t = ¢, at which time it turns \on". The LT of it is

z 1

e S'H(t o)dt
2,

e Stdt

Llu(t ¢

The inverse Laplace transform  in denoted
f() =L YFE)NL);
whereF (s) = L [f (1)](s).

Example 2.8.4. Consider

1, fort< 2

f(t) =
® 0, ont 2

(Incidently, this can also be written 1 u(t 2).) We show howSagecan be used to compute
the LT of this.
Sage

sage: t = var('t)
sage: s = var('s')
sage: f = Piecewise([[(0,2),1],[(2,infinity),0]])
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sage: f.laplace(t, s)

1l/s - e°(-(2 *S))/s

sage: f1 = lambda t: 1

sage: f2 = lambda t: O

sage: f = Piecewise([[(0,2),f1],[(2,10),f2]])

sage: P = f.plot(rgbcolor=(0.7,0.1,0.5),thickness=3)
sage: show(P)

According to Sage, L [f](s)=1=s e 2°=s. Note the function f was rede ned for plotting
purposes only (the fact that it was rede ned over 0<t < 10 means that Sagewill plot it
over that range.) The plot of this function is displayed in Figure 2.20.

Figure 2.20: The piecewise constant function 1 u(t 2).

Next, some properties of the LT.

Di erentiate the de nition of the LT with respectto s:
Z 1
Fqs) = e SUf (t) dt:
0
Repeating this:
dn n Z ! stin
@F(S) =( 1) . e St"f (1) dt: (2.19)
In the de nition of the LT, replace f (t) by it's derivative f qt):

YA 1
L fqt) (s)= e St qt) dt:
0
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Now integrate by parts (u = e S, dv = f qt) dt):

z 1 z 1
e St qt)dt = f (t)e 3 f(t) ( s) eStdt= f(0)+ sL[f(t)](s):
0 0

Therefore, if F(s) is the LT of f (t) then sF(s) f(0) is the LT of f qt):

L fqt) (s)= sL[f(t)](s) f(0): (2.20)
Replacef by f %in (2.20),
L %) (s)=sL fqt) (s) fY0); (2.21)
and apply (2.20) again:
L %) (s)= SL[f(t)](s) sf(0) fY0); (2.22)

Using (2.20) and (2.22), the LT of any constant coe cient ODE

ax%t) + bxqt) + cx(t) = f (1)

a(s’L [x()](s)  sx(0) x%0)) + b(sL [x(t)](s) x(0))+ cL [x(t)](s) = F(s);
where F (s) = L [f (1)](s). In particular, the LT of the solution, X (s) = L [x(t)](s),
satis es

X (s) = (F(s) + asx(0) + ax{0) + bx(0))=(as® + bs+ c):

Note that the denominator is the characteristic polynomial of the DE.

Moral of the story: it is generally very easy to computethe Laplace transform X (s)
of the solution to any constant coe cient non-homogeneous Inear ODE. Computing
the actual solution x(t) is usually much more work.

Example 2.8.5. We know now how to compute not only the LT of f (t) = e* (it's F(s) =
(s a) 1) but also the LT of any function of the form t"e® by di erentiating it:

L te® = FYs)=(s a) % L t%e® =F%s)=2 (s a) 3 L t3* = Fqs)=23¢(s
and in general

L t"e® = Fqs)=n! (s a) " (2.23)
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Let us now solve a rst order ODE using Laplace transforms.
Example 2.8.6. Let us solve the DE
x%+ x = t1% ' x(0)=0:
using LTs. Note this would be highly impractical to solve using undetermined coe cients.
(You would have 101 undetermined coe cients to solve for!)
First, we compute the LT of the solution to the DE. The LT of the LHS: by (2.23),
L x% x = sX(s)+ X(s);
whereF(s) = L [f (1)](s). For the LT of the RHS, let

F(s)=L e' = :
(s) e ]
By (2.19),
leO 100 t leO 1 .
g0’ (9= L U7 " = Goamgrt
The rst several derivatives of % are as follows:
gl_lld_zl_l_d_?%l_ 1
dss+1 (s+1)2’ ds?s+1 (s+1)3" ds®s+1 (s+1)#’
and so on. Therefore, the LT of the RHS is:
100
dsl®s+1 (s+1)101
Consequently,
X(s) = 100';'
- (s +1)102°
Using (2.23), we can compute the ILT of this:
1 1 1 1
t)=L '[X(s)]=L ! 100.——0 = —L ! 101L——03 = —t10e
x(1) X () s+1)© ~ 101 (s+1)1%2 ~ 101" °©

Let us now solve a second order ODE using Laplace transforms.
Example 2.8.7. Let us solve the DE

x%% 2x%+2x=e ?; x(0)= x40)=0;

using LTs.
The LT of the LHS: by (2.23) and (2.21),
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L x%% 2x%+2x =(s?+2s+2)X(s);
as in the previous example. The LT of the RHS is:

1
Le? = ;
S+2

Solving for the LT of the solution algebraically:

101

1
X = :
% Eras+n7+ 0
The inverse LT of this can be obtained from LT tables after rewriting this using partial
fractions:
X(s)-} 1 1 S _1 1 1 s+1 +} 1 )
2 s+2 2(s+1)2+1 2 s+2 2(s+1)2+1 2(s+1)2+1°
The inverse LT is:
1 1 1 .
x(t)= L 1[X(s)]= 5 e 2 5 e tcost) + 5 e tsin(t):

We show howSagecan be used to do some of this. We break th&agesolution into steps.
Step 1 First, we type in the ODE and take its Laplace transform.

Sage

sage: s,t,X = var('s,t,X")

sage: x = function("x",t)

sage: de = diff(x,t,t)+2 * diff(x,t)+2 *x==@ (-2 *t)
sage: laplace(de,t,s)

sage: LTde = laplace(de,t,s)

s"2 xlaplace(x(t), t, s) + 2 *s*laplace(x(t), t, s) - s *X(0) + 2 =laplace(x(t), t, s) - 2

Step 2 Now we solve this equation forX = laplace(x(t), t, s)

For this, we use

Python to do some string replacements. Python is the underlyng language for Sageand

has very powerful string manipulation functions.
Sage

sage: strLTde = str(LTde).replace("laplace(x(t), t, s)",

sage: strLTdeO = strLTde.replace("x(0)","0")

sage: strLTde00 = strLTdeO.replace("D[0](x)(0)","0")

sage: LTde00 = sage_eval(strLTde00,locals={"s":s,"X":X b
sage: soln = solve(LTde00,X)

sage: Xs = soln[0].rhs(); Xs

1/(s"3 + 4 *sS2 + 6 *s + 4)

)

* X(O) -

D[0](x)(0)
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Step 3 Now that we have solved for the Laplace transform of the soltion, we take inverse
Laplace transforms to get the solution to the original ODE. There are various ways to do
this. One way which is convenient if you also want to check theanswer using tables, if to
compute the partial fraction decomposition then take inverse Laplace transforms.

Sage

sage: factor(s"3 + 4 *S2 + 6 xs + 4)

(s +2) (2 + 2 *s + 2)

sage: f = 1/((s+2) * ((s+1)"2+1))

sage: f.partial_fraction()

1/(2 (s + 2)) - sl(2 *(S72 + 2 s + 2)

sage: f.inverse_laplace(s,t)

e(-t) =*(sin(t)/2 - cos(t)/2) + e"(-(2 *1))/2

Exercise : Use Sageto solve the DE

x%% 2x%+5x=e ;' x(0)= x{0)=0:

2.8.2 Part 2

In this part, we shall focus on two other aspects of Laplace tansforms:

solving di erential equations involving unit step (Heavis ide) functions,

convolutions and applications.
It follows from the de nition of the Laplace transform that i f

()70 F(s)= LIf (O))(S);

then

f(Hut o 7t e SSLIf (t + 9)](s); (2.24)

and

f(t Qut o7 e SF(s): (2.25)

These two properties are calledtranslation theorems



2.8. THE LAPLACE TRANSFORM METHOD 103

Example 2.8.8. First, consider the Laplace transform of the piecewise-dened function
f(t)=(t 1)2u(t 1). Using (2.25), this is

S 1 S.
L[f ()] = e L[tz](s):2§e :

Second, consider the Laplace transform of the piecewise-gstant function

8

20 fort< O
f(t):> 1 forO0 t 2

1 fort> 2

This can be expressed a§(t) = u(t)+2u(t 2), so

LIEMI= L u®l+2Lut 2)]

= }+2}e 25:
S S

Finally, consider the Laplace transform off (t) = sin( t)u(t ). Using (2.24), this is

1

S .

L[f()]= e SL[sintt+ )J(s)=e SL[ sint)l(s)= e 211

The plot of this function f (t) = sin( t)u(t ) is displayed in Figure 2.21.

Figure 2.21: The piecewise continuous functioru(t )sin(t).

We show how Sagecan be used to compute these Laplace transforms.

Sage

sage: t = var('t)
sage: s = var('s')
sage: assume(s>0)
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sage: f = Piecewise([[(0,1),0],[(1,infinity),(t-1)"2]] )
sage: f.laplace(t, s)

2xe"(-s)/s"3

sage: f = Piecewise([[(0,2),-1],[(2,infinity),2]])

sage: f.laplace(t, s)

3xe"(-(2 =*s))s - 1s

sage: f = Piecewise([[(0,pi),0],[(pi,infinity),sin(t)] D
sage: f.laplace(t, s)

-e"(-(pi *S))/(s"2 + 1)

sage: f1 lambda t: 0

sage: f2 lambda t: sin(t)

sage: f = Piecewise([[(0,pi),f1],[(pi,10),f2]])

sage: P = f.plot(rgbcolor=(0.7,0.1,0.5),thickness=3)

sage: show(P)

The plot given by these last few commands is displayed in Figte 2.21.

Before turning to di erential equations, let us introduce convolutions.
Let f (t) and g(t) be continuous (fort 0 - fort < 0, we assume (t) = g(t) = 0). The
convolution of f (t) and g(t) is de ned by
z t Z t
(f o= f(ug(t udu= f(t u)g(u)du:
0 0

The convolution theorem states

LIf - g(0)I(s) = F(s)G(s) = LIfI(s)L[gl(s):
The Laplace transform of the convolution is the product of the Laplace transforms. (Or,
equivalently, the inverse Laplace transform of the productis the convolution of the inverse
Laplace transforms.)
To show this, do a change-of-variables in the following doule integral:

z, z

L[f g(t)](s) = e s tf(u)g(t u) dudt
Zol Z 1 0

e S'f (u)g(t u)dtdu
VAT Z,
e SUf (u) e St Wgt u)dtdu
z°, uz
e SYf (u) du e *Vg(v)dv
0

0
L[FI(s)LIg)(s):

Example 2.8.9. Consider the inverse Laplace transform ofgsl—sz. This can be computed
using partial fractions and Laplace transform tables. Howeer, it can also be computed
using convolutions.
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First we factor the denominator, as follows
1 1 1
3 2 2s 1
We know the inverse Laplace transforms of each term:

1 1
Ll S =t L — =¢
s? s 1
We apply the convolution theorem:
Z
1 1 t
L1 = = ue Ydu
s?s 1 0
z t
= ue! B el e Ydu
0
= t 1+¢
Therefore,
1 1
Lt = t)y=¢€ t 1
s2s 1 ®

Example 2.8.10. Here is a neat application of the convolution theorem. Congler the
convolution

f()=1 1 1 1 L
What is it? First, take the Laplace transform. Since the Laplace transform of the convolu-
tion is the product of the Laplace transforms:

L[1 1 1 1 1)(s)=(1=9°= 5—15: F(s):
We know from Laplace transform tables thatL * % (t) = t% so

f@)=L Y[F(9)](t) = %L L g (t) = %t“:

You can also compute 1 1 1 1 1 directly in Sage:

Sage
sage: t,z = var("t,z")
sage: f(t) = 1
sage: ff = integral(f(t-z) *f(z),z,0,1); ff
t
sage: fff = integral(f(t-z) *ff(z),z,0,t); fff
1/2 =172
sage: ffff = integral(f(t-z) * fff(z),2,0,t); ffff
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1/6 *t"3

sage: fffff = integral(f(t-z)  ffff(z),z,0,t); fffff
1/24 «t°4

sage: s = var("s")

sage: (1/s"5).inverse_laplace(s,t)

1/24 «t°4

Now let us turn to solving a DE of the form

ay%% by’+ cy=f(t); y(0)= yo; y¥0)= yu: (2.26)
First, take Laplace transforms of both sides:
as’Y(s) asyg ayi+ bsY(s) by + cY(s)= F(s);
SO

asyp+ ay; + by
F(s)+ 22+ bt C - (2.27)

Y(s) =

as?+ bs+ ¢

The function m is sometimes called thetransfer function  (this is an engineering
term) and its inverse Laplace transform,

1

wt)=L + ——
©) as?+ bs+ c

;
the weight function  for the DE.
Lemma 2.8.1. If a60 thenw(t)=0.

(The only proof we have of this is a case-by-case proof usingaplace transform tables.
Case 1 is when the roots ofis? + bs+ ¢ =0 are real and distinct, case 2 is when the roots
are real and repeated, and case 3 is when the roots are complein each case,w(0) = 0.
The veri cation of this is left to the reader, if he or she is interested.)

By the above lemma and the rst derivative theorem,

S

wit)=r * ———
0 as?+ bs+ ¢

(t):
Using this and the convolution theorem, the inverse Laplacearansform of (2.27) is

y(t) =(w f)(t)+ ayo wit)+(ays+ byo) w(t): (2.28)

This proves the following fact.

Theorem 2.8.1. The unique solution to the DE (2.26) is (2.28).
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Example 2.8.11. Consider the DE y°% y =1, y(0) = yq0) = 1.
The weight function is the inverse Laplace transform of ¢ 1_ sow(t) = sin(t). By (2.28),

+1
Z t
y(t)=1 sin(t) = sin(u)ydu= cos)j,=1 cost):
0
(Yes, it is just that easy!)

If the \impulse" f (t) is piecewise-de ned, sometimes the convolution term in tke formula
(2.28) is awkward to compute.

Example 2.8.12. Consider the DEy% y%= u(t 1), y(0) = y%0) = 0.
Taking Laplace transforms givess?Y(s) sY(s) = %e S, so

1

Y(s) = = 32e S:
We know from a previous example that
1
1 — :

so by the translation theorem (2.25), we have

yt)=L ! rlszes(t):(etl (t 1) 1) ut 1)=(e?t t) ut 1)

At this stage, Sagelacks the functionality to solve this di erential equation as easily as
others but we can still useSageto help witht he solution.
First, we initialize some variables and take the Laplace transform of f (t) = u(t 1).

Sage

sage: s,t,X = var('s,t,X")

sage: x = function("x",t)

sage: f1 = 0

sage: f2 = 1

sage: f = Piecewise([[(0,1),f1],[(1,Infinity),f2]])
sage: F = flaplace(t,s); F

e"(-s)/s

Next, we take the Laplace transform of the di erential equation with an arbitrary function
in place ofu(t 1).

Sage

sage: ft = function("ft",t)

sage: de = diff(x,t,t) - x==ft

sage: LTde = laplace(de,t,s); LTde

s"2 xlaplace(x(t), t, s) - s *X(0) - laplace(x(t), t, s) - D[O](x)(0) ==
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laplace(ft(t), t, s)

Next,we take this equation and solve it for X (s) using Python's string manipulation
functionality:

Sage

sage: strLTde = str(LTde).replace("laplace(x(t), t, s)", "X")
sage: strLTdeO = strLTde.replace("x(0)","0")

sage: strLTde00 = strLTdeO.replace("D[0](x)(0)","0")

sage: strLTdeOOF = strLTdeO0O.replace("laplace(ft(t), t, s)", "F")
sage: strLTdeOOF

'S2 *X -s*0-X-0==F

sage: LTdeOOF = sage_eval(strLTde0OF,locals={"s":s,"X" X,"FFY)
sage: LTdeOOF

Xxs"2 - X == e°(-s)ls

sage: soln = solve(LTdeOOF,X)

sage: Xs = soln[0].rhs(); Xs

e"(-s)/(s"3 - s)

sage: Xs.partial_fraction()

1/2 xe*(-s)l(s - 1) + 1/2 xe"(-s)/(s + 1) - e°(-s)Is

Unfortunately, at this time, Sagecannot take the inverse Laplace transform of this.

Exercise : Use Sageto solve the following problems.

(@) Find the Laplace transform of u(t =4)cosg).

(b) Compute the convolution sin(t) cosf). Do this directly and using the convolution
theorem.



Chapter 3

Matrix theory and systems of DEs

...there is no study in the world which brings into more harmonious action
all the faculties of the mind than [mathematics] ...
- James Joseph Sylvester

In order to handle systems of dierential equations, in which there is more than one
dependent variable, it is necessary to learn some linear addpra. It is best to take a full
course in that subject, but for those cases where that is not pssible we aim to provide the
required background in this chapter. In contrast to a linear algebra textbook per sewe will
omit many proofs. Linear algebra is a tremendously useful shject to understand, and we
encourage the reader to take a more complete course in it if adll possible. An excellent
free reference for linear algebra is the text by Robert BeezdB-rref].

3.1 Row reduction and solving systems of equations

Row reduction is the engine that drives a lot of the machinary of matrix theory. What
we call row reduction others call computing the reduced row echelon fornor Gauss-Jordan
reduction or Gauss elimination.

3.1.1 The Gauss elimination game

This is actually a discussion of solving systems of equati@using the method ofrow reduc-
tion, but it's more fun to formulate it in terms of a game.

To be specic, let's focus on a 2 2 system (by \2 2" | mean 2 equations in the 2
unknowns x; y):

ax+ by = r;

cx+dy = 1o (3.1)

Here a;b;c;d;n;ro are given constants. Putting these two equations down togdier means
to solve them simultaneously, not individually. In geometric terms, you may think of each

109
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equation above as a line the the plane. To solve them simultagously, you are to nd the
point of intersection (if it exists) of these two lines. Since a;b;c;d;r;r, have not been
speci ed, it is conceivable that there are

no solutions (the lines are parallel but distinct),
in nitely many solutions (the lines are the same),

exactly one solution (the lines are distinct and not paralld).

\Usually" there is exactly one solution. Of course, you can ®lve this by simply manipulating
equations since it is such a low-dimensional system but thelgect of this lecture is to show
you a method of solution which is \scalable" to \industrial- sized" problems (say 1000 1000
or larger).

Strategy:
Step 1 Write down the augmented matrix of (3.1):

a b n

A= cdn

This is simply a matter of stripping o the unknowns and recor ding the coe cients in an
array. Of course, the system must be written in \standard form" (all the terms with \ x"
get aligned together, ...) to do this correctly.

Step 2 Play the Gauss elimination game (described below) to compting the row reduced
echelon form ofA, call it B say.

Step 3 Read o the solution from the right-most column of B.

The Gauss Elimination Game
Legal moves These actually apply to anym n matrix A with m<n.

1. Ri $ R;: You can swap rowi with row j.

2. cRi ! R;j (c 6 0): You can replace row i with row i multiplied by any non-zero
constant c. (Don't confuse this ¢ with the cin (3.1)).

3.cRi+ R; ! Rj (c60): You can replace rowi with row i multiplied by any non-zero
constantcplusrowj,j 6 i.

Note that move 1 simply corresponds to reordering the systenof equations (3.1)). Like-
wise, move 2 simply corresponds to scaling equation in (3.1)). In general, these \legal
moves" correspond to algebraic operations you would perfon on (3.1)) to solve it. How-
ever, there are fewer symbols to push around when the augmeadl matrix is used.

Goal: You win the game when you can achieve the following situation. Your gal is to
nd a sequence of legal moves leading to a matrixB satisfying the following criteria:

1. all rows of B have leaading non-zero term equal to 1 (the position where tis leading
term in B occurs is called apivot position),
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2. B contains as many O's as possible
3. all entries above and below a pivot position must be 0,

4. the pivot position of the i row is to the left and above the pivot position of the
(i +1)St row (therefore, all entries below the diagonal ofB are 0).

This matrix B is unique (this is a theorem which you can nd in any text on elementary
matrix theory or linear algebra®) and is called therow reduced echelon formof A, sometimes
written rref (A).

Two comments: (1) If you are your friend both start out playin g this game, it is likely
your choice of legal moves will dier. That is to be expected. However, you must get the
same result in the end. (2) Often if someone is to get \stuck” t is becuase they forget that
one of the goals is to \kill as many terms as possible (i.e., yo needB to have as many 0's
as possible). If you forget this you might create non-zero teams in the matrix while killing
others. You should try to think of each move as being made in ader to to kill a term. The
exception is at the very end where you can't kill any more terns but you want to do row
swaps to put it in diagonal form.

Now it's time for an example.

Example 3.1.1. Solve

1
w

X+2y

4x + 5y (3.2)

I
()]

using row reduction.

Figure 3.1: linesx +2y = 3, 4x + 5y = 6 in the plane.

The augmented matrix is

YFor example, [B-rref] or [H-rref].
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e 12
One sequence of legal moves is the following:
4R1 + Rz ! Ry, which leads to é § g
(1=3)R, ! R,, which leads to é i g
2R, + Ryl Ry, whichleadsto = 7

Now we are done (we won!) since this matrix satis es all the gals for a row reduced
echelon form.
The latter matrix corresponds to the system of equations

Xx+0y = 1

Ox +y 2 (33)

Since the \legal moves" were simply matrix analogs of algetaic manipulations you'd appy
to the system (3.2), the solution to (3.2) is the same as the dation to (3.3), whihc is
obviously x = 1;y = 2. You can visually check this from the graph given above.

To nd the row reduced echelon form of

1 2 3
4 5 6
using Sage, just type the following:

Sage

sage: MS = MatrixSpace(QQ,2,3)
sage: A = MS([[1,2,3],[4,5,6]])
sage: A

[1 2 3]

[4 5 6]

sage: A.echelon_form()

[1 0 -1]

[0 1 2

3.1.2 Solving systems using inverses

There is another method of solving \square" systems of lineaequations which we discuss
next.
One can rewrite the system (3.1) as a single matrix equation

ab X r
c d y ro
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or more compactly as

AX = (3.4)
where X = ); and ¥ = :1 How do you solve (3.4)? The obvious this to do
2
(\divide by A") is the right idea:
X —x=Alg
y
Here A 1is a matrix with the property that A A = |, the identity matrix (which satis es

I X = X).
If A 1 exists (and it usually does), how do we compute it? There are dew ways. One, if
using a formula. In the 2 2 case, the inverse is given by

ab Y 1  d b

cd “a bc c a

There is a similar formula for larger sized matrices but it is so unwieldy that is is usually
not used to compute the inverse.

Example 3.1.2. Inthe 2 2 case, the formula above for the inverse is easy to use and we
see for example,

1

1 2 _ 1 5 2 53 2=3
4 5 -3 4 1 T 4383 13
To nd the inverse of
1 2
4 5
using Sage, just type the following:
Sage

sage: MS = MatrixSpace(QQ,2,2)
sage: A = MS([[1,2],[4,5]])

sage: A

[1 2]

[4 5]

sage: A'(-1)

[[5/3 2/3]

[ 4/3 -1/3]

A better way to compute A 1 is the following. Compute the row reduced echelon form of
the matrix (A;1), where | is the identity matrix of the same size asA. This new matrix
will be (if the inverse exists) (I; A 1). You can read o the inverse matrix from this.

In other words, the following result holds.



114 CHAPTER 3. MATRIX THEORY AND SYSTEMS OF DES

Lemma 3.1.1. Let A be an invertible n n matrix. The row reduced echelon form of the
n 2n matrix (A;l), where | is the identity matrix of the same size asA, isthen 2n
matrix (1;A 1).

Here is an example.

Example 3.1.3. Solve

w

X+2y =
4xX + 5y

1
»

using (a) row reduction, (b) matrix inverses.
In fact, this system was solved using row-reduction in Exampe 3.1.1 above. The idea was
that the result of the Sagecommands

Sage

sage: MS = MatrixSpace(QQ,2,3)
sage: A = MS([[1,2,3],[4,5,6]]))
sage: A

[1 2 3]

[4 5 6]

sage: A.echelon_form()

[1 0 -1]

[0 1 2

toldusthat x = l1landy =2. You justread o the last column of the row-reduced echelmn
form of the matrix.
This is

FNG
RN

<
o

SO

x _ 12 3
y 45 6
To compute the inverse matrix, apply the Gauss elimination game to

1210
4 501
Using the same sequence of legal moves as in the previous exae) we get
. 1 2 1 O
I
4R1 + R ! Ry, which leads to 0 3 41
. 12 1 0
= I
(1=3)R2! R, which leads to 0 1 43 1=3
. 1 0 53 23
I
2R, + Ry ! R4, which leads to 0 1 43 1=3
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Therefore the inverse is

Al- 58 23
4=3  1=3
Now, to solve the system, compute
x _ 12 ' 3 53 23 3 1
y 45 6 4=3 1=3 6 2

To make Sagedo the above computation, just type the following:
Sage

sage: MS = MatrixSpace(QQ,2,2)
sage: A MS([[1,2],[4,51])
sage: V = VectorSpace(QQ,2)
sage: v = V([3,6])

sage: A'(-1) v

('11 2)

Of course, this again tells us thatx = 1 andy = 2 is the solution to the original system.

Exercise : Using Sage, solve

8
< X+t2y+z

=1
X+2y z = 2
y+2z = 3

using (a) row reduction, (b) matrix inverses.

3.1.3 Solving higher-dimensional linear systems
Gauss-Jordan reduction, revisited.
Example 3.1.4. Solve the linear system

X+2y+3z =0;

AXx+5y+6z =3;
X+8y+9z =6

We form the augmented coe cient matrix and row-reduce until we obtain the reduced
row-echelon form:

1 0 1
1230 1 2 30
@4 5 6 3A1 F* R @9 3 g 3A
7 89 6 7 8 96
0 1 0 1
1 2 o 1 2 3 0
| R*Rs @9 3 5 3A1I TP @0 1 2 1A
0 6 12 6 0 6 12 6
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0 1 0 1
Razt 123 0 s R 123 0
! @o 12 1A1™TE @0 12 1A
012 1 000 O
0 1
10 1 2
| i@ 1 2 1A
00 O O
Reinterpreting these rows as equations we havee z =2 and y+2z = 1. The pivot

variables arex and y, and z is the only free variable. Finally, we write the solutions in
parametric vector form: 0 1 0 1
x(t) 2+t
@Qyi)A=@ 1 2tA:
Z(t) t

Exercises :

1. Write the following system as a matrix equation, and nd all the solutions.

X+2y+z=2
X y+2z=2
X+7y 4z= 2

3.2 Quick survey of linear algebra

3.2.1 Matrix arithmetic

Matrix multiplication. Noncommutativity. Failure of canc ellation. Zero and identity ma-
trices. Matrix inverses.

Lemma 3.2.1. If A and B are invertible n n matrices, then AB is invertible with inverse
B 1A 1

We can use row-reduction to compute a matrix inverse if it exsts.

Example 3.2.1. To invert

0 1
1
A=0O@ 1 A
1

P NN
RN W

we rst augment it with the 3 3 identity matrix, and then row-reduce the lefthand block
until we obtain the identity matrix:

0 1 0 1
1 23100 1 2 3 100

@ 1 2201 0AIRRe@ g o 1 1 1 0A
1 11001 1 1 1 00 1
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0 1 0 1
12 3 100 _ 100 4 5 2
Ri*Rs @9 g 1 1 1 oArPYRRI @49 9 9 3 4 1A
01 4 101 001 1 1 0
0 1
4 5 2
SoA 1=@ 3 4 1A,
1 1 0
Exercises :

1. For A = 2 3 , compute the product A A.
2. Find as many 2 by 2 matricesA such that A A = | as you can. Do you think you

have found all of them?

2 3
0 01

3. Find the inverse A 1 of the matrix A= 4 2 0 03 by using row operations (multi-
01 2
plying rows, adding a multiple of one row to another, and interchanging rows) on the
matrix A adjoined to the 3 3 identity matrix.

4. For the previous exercise, write down the elementary matices that perform each of
the row operations used.

3.2.2 Determinants

De nition 3.2.1. The (i, j)-th minor of a matrix A is the determinant of the of the
submatrix obtained by deleting rowi and columnj from A.
0 1
1

0 A is equal to det L1l

Example 3.2.2. The 2,2 minor of @
4 2 4

N OB
WOoOnN

Exercises :

1. Find a three by three matrix with strictly positive entrie s (a; > 0 for each entry a; )
whose determinant is equgl to 1. Try to nd such a matrix with t he smallest sum of

entries, that is, such that :j } jf @j = a1+ ayp+ :::+ agz is as low as possible.

2. Then n Vandermonde determinant is de ned as:

1 x1 X3 x] 1

1 x2 X3 x5t
V(X1;X2;:00Xn) = .

1 xn X2 xn 1

Show that the 2 2 Vandermonde determinantV (a;b) = b a. Then show that the
3 3 Vandermonde determinantV (1; a; b can be factored into @ 1)(b 1)(b a).
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3.2.3 Vector spaces

So far we have worked with vectors which aren-tuples of numbers. But the essential
operations we perform on such tuples can be generalized to auth wider class of objects,
which we also call vectors. A collection of vectors that are ompatible in the sense that
they can be added together and multiplied by some sort of scak is called a vector space.
Here is a more formal de nition.

De nition 3.2.2. A vector space V is a setS on which there is an operation of addition
which take pairs of elements ofS to elements of S, together with a eld of numbers K
for which there is an operation of scalar multiplication. These operations must have the
following properties:

. There exists a unique0 2 S such thatO+ v= v forall v2 S.
.v+w=w+vforall v;w2S.

.V+H(w+ xX)=(v+ w)+ x for all v;w;x 2 S.

.0 v=0.
.1 v=vforall v2S.

1
2
3
4. (1) v+v=0forallv2s.
5
6
7. (s+t) (v+w)=s v+t v+s w+t wforall s;t2 K andallv;w2 S.
8

.S (t v)=(s t) vforall s;t2K andallv2sS.

For convenience we do not usually explicitly indicate scala multiplication with a , so we
write 5 v simply as 5v.

For our purposes the eld K will always be either the eld of real numbers, denotedR,
or the eld of complex numbers, denoted by C. There are many other elds of humbers
used in mathematics but they will not be addressed here so we iWnot formally de ne the
concept of a eld. Unless indicated otherwise, we will useRr as the eld in all of our vector
spaces.

Here are some vector space examples:

1. For each positive integern, the set of lists of n real numbers,R", is a vector space.
For n = 2 and n = 3 these are the familiar real planar vectors and real spati&vectors.

2. The set of continuous real-valued functions on an intervh[a; b forms a vector space,
denoted C([a; b)). The addition is the usual addition of functions.

3. For each positive integern, the set of polynomials of degree at mosh forms a vector
space. We will denote this space byP,.

De nition 3.2.3. A subspace of a vector spaceV is a subset of elements oV that is
itself a vector space.
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The important thing to understand about subspaces is that they must be closed under the
operations of scalar multiplication and vector addition - not every subset of a vector space
is a subspace. In particular, every subspac&/ must contain the 0 vector since ifw 2 W,
then w2 W, and then soisw+ w=0.

Here are some vector subspace examples:

1. The setW = f(x;x)jx 2 Rg is a subspace oR2. If we think of R? as thex;y plane,
then W is simply the line y = x.

2. The setW = f(x; 2x)jx 2 Rg is a subspace oR2. If we think of R? as the x;y
plane, then W is simply the liney = 2x. In fact every line through the origin is a
subspace.

Exercises :
1. Are the following sets subspaces dR® or not? If not, explain why.
(@) f(x1;X2;X3)j X1 X2 X3=0g

(b) f(x1;x2;0)j X1 =5 Xx2g
(c) The span of the vectors (2, 2; 3), (4;5;6) and (7;8;9).

3.2.4 Bases, dimension, linear independence and span

This section brie y recalls some basic notions of linear algbra.

De nition 3.2.4. A set of vectorsfvy;:::;vmg is linearly dependent if there are con-
stants ¢;;:::; ¢y wWhich are not all zero for whichcivy + 111+ ¢nvn = 0.
An expression of the formcyvy + ::: + ¢V, for constants cy;:::;cm, is called aspan or
linear combination  of the vectors infvy;:::;vmg
0 1 0 1 0 _1
1 4 7

Example 3.2.3. The vectorsvy = @2 A v, = @5A andvs = @8 A are linearly
3 6 9

dependent. To see this, we can write the linear dependence dition c;vy + Cvo+ C3vz =0

as a matrix-vector equation:

0 10 1 0 _1
147 c 0
@2 5 BA@c,A=@0A
369 C3 0

and solve the system with row-reduction. Since it is a homogeeous system (i.e. the left-
hand side is the zero vector), we only need to reduce the coe ient matrix:

0 1 0 1 0 1
1 4 7 1 4 7 1 4 7
@2 5 gAI PRz @g 3 gA | FR*Re @9 3 g A
36 9 3 6 9 0 6 12
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0 1 0 1 0 1
1 4 7 147 10 5

| RetRs @9 3 gAl P @0 1 3A1 R @0 1 3 A
0 0 0 000 00 O

which tells us that c3 is a free variable, so it can be chosen to be nonzero, and theaters
are linearly dependent. As a particular example, we could chosecs = 1, and then ¢; =5
andc,= 3,s05%7 3vpa+v3=0.

De nition 3.2.5. A basis of a vector spaceV is a set of linearly independent vectors that
spanV.

Example 3.2.4.
Theorem 3.2.1. Every basis of a vector space has the same number of elemerifshite.
Example 3.2.5.

De nition 3.2.6.  The dimension of a vector spaceV is the number of elements in a basis
of V. If the bases ofV are not nite, we say V is in nite-dimensional.

Example 3.2.6. Compute the dimension of the subspac&V of R* spanned by the vectors
vi=(1:111)",vo=(1;212)7",andvs =(1;3;1;,3)".

To compute the dimension, we need to know ifvq, v, and vz form a basis of W. Since
W is de ned as their span, we only need to check if they are linedy dependent or not. As
before, we do this by row-reducing a matrix whose columns caist of the v;:

0 1 0 1 0 1

111 111 111
%123§|R1+R2%012 |R1+R3%012
11 1AR° 11 1AR° 000
123 123 123
0 1 0 1
11 111
|R1+R4%012§|R2+R4%012§
' 00 0A" 000
012 000

This shows that only two of the three vectors are linearly independent, so the dimension of
W is equal to two.

Exercises :

1. Find a basis for the subspace de ned by the following equabns for (X1; X2; X3; X4; X5) 2
RS:

2X1+ X3 2X4 2X5=0
X1+2X3 Xg4+2%X5=0
33Xy 4X3+3Xg4 2X5=0
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2. Consider the triple of vectorsv; = (0;2;3; 2),v.=(3; 1;4;1),andv3=(6; 8; 1,;8).

(@) Is the set fvy;vy;vag linearly independent or dependent?
(b) What is the dimension of their span?

(c) If the vectors are linearly independent, nd an addition al vector v, that makes
fvi; Vo va; vag a basis forR*. If they are linearly dependent, write v, as a linear
combination of v, and vs.

3.2.5 The Wronskian

We have run into the Wronskian already in connection with the de nition of the fundamental
solution of a linear second order DE. This section introduce a clever formula for computing
the Wronskian (up to a constant factor) which avoids determinants.

De nition 3.2.7. If F =(fq;f2;:::;f,) is alist of functions then the Wronskian of F is

0 fiq fo 11: fnl
f0 f9 .. f0

W(F):det% : : ”§
ff‘ D f2(n Do g0 D

It is somewhat surprising that the Wronskian of two solutions of a linear, homogeneous
second-order ODE can be computed without knowing the solutns, a result known as
Abel's theorem

Theorem 3.2.2. (Abel's Theorem) If y;zand y, are two linearly independent solutions of
y00+ py0+ gy = 0, then W(yl,yz) =Ce P dX.

R
Proof. W (y1:y2) = Ce P ifand only if W (y1;Yy>) satis es the di erential equation W°=
pW. SinceW = y1y8  yfyo, WO= y;y9% y¥9,. We also know that since they; satisfy

yO% py%+ qy=0, yi = py° qy fori=1andi=2. If we use those relations to substitute
for yQ%and y we nd that

WOo=yi( py? ay) vao py? aw)= plydy> yiyd) = pw:

Exercises :
1. Compute the Wronskian of the set of functionsf1;€*;e *g.

2. Compute the dimension of the vector space spanned by the sef functions f 1; €*;e *g.
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3.3 Application: Solving systems of DEs
Suppose we have a system of DEs in \standard form"

x0 = ax+ by+ f (t); x(0) = Xo;
yo = cx+dy+g(t); y(0)= yo;

where a; b; c; d;%;yo are given constants andf (t);g(t) are given \nice" functions. (Here
\nice” will be left vague but basically we don't want these functions to annoy us with any
bad behaviour while trying to solve the DEs by the method of Lgplace transforms.)

One way to solve this system if to take Laplace transforms of bth sides. If we let

(3.5)

X (s) = Lx()I(s); Y (s) = LIy(1I(s); F(s) = LIf (t)I(s); G(s) = L[g(t)I(s);
then (3.5) becomes

aX(s)+ bY(s)+ F(s);
cX(s) + dY(s) + G(s):

sX(s) Xp
sY(s) Yo

Thisis now a2 2 system of linear equations in the unknownsX (s); Y (s) with augmented
matrix

(3.6)

s a b F(s)+ xo

A= c s d G(s)+ vyo

Example 3.3.1. Solve

x® =  y+1; x(0)=0;
y = x+t y(0)=0;
The augmented matrix is
A= s 1 1=s
T 1 s 1=%
The row reduced echelon form of this is
1 0 1=5?
01 O

Therefore, X (s) = 1=s?> and Y (s) = 0. Taking inverse Laplace transforms, we see that the
solution to the system isx(t) = t and y(t) = 0. It is easy to check that this is indeed the
solution.

To make Sagecompute the row reduced echelon form, just type the followimy:

Sage

sage: R = PolynomialRing(QQ,"s")
sage: F = FractionField(R)
sage: s = F.gen()
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sage: MS = MatrixSpace(F,2,3)
sage: A = MS([[s,1,1/s],[1,s,1/s"2]])
sage: A.echelon_form()

[ 1 0 1/5°2]

[ 0 1 0]

To make Sagecompute the Laplace transform, just type the following:

Sage
sage: s,t = var('s,t)
sage: f(t) = 1
sage: laplace(f(t).t,s)
1/s
sage: f(t) =t
sage: laplace(f(t).t,s)
s'(-2)

To make Sagecompute the inverse Laplace transform, just type the followng:
Sage

sage: s,t = var('s,t)

sage: F(s) = 1/s™2

sage: inverse_laplace(F(s),s,t)
t
sage: F(s) = 1/(s"2+1)

sage: inverse_laplace(F(s),s,t)
sin(t)

Example 3.3.2. The displacement from equilibrium (respectively) for couded springs at-
tached to a wall on the left

coupled springs

|------ \WVW\---|mass1|----\VWVVV/----|mass2)|
springl spring2

is modeled by the system of 2nd order ODEs

mix% (ki + ko)x1  koxa =05 mox3% ka(x2 x1)=0;

where x; denotes the displacement from equilibrium of mass 1, denotem, x, denotes the
displacement from equilibrium of mass 2, denotedm,, and ki, ko are the respective spring
constants [CS-rref].
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As another illustration of solving linear systems of equatons to solving systems of linear
1st order DEs, we useSageto solve the above problem withm, = 2, my = 1, k; = 4,
ko =2, x1(0) = 3, x9(0) =0, x»(0) =3, x5(0) =0.

Soln: Take Laplace transforms of the rst DE, 2 xft)+6 xi(t) 2 xp(t) =0. This
says 2x§(0)+2s? Xi(s) 2sx1(0) 2Xa(s)+2X1(s) =0 (where the Laplace transform
of a lower case function is the upper case function). Take Ldace transforms of the second
DE, 2 xJt)+2 xp(t) 2 xy(t) =0. This says s?X(S) +2X(s) 2Xy(s) 3s=0.
Solve these two equations:

Sage

sage: s,X,Y = var('s X Y
sage: eqns = [(2 *S2+6) *X-2xY == 6*s, -2 *X +(S"2+2) *Y == 3x5]
sage: solve(egns, X,Y)
[[X == (8 *s"3 + 9 *s5)/(S"4 + 5 =*s"2 + 4),
Y == (3*s"3 + 15 *s)/(s"4 + 5 *sS"2 + 4)]]

This says X 1(s) = (3s3+9s)=(s*+55%+4), X,(s) = (3s3+15s)=(s*+5s2+4). Take inverse
Laplace transforms to get the answer:

Sage
sage: s,t = var('s t)
sage: inverse_laplace((3 *S"3 + 9 *s)/(s"4 + 5 *s"2 + 4),5,1)
cos(2 *t) + 2 *cos(t)
sage: inverse_laplace((3 *S"3 + 15 *s)/(s"4 + 5 *S"2 + 4),51)
4xcos(t) - cos(2 *1)

Therefore, x1(t) = cos(2t) + 2cos(t), x»(t) = 4cos(t) cos(2). Using Sage, this can be
plotted parametrically using

Sage

sage: P = parametric_plot([cos(2 *t) + 2 =cos(t),4 =*cos(t) - cos(2 *1)],0,3)
sage: show(P)

3.3.1 Modeling battles using Lanchester's equations

The goal of military analysis is a means of reliably predictng the outcome of military en-
counters, given some basic information about the forces' stus. The case of two combatants
in an \aimed re" battle was solved during World War | by Frede rick William Lanchester,
a British engineer in the Royal Air Force, who discovered a wg to model battle- eld ca-
sualties using systems of di erential equations. He assumkthat if two armies ght, with
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Figure 3.2: curvesx(t) = cos(2t) + 2cos(t), y(t) =4 cos(t) cos(2) along the t-axis.

x(t) troops on one side andy(t) on the other, the rate at which soldiers in one army are
put out of action is proportional to the troop strength of the ir enemy. This give rise to the
system of di erential equations

xqt) = Ay(t); x(0) = Xo;
yat) = Bx(t); y(0) = yo;

where A > 0 and B > 0 are constants (called their ghting e ectiveness coe cients )
and xp and yg are the intial troop strengths. For some historical examples of actual bat-
tles modeled using Lanchester's equations, please see mefieces in the paper by McKay
[M-intro].
We show here how to solve these using Laplace transforms.

Example 3.3.3. Solve

x0 4y: x(0) = 400;
y° x; y(0) = 100;

This models a battle between -men" and \y-men", where the \x-men" die o at a higher
rate than the \ y-men" (but there are more of them to begin with too).
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The augmented matrix is

_ s 4 400
A= 1 s 100
The row reduced echelon form of this is
|
400(s 1)
10 T
0 100(s 4)
T2 4
Therefore,
S 2 S 2
X (s) =400 200——: Y(s) =100 200 :

Taking inverse Laplace transforms, we see that the solutiorio the system isx(t) = 400 cosh(2)
200sinh(2) and y(t) =100 cosh(2) 200sinh(2). The \ x-men" win and, in fact,

x(0:275) = 346:4102:;; y(0:275) = 0:1201: :
Question: What is x(t)2 4y(t)?? (Hint: It's a constant. Can you explain this?)

To make Sageplot this just type the following:

Sage
sage: f = lambda x: 400 *cosh(2 *x)-200 *sinh(2 *X)
sage: g = lambda x: 100 *cosh(2 *x)-200 *sinh(2 *X)

sage: P = plot(f,0,1)
sage: Q = plot(g,0,1)
sage: show(P+Q)

sage: g(0.275)
-0.12017933629675781
sage: f(0.275)
346.41024490088557

Here is a similar battle but with di erent initial condition s.
Example 3.3.4. A battle is modeled by

x%= 4y; x(0)=150;

y°= % y(0)=90:

(a) Write the solutions in parameteric form. (b) Who wins? When? State the losses for
each side.
Solution: Take Laplace transforms of both sides:

sLx(®)I(s) x(0)= 4Ly (®)](s);
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Figure 3.3: curvesx(t) = 400 cosh(2) 200sinh(2), y(t) = 100 cosh(2) 200sinh(2) along
the t-axis.

sLx(®1(s) x(0)= 4Ly (®)](s):

Solving these equations gives

sx(0) 4y(0) _ 150s 360

LIx (1) = — 55— et
LIy (0] (s) = syg‘z)) +4x (0) _ 98025 +150:

Inverting using Laplace transform tables gives:
x(t)= 15€’'+165e 2!
y(t) =90 cosh (2t) 75 sinh(2t)

Their graph is given in Figure 3.4.

The \y-army" wins. Solving for x(t) = 0 gives tyin =log(11)=4 = :5994738182:, so the
number of survivors isy(twin ) = 49:7493718, so 49 survive.
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Figure 3.4: Lanchester's model for thex vs. y battle.

Lanchester's square law : Suppose that if you are more interested iny as a function of
X, instead of x and y as functions oft. One can use the chain rule form calculus to derive
from the systemxqt) = Ay(t);yqt) = Bx(t) the single equation

This di erential equation can be solved by the method of sepaation of variables: Aydy =
Bxdx, so
Ay? = Bx?+ C;

whereC is an unknown constant. (To solve forC you must be given some initial conditions.)
The quantity Bx? is called the ghting strength of the X -men and the quantity Ay?
is called the ghting strength of the Y-men (\ ghting strength” is not to be confused
with \troop strength"). This relationship between the troo p strengths is sometimes called
Lanchester's square law and is sometimes expressed as saying the relative ght stregth
is a constant:

Ay? Bx? = constant:
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Suppose your total number of troops is some numbel, where x(0) are initially placed in
a ghting capacity and T x(0) are in a support role. If your troops outnumber the enemy
then you want to choose the number of support units to be the smallest number such that
the ghting e ectiveness is not decreasing (therefore is raughly constant). The remainder
should be engaged with the enemy in battle [M-intro].

A battle between three forces gives rise to the di erential ejuations

8

< xqt) = Ay(t) Axz(t); X(0)= Xo;
yqt)= Bax(t) Baz(t); y(0) = yo;
zZt) = Cix(t) Cay(t); z(0) = zo;

where A; > 0, B;j > 0, and C; > 0 are constants andxg, Yo and zg are the intial troop
strengths.

Example 3.3.5. Consider the battle modeled by

SxW= v 2t);  x(0)=100;

ya = (1) 3z(t); y(0) = 100;

Zqt) = 2x(t) 3y(t); z(0) = 100:
The Y-men and Z-men are better ghters than the X-men, in the sense that the coe cient
of z in 2nd DE (describing their battle with y) is higher than that coe cient of x, and the
coe cient of y in 3rd DE is also higher than that coe cient of x. However, as we will see,
the worst ghter wins! (The X-men do have the best defensive ilities, in the sense that
A1 and A, are small.)

Taking Laplace transforms, we obtain the system

g sX(s)+ Y(s)+ Z(s) =100
2X (s)+ sY(s)+3Z(s)=100;
2X(s)+3Y(s)+ sZ(s)=100;

which we solve by row reduction using the augmented matrix
0 1

0
@ 00A
0

[ =Y
o

NN O
wu R
0w
ol
S o

This has row-reduced echelon form

0 100s+100 1
@ £06S %200 A
s2+3s 4
100s 200
s2+3s 4

o O -
O~ O
= O O

This means X (s) = B%1% and Y(s) = Z(s) = 1% 2%, Taking inverse LTs, we get the

solution: x(t) = 40€' +60e * andy(t) = z(t)= 20e'+120e *. In other words, the worst
ghter wins!



130 CHAPTER 3. MATRIX THEORY AND SYSTEMS OF DES

In fact, the battle is over at t = log(6)=5 = 0:35::: and at this time, x(t) = 71:54::.
Therefore, the worst ghters, the X-men, not only won but have lost less than 30% of their
men!

Figure 3.5: Lanchester's model for thex vs. y vs z battle.

Exercise : Use Sageto solve this: A battle is modeled by

x%=  4y; x(0) = 150;
y'= x; y(0)=40:

(a) Write the solutions in parameteric form. (b) Who wins? When? State the losses for
each side.

3.3.2 Romeo and Juliet

Romeo: If | profane with my unworthiest hand This holy shrine, the gentle
sin is this: My lips, two blushing pilgrims, ready stand To smooth that rough
touch with a tender kiss.
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Juliet: Good pilgrim, you do wrong your hand too much, Which mannerly
devotion shows in this; For saints have hands that pilgrims' hands do touch,
And palm to palm is holy palmers' kiss.

- Romeo and Juliet Act |, Scene V

After solving these equations involving battles, we can't resist ending this section with
the Romeo and Juliet system of equations.

William Shakespeare's playRomeo and Julietabout two young \star-cross'd lovers" was
one of his most popular. Though written in the late 1590's, its ideas resonate even today,
as the characters Romeo and Juliet have become emblematic dbomed young lovers.

Let r = r(t) denote the love Romeo has for Juliet at timet and let j = j(t) denote the
love Juliet has for Romeo at timet.

ro = Aj; 1 (0) = ro;
. A . 3.7
= Br+Cj j0)=jo (3.7)

whereA> 0,B > 0,C > 0, rg;]jo are given constants. This indicates how Romeo is madly
in love with Juliet. Pure and simple. The more she loves him, he more he loves her. Juliet
is more of a complex character. She has eyes for Romeo and hevé for him makes her feel
good about herself, which makes her love him even more. Hower if she senses Romeo
seems to love her too much, she reacts negatively and her lowveanes.

A few examples illustrate the cyclical nature of the relationship that can arise.

Example 3.3.6. Solve

ro=5j; r()=;
j°= r+2j j(O)=":
Sage

sage: t = var("t")
sage: r = function("r",t)
sage: j = function("j",t)
sage: del = diff(rit) == 5 *]
sage: de2 = diff(j,t) == -r+2 *j
sage: soln = desolve_system([del, de2], [r,jl.ics=[0,4,6 )

sage: rt = soln[0].rhs(); rt

(13 *sin(2 *t) + 4 *cos(2 *t)) =*e’t
sage: jt = soln[1].rhs(); jt

(sin(2 =*t) + 6 *cos(2 *t)) *e't

To solve this using Laplace transforms, take Laplace transirms of both sides, to obtain

SR(s) 4=5J(s); sJ(s) 6= R(s)+2J(s);
where R(s) = L[r(t)](s), J(s) = L[j (t)](s). This gives rise to the augmented matrix
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s 5 4
1 s 2 6

Computing the row-reduced echelon form gives

2 3s 4 2 3s
R(s)= 10—+ —; J = 2—:
s) s(s2 2s+5) s ®) (s2 2s+5

Taking inverse Laplace transforms gives
r(t) = (13 sin(2t) +4 cos (2t))e'; ;j(t) = (sin(2 t) + 6 cos (21))€':

The parametric plot of x = r(t), y = j(t) is given in Figure 3.6.

Figure 3.6: Romeo and Juliet plots.

Example 3.3.7. Solve

r0=10j; r0)=4;
j°= r+j=10 j(0)=6:

To solve this using Laplace transforms, take Laplace transirms of both sides, to obtain
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sR(s) 4=10J(s); sJ(s) 6= R(s)+ 1—:LOJ(S);

whereR(s) = L[r(t)](s), J(s) = LJj (1)](s). Solving this as above gives

r(t) = (13sin(2t) + 4 cos(2t)) €'; j(t) = (sin(2 t) + 6 cos(2t)) e':

Sage
sage: t = var("t")
sage: r = function("r",t)
sage: j = function("j",t)
sage: del = diff(r,t) == 10 * ]
sage: de2 = diff(jt) == -r+(1/10) *]
sage: soln = desolve_system([del, de2], [r,jl.ics=[0,4,6 )

sage: rt = soln[0].rhs(); rt

(13 *sin(2 *t) + 4 xcos(2 *t)) =*e’t
sage: jt = soln[1].rhs(); jt

(sin(2 =*t) + 6 *cos(2 *t)) *e't

The parametric plot of x = r(t), y = j(t) is given in Figure 3.7.

Exercise : Use Sageto analyze the problem

ro=2j; r()=4;
j°= r+3j j)=6:

Exercise : (Much harder) Use Sageto analyze the Lotka-Volterra/Predator-Prey model

x0= x( 1+2y); x(0)=4;
y°=y( 3x+4y); y(0)=6:

Use Euler's method and separation of variables applied taly=dx = %.

3.3.3 Electrical networks using Laplace transforms

Suppose we have an electrical network (i.e., a series of etdcal circuits) involving emfs
(electromotive forces or batteries), resistors, capacits and inductors. We use the \dictio-
nary" from x2.6 to translate between the network diagram and the DEs.
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Figure 3.7: Romeo and Juliet plots.

EE object term in DE units symbol
(the voltage drop)
charge gq= i(t)dt coulombs
current i=o amps
emf e= ¢g(t) volts v | —1 |_+

resistor Ro°= Ri ohms —VVVv—
capacitor C 1q farads | |
inductor Lg%= LiO henries | _(000 L

Also, recall xfrom x2.6 Kircho 's Laws.

Example 3.3.8. Consider the simple RC circuit given by the diagram in Figuer 3.8.

According to Kircho 's 2 ™ Law and the above \dictionary", this circuit corresponds to
the DE

o°+5q=2:
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1 ohm
> —AMA——>
+
— 2 volts
| |
1/5 farads

Figure 3.8: A simple circuit.

The general solution to this isq(t) = 1+ ce %, where c is a constant which depends on
the initial charge on the capacitor.

Aside: The convention of assuming that electricity ows from positive to negative on
the terminals of a battery is referred to as \conventional ow". The physically-correct but
opposite assumption is referred to as \electron ow". We shdl assume the \electron ow"
convention.

Example 3.3.9. Consider the network given by the following diagram.

1 ohm

niA"A Z——

2 volts
1/5 farads

[+
node1 ( = = ( node 2
€

T

Assume the initial charges are 0.

One di erence between this circuit and the one above is that he charges on the three
paths between the two nodes (labeled node 1 and node 2 for coswvience) must be labeled.
The charge passing through the 5 ohm resistor we labal, the charge on the capacitor we
denote by p, and the charge passing through the 1 ohm resistor we labels.

There are three closed loops in the above diagram: the \top lop”, the \bottom loop",
and the \big loop". The loops will be traversed in the \clockw ise" direction. Note the

AMN— =

5 ohms

Figure 3.9: A network.
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\top loop" looks like the simple circuit given in Example 1 but it cannot be solved in the
same way, since the current passing through the 5 ohm resistavill a ect the charge on the
capacitor. This current is not present in the circuit of Example 1 but it does occur in the
network above.

Kircho 's Laws and the above \dictionary" give

8

< B§+50=2; ®(0)=0;
5 50 =0; p(0)=0;
5qp+ c§=2; (0)=0:

Notice the minus sign in front of the term associated to the caacitor ( 5). This is
because we are going clockwise, against the \direction of # current”. Kircho's 1 St law
saysq = of + 9. Sinceq(0) = (0) = g(0) = 0, this implies g = qu + . After taking
Laplace transforms of the 3 di erential equations above, weget

SQ3(s) +5Qz(s) =2=s; 5sQi(s) 5Qz(s)=0:

Note you don't need to take th eLT of the 3" equation since it is the sum of the rst two
equations. The LT of the aboveq: + ¢ = @z (Kircho 's law) gives Qi(s)+ Q2(s) Qsz(s) =0.
We therefore have this matrix equation

0 10 1 0 1
0 5 s Q1(s) 2=s
@55 0 s A@Qys) A= @2=sA:

1 1 1 Qs(s) 0
The augmented matrix describing this system is
0
0O 5 s =S
@55 0 s 2=sA
11 1 O
The row-reduced echelon form is
0
100 2=(s3 +65?)
@o 1 0 2s2+6s) A
0 01 26+1)=(s®+6s?)
Therefore
_ : _ : _ 2s+1)
Ql(s) - 3+652 QZ(S) - 2+6s’ Q3(S) - 52(3 T 6) .
This implies

q(t)= 1=18+e %=18+1t=3; p(t)=1=3 e =3 s(t) = qt)+ qu(t):

This computation can be done inSageas well:
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Sage
sage: s = var("s")
sage: MS = MatrixSpace(SymbolicExpressionRing(), 3, 4)
sage: A = MS([[0,5,s,2/s],[5 *s,0,s,2/s],[1,1,-1,0]])
sage: B = A.echelon_form(); B
[ 1 0 0 2/(5 =*s"2) - (-2/(5 *s) - 2/((5 *sS2))/(5 *(-s/5 - 6/5))]
[ O 1 0 2/(5 =*s) - (-2(6 *s)-2/(5 =s72)) *s/(5 *(-s/5 - 6/5)) ]
[ O 0 1 (-2/(5 *s) - 2/(5 *s"2))/(-s/5 - 6/5) ]

sage: Q1 = B[0,3]

sage: t = var("t")

sage: Ql.inverse_laplace(s,t)
e’(-(6 =*t))/18 + t/3 - 1/18
sage: Q2 = B[1,3]

sage: QZ2.inverse_laplace(s,t)
1/3 - e(-(6  *t))/3

sage: Q3 = B[2,3]

sage: Q3.inverse_laplace(s,t)
5+e’(-(6 +1))/18 + t/3 + 5/18

Example 3.3.10. Consider the network given by the following diagram.

6 volts

» ] I »
” 1 I »
0.2 henries 2 ohms
1 ohm
< <
L (000 L_« v
< <
0.1 henry

Figure 3.10: Another network.

Assume the initial charges are 0.
Using Kircho 's Laws, you get a system
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8
< ip7 ip i3=0;
2ip+i,+(0:2)i? =6;
(0:1)i i,=0:

Take LTs of these three DEs. You get a 3 3 system in the unknownsl 1(s) = L[i1(t)](s),
I2(s) = L[i2(t)](s), and I3(s) = LJ[iz(t)](s). The augmented matrix of this system is

0 1
1 1 1 0
@2+s5 1 0 6sA
0 1 s=10 O
(Check this yourself!) The row-reduced echelon form is
0 10 0 30(s+10) 1
% s(sz+2§65+100) g
010 sz+2g(:)35100
001 s(s2+25s+100)
Therefore
1 2 3 2 2 1 4 3
11(s) = + —;  1y(s) = + ;o 13(s) = + -
9= 5350 s+5' s 297 Gt srs BOT i svsts
This implies

i(t)=3 2% e jyt)=2e* 202 j3t)=3 4e M+ e 2%
Exercise : Use Sageto solve forii(t), i»(t), and i3(t) in the above problem.

3.4 Eigenvalue method for systems of DEs

Motivation

First, we shall try to motivate the study of eigenvalues and d@genvectors. This section
hopefully will convince you that

if our goal in life is to discover the \simplest" matrices, then diagonal matrices are
wonderful,

if our goal in lifeis to nd the \best" coordinate system to wo rk with, then conjugation
is very natural,

if our goal in life is to conjugate a given square matrix matrix into a diagonal one,
then eigenvalues and eigenvectors are also natural.
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Diagonal matrices are wonderful We'll focus for simplicity on the 2 2 case, but everything
applies to the general case.

Addition is easy:

a O + bh O _ at+ b 0
0 a 0 b 0 at+hb
Multiplication is easy:
ag O by O _ a b 0
0 a 0 b a 0 a b
Powers are easy:
aa 0 "_ al o
0 aa 0 &
You can even exponentiate them:
ag 0 _ 1 0 ag 0
&Pt 5 o5 )T 01 Tt o0 g
2
142 al 0 14+3 a.]_ 0 .
+ 5t 0 a + 5t 0 a +
_ 10 . & 0
a 01 0 tas
142.2 1:3,3
tea 0 >t a 0
218 41 !
* 0  xt2a 0 a3 T
_ exp(tas) 0
B 0 exp(tas)

So, diagonal matrices are wonderful.

Conjugation is natural. You and your friend are piloting a rocket in space. You handE the
controls, your friend handles the map. To communicate, you lave to \change coordinates”.
Your coordinates are those of the rocketship (straight ahed is one direction, to the right is
another). Your friends coordinates are those of the map (nah and east are map directions).
Changing coordinates corresponds algebraically to conjwafing by a suitable matrix. Using
an example, we'll see how this arises in a speci ¢ case.

Your basis vectors are

vi=(1;0); v2=(0;1);
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which we call the \v-space coordinates”, and the map's basis vectors are

wy=(1;1); we=(1; 1)

which we call the \w-space coordinates”.

Figure 3.11: basis vectorsvi; v, and wq; ws.

For example, the point (7;3) is, in v-space coordinates of course (B) but in the w-space

coordinates, (52) since wj; + 2w, = 7v1 + 3v,. Indeed, the matrix A = i 11 sends
5 7
> 3

Suppose we ip about the 4% line (the \diagonal") in each coordinate system. In the
v-space:
avi+ bw 7! bwy + avy;

a
b

1
0
. : " 0
In other words, in v-space, the \ip map" is 1

1
0
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In the w-space:

wvy+ wvy 7! aw;  bw;

a 71 1 0 a
b 0 1 b
0
0 1
Conjugating by the matrix A converts the \ip map" in w-space to the the \ip map" in

Vv-Space:

In other words, in w-space, the \ip map" is

O

Eigenvalues are natural too
At rst glance, matrices can seem to be complicated objects.The eigenvalues of a matrix
are

relatively easy to compute,

tell us something about the \behavior" of the corresponding matrix.

This is a bit vague since we really don't need to know about matices in detail (take a course
in matrix theory for that), just enough to help us solve equations. For us, as you will see,
eigenvalues are very useful for solving equations assoc#t to a matrix.
Eachn n matrix A has exactlyn (counted according to multiplicity) eigenvalues 1, o,
.., n. These numbers are the roots of thecharacteristic polynomial

p( )= pa( )=det(A I): (3-8)

The corresponding eigenvectors are non-zero vectorsv which satisfy the eigenvector
equation

Av = v, (3.9)
where is one of the eigenvalues. In this case, we saycorresponds to

Example 3.4.1. Consider ann n diagonal matrix. The standard basis elements ¢, =
(1;0;:::;0), ..., &, =(0;::::;0;1)) are the eigenvectors and the diagonal elements are the
eigenvalues.

Example 3.4.2. Find the eigenvalues and eigenvectors of

0 1
0 11

A=@ 4 0o 2A
0 0 3
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We compute
0 1
0 1 1
p( )=det @ 4 2 A= (2 +2( 3)
0 0 3
Therefore, 1= 2, »,=2, 3=3. We solve for the corresponding eigenvectorsy;, ¥,
3. For example, let
0 1
X
wm= @y A:
z

We solve forx;y;z in the eigenvector equation

0 10 1 0 1
0 1 1 X X
@ 4 2 A@yA=3@yA;
0 0 3 z z

This gives rise to the system of linear equations

y +z =3X
ax +2z =3y
3z =3z
You can nd some non-zero solvution to these using row-redution/Gauss elimination, for
example. The row-reduced echelon form of
0

@

AW

1
1
3 A
0 0

oON P
o O o

0 1
10 155 0
A=@0 1 25 0A;
00 0 O

S0z is anything (non-zero, that is), y = 2z=5, and x = z=5. One non-zero solution isx =1,
y=2,2=5,s0

0 1
1

= @2 A
5

However, any other scalar multiply of this will also satisfy the eigenvector equation. The
other eigenvectors can be computed similarly. We obtain in his way,

0 1 0 1
1 1

v=@2A; =@ 2A:
0 0
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Since this section is only intended to be motivation, we shdlnot prove this here (see any
text on linear algebra, for example [B-rref] or [H-rref]).

Sage

sage: MS = MatrixSpace(CC,2,2)
sage: A = MS([[0,1],[1,0]])
sage: A.eigenspaces()

[
(1.00000000000000, |

(1.00000000000000, 1.00000000000000)

D.

(-1.00000000000000, [
(1.00000000000000, -1.00000000000000)
D

]

Solution strategy

PROBLEM: Solve
x%= ax+ by; x(0) = Xgq;

yOo= cx+ dy;  y(0) = yo:

Solution : Let
a b

c d

In matrix notation, the system of DEs becomes

x0= AX; X(©0)= 0
Yo
whereX = X (t) = );gg . In a similar manner to how we solved homogeneous constant

coe cient 2nd order ODEs ax®% bx%+ cx = 0 by using \Euler's guess" x = C€, we try to
guess an exponentialX (t) = ee! ( is used instead of to stick with notational convention;
€ in place of C since we need a constantector). Plugging this guess into the matrix DE
X 0= AX gives ee! = Aee!, or (cancelling e!)

Ae= €
This means that is an eigenvalue ofA with eigenvector €
Find the eigenvalues. These are the roots of the charactettis polynomial

p()=det db = 2 (a+d) +(ad bo:
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Call them 1, 2 (in any order you like).

You can use the quadratic formula, for example to get them:

1=

a+d+p(a+d)2 4(ad  bg _a+d p(a+d)2 4(ad bog

2 2 2 2 2

Find the eigenvectors. Ifb6 0 then you can use the formulas

Y = b ) Yo = b
1 . a 2 , a

In general, you can get them by solving theeigenvector equation Av = v.

Example 3.4.3. The eigenvalues and eigenvectors can be computed usif@agenu-
mericaly as follows.

Sage

sage: A = matrix([[1,2],[3,4]])

sage: A.eigenvalues()
[-0.3722813232690144?, 5.3722813232690157]
sage: A.eigenvectors_right()

[(-0.37228132326901447, [(1, -0.68614066163450727?)], 1 ),
(5.372281323269015?, [(1, 2.1861406616345087)], 1)]

In some cases, they can be computed \exactly” or \symbolica}”, as follows.

Sage

sage: A = matrix(QQ[I],[[1,1],[-5,-1]])
sage: A.eigenvalues()

[2 %1, -2 *1]

sage: A.eigenvectors_right()

(2 *1, [

1, 2+l - 1)

]! 1)! ('2 *lv [
1, -2 - 1)
1. ]

Plug these into the following formulas:

@ 16 »,real

x(t)

= cpvpexp( 1t) + Covm exp( ot):
v 11 exp( 1t) + covo exp( ot)
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(b) 1= 2= ,real

x(t)
y(t)

where p is any non-zero vector satisfying & | )p= .
(c) 1= +i ,complex: write vy = H; + itdp, Wwheret; and 4, are both real vectors

= civiexp(t )+ c(vit+ pexp(t);

x(t)

gy = clexp(tycos(t)en  exp(t)sin(t)u]

(3.10)
+C[ exp(t)cos(t)ty exp(t)sin(t)ty]:

Examples

Example 3.4.4. Solve
xq) = x(t)  y(t); yA) =4x(t)+ y(t); x©0)= 1 y(0)=1:

Let

and so the characteristc polynomial is
p(x)=det(A xl)= x®> 2x+5:

The eigenvalues are
1=1+27; >=1 2

so =1l1land =2. Eigenvectors v;;% are given by

1 1

“E o T g o

though we actually only need to knowv;. The real and imaginary parts of v, are

H = 1o Hy = 0
1= 0 ’ 2 — 2
The solution is then
x(t) c1 exp(t) cos(2) + co exp(t) sin(2t)
y(t) 2cp exp(t)sin(2t)  2c, exp(t) cos(2);

sox(t) = cpexp(t) cos(2)+ coexp(t)sin(2t) and y(t) =  2c; exp(t) sin(2t) 2c, exp(t) cos(2).
Sincex(0) = 1, we solve to getc; = 1. Sincey(0) =1, we get ¢, = 1=2. The solution
is: X(t) = exp(t) cos(2A) %exp(t)sin(Zt) and y(t) = 2exp(t) sin(2t) + exp(t) cos(2).
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Example 3.4.5. Solve
xq) = 2&x()+3y(t); yA) = 3x(t) +4y(b):

Let
A=

w N
W

and so the characteristc polynomial is
p(x)=det(A xl)= x? 2x+1:

The eigenvalues are

An eigenvector v, is given by

Since we can multiply any eigenvector by a non-zero scalar ahget another eigenvector, we
shall use instead

v = 1
17
Let p= rs be any non-zero vector satisfying A | )p= w;. This means
2 1 3 r _ 1
3 41 s 1

_ 0
P= 13
The solution is
XV 2 b oepm ol ot 2 yexpo):

y(t) 1 1 1=3

or x(t) = cpexp(t) + ctexp(t) and y(t) = cpexp(t) + %cz exp(t) + cot exp(t).

Exercises : Use Sageto nd eigenvalues and eigenvectors of the following matries
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and
0 1
1 1 0
@4 1 0 A
0 O 13

3.5 Introduction to variation of parameters for systems

The method called variation of parameters for systemsof ordinary di erential equations
has no relation to the method variation of parameters for 2ndorder ordinary di erential
equations discussed in an earlier lecture except for their ame.

3.5.1 Motivation

Recall that when we solved the 1st order ordinary di erential equation

y’=ay;  y(0) = yo; (3.11)
for y = y(t) using the method of separation of variables, we got the formla

y = cé' = e'; (3.12)
where c is a constant depending on the initial condition (in fact, c = y(0)).
Consider a 2 2 system of linear 1st order ordinary di erential equations in the form
x%= ax + by; x(0) = Xo;
y= cx+ dy; y(0) = yo:
This can be rewritten in the form

X0= AX; (3.13)

where X = X (t) = §Eg , and A is the matrix

ab

A:cd

We can solve (3.13) analogously to (3.11), to obtain

X = etA-e; (3.14)
€= ;Eg; is a constant depending on the initial conditions ande” is a \matrix expo-
nential" de ned by

eB = R i n;
n!
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for any square matrix B.

You might be thinking to yourself: | can't compute the matrix exponential so what good is
this formula (3.14)? Good question! The answer is that the ajenvalues and eigenvectors of
the matrix A enable you to computee”® . This is the basis for the formulas for the solution
of a system of ordinary di erential equations using the eigevalue method discussed irx3.4.

The eigenvalue method inx3.4 shows us how to write every solution to (3.13) in the form

X = C]_X'l(t) + C2X2(t);

for some vector-valued solutionsX'1(t) and X,(t) called fundamental solutions . Fre-
guently, we call the matrix of fundamental solutions,

= Xy(t); Xo()

the fundamental matrix . The fundamental matrix is, roughly speaking, € . It is analo-
gous to the Wronskian of two fundamental solutions to a secod order ordinary di erential
equation.

See examples below for more details.

3.5.2 The method

Recall that we we solved the 1st order ordinary di erential equation

yo+ p(t)y = q(t) (3.15)
for y = y(t) using the method of integrating factors, we got the formula
R Z R
y=(e PO 1 e POdgt)dt + o) (3.16)

Consider a 2 2 system of linear 1st order ordinary di erential equations in the form

x0= ax+ by+ f (t); x(0) = Xo;
yo= cx+ dy+ g(t); y(0) = yo:
This can be rewritten in the form

X0= AX + F; (3.17)

where F = F(t) = fg((:)) . Equation (3.17) can be seen to be in a form analogous to

(3.15) by replacing X by y, A by pandF by g Itturns out that (3.17) can be solved
in a way analogous to (3.15) as well. Here is thevariation of parameters formula for
systems :
z
X = ( F@)dt + € (3.18)
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C1
Co
fundamental matrix.

where € = is a constant vector determined by the initial conditions and is the

Example 3.5.1. A battle between X-men and Y-men is modeled by
x°= y+1; x(0)=100;
yo=  4x+ € y(0)=50:

The non-homogeneous terms 1 and' represent reinforcements. Find out who wins, when,
and the number of survivers.
Here A is the matrix

_ 0 1
A= 4 0
1
and F = F(t) = o
In the method of variation of parameters, you must solve the ftomogeneous system rst.
The eigenvalues ofA are ; =2, = 2, with associated eigenvectorsy; = 12 ,
Yy = ; , resp.. The general solution to the homogeneous system
x%= y;
yo= 4x
is
_ 1 t 1 2t _ :
X =c 5 '+ o 5, €°7F C1 X1 (t) + c2Xo(1);
where
o2t e 2
Xq(t) = st o Xat)= o0

For the solution of the non-homogeneous equation, we must eopute the fundamental
matrix:

o2t e 2t L1 222 g2
- 2 22 SO 7 e &
Next, we compute the product,
gl 2% e® 1 _ e Zlet
= 3 = 1 1.3
4 28 & e 32+ 1e¥

and its integral,
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Z

1n 2t t

1 _ 7€ + ze

Fdt = f 14
ze?t + Let

Finally, to nish (3.18), we compute
1 = 4 3
( F(t)dt + € o2t g2t Tty 1ot g

ae? + e+ ce
1 16 20 +2ce 2

This gives the general solution to the original system

X(t) = ¢ + %et + coe 2

and

1
y(t) =1 §et 26,2 +2ce 2

We aren't done! It remains to compute ¢;, ¢, using the ICs. For this, solve

%+ ¢ + ¢, =100; :—23 2c, +2¢c, =50:

We get

CL =75=2; ¢, =373=6;
o)

75 1 373
ty= et 4 —oty 209 2t
x() = - ¥ ge
and 1 373
y(t)=1 §et 756" + e 2,

As you can see from Figure 3.12, the X-men win. The solution toy(t) = 0 is about
to =0:1279774:: and x(tp) = 96:9458:: \survive".

Example 3.5.2. Solve
x0= y+1;
yO= x + cot( t):

Here A is the matrix

0
cot(t)
In the method of variation of parameters, you must solve the lomogeneous system rst.

and F = F(t) =
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Figure 3.12: Solution to systemx®=

y+1, x(0) =100, y°= 4x + €', y(0) = 50.

The eigenvalues ofA are 1 =i, > = i, with associated eigenvectorsv; = 1i ,
Yy = Il , resp.. Therefore, in the notation of (3.10), we have =0, =1, t; = é ,
and tp = 1

The general solution to the homogeneous system

x0= y;
yo= x;
is
1 . 0 0 . 1 .
X = cifcost) 0 sin(t) 1 ]+ cocost) 1 +sin(t) 0 ] = aX1(t)+ cXo(t);
where
_cost) . _ sin(t)
Xl(t) - S|n(t) ’ XZ(t) - COS(t)
For the solution of the non-homogeneous equation, we must eopute the fundamental
matrix:
cosf) sin(t) Cso 1_ cosf) sin(t) )
sin(t)  cost) ~ sin(t)  cost) ’
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since cos()? + sin(t)? = 1. Next, we compute the product,

1~ _ cost) sin(t) 0 _ cost) _ cost)
~ sin(t)  cost) cot(t) cost)?=sin(t) = sin(t) 1=sin(t)

and its integral,

|
Z .
sin(t)
1p gt —
Fdt =
cost) &g
Finally, we compute
!
R cosf) sin(t) c sin(t)
1 _ 1
( Fodt + § = sin(t) cos() [ Co * cost) Lcos®) 1 ]

2 cos(t)+1;

. 1 sin(t) cos(t) 1 sin(t)
_ cpcos ) + czsin(t) 2 (cos(t)+1) t3 (cos(t)+1)

. 1 cos(t)? 1 cos(t)
asin() cpcosf)+1+ 2 (cos(t)+1) 2 (cos(t)+1)

Therefore,

1 sin(t) cos (t)
2 (cos (t) + 1)

sin (t)

x(t) = crcost) + csin(t) % s+ D) ;

+

and

cos )2 cos ¢)

- 1 1 |
y(t) = c1sin(t) cpcost)+1+ E (cos (1) + 1) E (cos () +1) )




Chapter 4

Introduction to partial di erential
equations

The deep study of nature is the most fruitful source of mathenatical discov-
eries.
- Jean-Baptist-Joseph Fourier

4.1 Introduction to separation of variables

Recall, apartial di erential equation (PDE) is an equation satis ed by an unknown function
(called the dependent variable) and its partial derivatives. The variables you di erentiate
with respect to are called the independent variables. If thee is only one independent
variable then it is called an ordinary di erential equation .

Examples include

the Laplace equation % + %‘; = 0, where u is the dependent variable andx;y are
the independent variables,

the heat equation u; = U xx,

and the wave equationuy = C2Uyy.
All these PDEs are of second order (you have to di erentiate tvice to express the equation).
Here, we consider a rst order PDE which arises in applicaticms and use it to introduce the

method of solution called separation of variables

The transport or advection equation

153
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Advection is the transport of a some conserved scalar quantity in a vear eld. A good
example is the transport of pollutants or silt in a river (the motion of the water carries
these impurities downstream) or trac ow.

The advection equation is the PDE governing the motion of a caserved quantity as it is
advected by a given velocity eld. The advection equation expressed mathematically is:

@u

@t+ r (ua)=0
wherer is the divergence anda is the velocity eld of the uid. Frequently, it is assumed
that r a =0 (this is expressed by saying thatthe velocity eld is solenoida)). In this case,
the above equation reduces to

@u ,

@t+ aru=0:

Assume we have horizontal pipe in which water is owing at a cmstant rate c in the
positive x direction. Add some salt to this water and let u(x;t) denote the concentration
(;§ay in Ibs/gallon) at time t. Note that the amount of salt in an interval | of the pipe is

, U(x;t) dx. This concentration satis es the transport (or advectior) equation:

Ui+ cuy =0:

(For a derivation of this, see for example Strauss [S-pdel1.3.) How do we solve this?

Solution 1. D'Alembert noticed that the directional derivative of u(x;t) in the direction
N = pﬁm;li is Dy(u) = pﬁ(cux + u;) = 0. Therefore, u(x;t) is constant along the
lines in the direction of v, and sou(x;t) = f(x ct), for some functionf . We will not use
this method of solution in the example below but it does help wsualize the shape of the
solution. For instance, imagine the plot ofz = f(x ct) in (X;t;z) space. The contour
lying above the line x = ct+ k (k xed) is the line of constant height z = f (k).

Solution 2. The method of separation of variablesindicates that we start by assuming
that u(x;t) can be factored:

u(x;t) = X(x)T(t);

for some (unknown) functionsX and T. (We shall work on removing this assumption later.
This assumption \works" because partial di erentiation of functions like x?t3 is so much
simpler that partial di erentiation of \mixed" functions | ike sin(x?+ t3).) Substituting this
into the PDE gives

X )Tt + eXY)T(t)=0:

Now separate all thex's on one side and thet's on the other (divide by X (x)T (t)):
M . X,
T X))

(This same \trick" works when you apply the separation of variables method to other linear
PDE's, such as the heat equation or wave equation, as we willee in later lessons.) It is
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impossible for a function of an independent variablex to be identically equal to a function of

an independent variablet unless both are constant. (Indeed, try taking the partial derivative
T

of T with respect to x. You get 0 since it doesn't depend onx. Therefore, the partial
ivati XAx) XOx) I T — X%x) —
derivative of Cxr IS akso 0, SO%(x IS @ constant!) Therefore, 0 CX K, for

some (unknown) constantK . So, we have two ODEs:
T X,
T 7 OX(x)
Therefore, we have converted the PDE into two ODEs. Solvingwe get

T@) = qeft; X(x)= ce ¢,

so,u(x;t) = AeKt Kx¢ = ae (X ) for some constantsk and A (where A is shorthand

for c1cp; in terms of D'Alembert's solution, f (y) = Ae *%(y)), The \general solution” is a
sum of these (for variousA's and K 's).

This can also be done inSage:
Sage

sage: t = var("t")

sage: T = function("T"t)

sage: K = var("K")

sage: TO = var("T0")

sage: sage: desolve(diff(T,t) == K =T, [T,t], [0,TO])
TOxe (K *t)

sage: x = var("x")

sage: X = function("X",x)

sage: ¢ = var("c")

sage: X0 = var("X0")

sage: desolve(diff(X,x) == -c"(-1) *Kx X, [X,x], [0,X0])
X0+ e"(-K =*x/c)

sage: solnX =desolve(diff(X,x) == -c"(-1) *Kx X, [X,x], [0,X0])
sage: solnX

X0+ e"(-K *x/c)

sage: solnT = desolve(diff(T,t) == K =T, [T,t], [0,TO])
sage: soInT

TOxe (K *t)

sage: solnT *solnX

TO* X0xe"(K *t - K *x/c)

Example 4.1.1. Assume water is owing along a horizontal pipe at 3 gal/min in the x
direction and that there is an initial concentration of salt distributed in the water with

concentration of u(x; 0) = e *. Using separation of variables, nd the concentration at
time t. Plot this for various values of t.
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Solution: The method of separation of variables gives the \separatedorm" of the solution
to the transport PDE as u(x;t) = AeXt KX¢ wherec = 3. The initial condition implies

e X — U(X; O) — AeK 0 Kx=c _— Ae Kx:3;

soA =1 and K = 3. Therefore, u(x;t) = € X. In other words, the salt concentration
is increasing in time. This makes sense if you think about it his way: \freeze" the water
motion at time t = 0. There is a lot of salt at the beginning of the pipe and less ad less
salt as you move along the pipe. Now go down the pipe in the x-dection some amount
where you can barely tell there is any salt in the water. Now \unfreeze" the water motion.
Looking along the pipe, you see the concentration is incred@sg since the saltier water is
now moving toward you.

Figure 4.1: Transport with velocity ¢ = 3.

An interactive version of this plot can be produced in Sage wth:
Sage

sage: tx = var("t,x")
sage: plot3d(exp(3 *1-x),[x,0,2],[t,0,2])

What if the initial concentration was not u(x; 0) = e * but instead u(x; 0) = e X+3e %?
How does the solution to

Ut +3Uy =0; u(x;0)=e *+3e >; (4.1)

di er from the method of solution used above? In this case, wemust use the fact that (by
superposition) \the general solution" is of the form

u(x;t) = Akt X=3) 4 p gha(t X=3) 4 p gKalt x=3) 4 oo (4.2)
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for some constantsA; K y;:::. To solve this PDE (4.1), we must answer the following ques-
tions: (1) How many terms from (4.2) are needed? (2) What are he constantsA1;Kq;:::?
There are two terms in u(x; 0), so we can hope that we only need to use two terms and
solve

e X+3e 5x — U(X; O) — AleKl(O x=3) + A2eK2(O x=3)

for A1;K1;A2; K5, Indeed, this is possible to solve:A; =1, K1 =3, A, =3, K1 = 15.
This gives

u(x;t) = 3t X33 4 315t x=3).

Exercise : Using Sage, solve and plot the solution to the following problem. Assune water
is owing along a horizontal pipe at 3 gal/min in the x direction and that there is an initial
concentration of salt distributed in the water with concentration of u(x; 0) = €*.

4.2 Fourier series, sine series, cosine series

History : Fourier series were discovered by J. Fourier, a Frenchman o was a mathemati-
cian among other things. In fact, Fourier was Napolean's s@nti ¢ advisor during France's
invasion of Egypt in the late 1800's. When Napolean returnedio France, he \elected"” (i.e.,
appointed) Fourier to be a Prefect - basically an important administrative post where he
oversaw some large construction projects, such as highwayustructions. It was during this
time when Fourier worked on the theory of heat on the side. Hissolution to the heat equa-
tion is basically what undergraduates often learn in a DEs wih BVPs class. The exception
being that our understanding of Fourier series now is much biter than what was known in
the early 1800's and some of these facts, like Dirichlet's thorem, are covered as well.

Motivation : Fourier series, since series, and cosine series are all argions for a function
f (x), much in the same way that a Taylor seriesag + ai(X Xg) + ax(X Xg)? + :: is an
expansion. Both Fourier and Taylor series can be used to apmximate f (x). There are
at least three important di erences between the two types of series. (1) For a function
to have a Taylor series it must be di erentiable!, whereas for a Fourier series it does not
even have to be continuous. (2) Another di erence is that the Taylor series is typically not
periodic (though it can be in some cases), whereas a Fourieedes isalways periodic. (3)
Finally, the Taylor series (when it converges) always conveges to the function f (x), but
the Fourier series may not (see Dirichlet's theorem below foa more precise description of
what happens).

De nition 4.2.1. Let f (x) be a function de ned on an interval of the real line. We allow
f (x) to be discontinuous but the points in this interval where f (x) is discontinuous must
be nite in number and must be jump discontinuities.

. . (n)
'Remember the formula for the n-th Taylor series coe cient centered at X = Xo - @y = f"nw?
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First, we discuss Fourier series. To have a Fourier series yomust be given two things:
(1) a\period" P =2L, (2) afunction f (x) de ned on an interval of length 2L, usually
wetake L<x<L (butsometimesO<x< 2L isused instead). TheFourier series
of f (x) with period 2L is

2, % fancos®™X )+ by sin(X
2 o1 L L

f(x)

where a, and b, are given by the formulag,

z
1t n x _
ap = C ) f (x)cos(T) dx; (4.3)
and zZ,
b= = fe0sin( ) dxe (4.4)
L . L

Next, we discuss cosine series. To have a cosine series yousibe given two things:
(1) a \period® P = 2L, (2) a function f (x) de ned on the interval of length L,
O0<x<L . The cosine series of f(x) with period 2L is

f(x) %

n x
+ an cos(T);
n=1

where a, is given by

z L
a = % 0 cos(%)f (x) dx:

The cosine series of (x) is exactly the same as the Fourier series of theven exten-
sion of f (x), de ned by

_ f(x); O<x<lL;
Feven(x) = f( x); L<x< O

Finally, we de ne sine series. To have a sine series you mustebgiven two things: (1)
a\period" P =2L, (2) a function f (x) de ned on the interval of length L, 0<x<L .
The sine series of f (x) with period 2L is

X n x
f (x) bn Sin(T);
n=1
where by, is given by

2These formulas were not known to Fourier. To compute the Four ier coe cients a,; b, he used sometimes
ingenious round-about methods using large systems of equatons.
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Z
= % 0 sin(%)f (x) dx:
The sine series of (x) is exactly the same as the Fourier series of thedd extension
of f (x), de ned by

_ X)) O<x<lL;
Foda(x) = f( x); L<x< O

One last remark: the symbol is used above instead of = because of the fact that
the Fourier series may not converge tof (x) (see \Dirichlet's theorem" below). Do you
remember right-hand and left-hand limits from calculus 1? Recall they are denotedf (x+) =
limy o>of(x+ )andf(x )=Ilim | o.>of (x ), resp.. The meaning of is that the
series does necessarily not converge to the value b{x) at every point3. The convergence
proprties are given by the theorem below.

Theorem 4.2.1. (Dirichlet's theorem #) Let f (x) be a function as above and let L <
x <L . The Fourier series off (x),

100 2+ fancost o)+ by sin("o);
n=1

(where a, and b, are as in the formulas (4.3), (4.4)) converges to

fFxy)+ f(x ).
5 ;

In other words, the Fourier series off (x) converges tof (x) only if f (x) is continuous at x.
If f(x) is not continuous at x then then Fourier series off (x) converges to the \midpoint
of the jump”.

Example 4.2.1. If f(x) =2+ X, 2<x< 2, then the de nition of L implies L = 2.
Without even computing the Fourier series, we can evaluatetiusing Dirichlet's theorem.

Question : Using periodicity and Dirichlet's theorem, nd the value t hat the Fourier series
of f (x) converges to atx = 1;2;3. (Ans: f (x) is continuous at 1, so the FS atx = 1 converges
to f (1) = 3 by Dirichlet's theorem. f (x) is not de ned at 2. It's FS is periodic with period 4, so at
x = 2 the FS converges to% = % =2. f(x) is not de ned at 3. It's FS is periodic with
period 4, so atx = 3 the FS converges tow = % =1)

The formulas (4.3) and (4.4) enable us to compute the Fourierseries coe cients ag, an
and b,. (We skip the details.) These formulas give that the Fourier series off (x) is

SFourier believed his series converged to the function in the early 1800's but we now know this is not
always true.
“Pronounced \Dear-ish-lay".
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4 R n cosh) . nx
— 4+
f (x) 2t 4 72 sm(z)
n=1
The Fourier series approximations tof (x) are
sin 1 x sin(x), .

4
Sp=2; S =2+ —sm(%); S,=2+4 2 :

The graphs of each of these functions get closer and closer the graph of f (x) on the
interval 2<x< 2. Forinstance, the graph off (x) and of Sg are given below:

+4 3 23] 1 O 1 2 3 4
X

Figure 4.2: Graph of f (x) and a Fourier series approximation off (x).

Notice that f (x) is only de ned from 2<x < 2 yet the Fourier series is not only de ned
everywhere but is periodic with period P = 2L = 4. Also, notice that Sg is not a bad
approximation to f (x).

This can also be done inSage. First, we de ne the function.

Sage

sage: f = lambda x:x+2
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sage: f = Piecewise([[(-2,2),f]])

This can be plotted using the commandf.plot().show() . Next, we compute the Fourier
series coe cients:

Sage
sage: f.fourier_series_cosine_coefficient(0,2) # a_0
4
sage: f.fourier_series_cosine_coefficient(1,2) # a_1
0
sage: f.fourier_series_cosine_coefficient(2,2) # a_2
0
sage: f.fourier_series_cosine_coefficient(3,) # a_3
0
sage: f.fourier_series_sine_coefficient(1,2) # b_1
4/pi
sage: f.fourier_series_sine_coefficient(2,) # b_2
-2/pi
sage: f.fourier_series_sine_coefficient(3,2) # b_3
4/(3 *pi)

Finally, the partial Fourier series and it's plot verses the function can be computed using
the following Sagecommands.

Sage

sage: f.fourier_series_partial_sum(3,2)

-2*sin(pi *x)/pi + 4 *sin(pi  *x/2)/pi + 2

sage: P1 = f.plot_fourier_series_partial_sum(15,2,-5,5 Jinestyle=":")
sage: P2 = f.plot(rgbcolor=(1,1/4,1/2))

sage: (P1+P2).show()

The plot (which takes 15 terms of the Fourier series) is giverbelow.

Example 4.2.2. This time, let's consider an example of a cosine series. In th case, we
take the piecewise constant functionf (x) dened on 0 <x < 3 hy

_ 1, O<x< 2
Fe)= 1, 2 x< 3
We see thereforel = 3. The formula above for the cosine series coe cients giveshat
1 sin n n x
f(x) =+ 4 cos(——):
3 3
n=1
The rst few partial sums are
P3cos 2 X

S;=1=3+2 ——;
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Figure 4.3: Graph off (x) = x +2 and a Fourier series approximation, L = 2.

IOﬁcos X IOﬁcos X

S3=1=3+2 Do

Wl
wInNy

As before, the more terms in the cosine series we take, the ktet the approximation is,
for 0 < x < 3. Comparing the picture below with the picture above, note that even with
more terms, this approximation is not as good as the previougxample. The precise reason
for this is rather technical but basically boils down to the following: roughly speaking, the
more di erentiable the function is, the faster the Fourier series converges (and therefore the
better the partial sums of the Fourier series will approximate f (x)). Also, notice that the
cosine series approximationSyg is an even function but f (x) is not (it's only de ned from
O<x< 3).

For instance, the graph off (x) and of S;p are given below:

Example 4.2.3. Finally, let's consider an example of a sine series. In thisase, we take
the piecewise constant functionf (x) de ned on 0 < x < 3 by the same expression we used
in the cosine series example above.

Question : Using periodicity and Dirichlet's theorem, nd the value t hat the sine series of
f (x) converges to atx = 1;2;3. (Ans: f (x) is continuous at 1, so the FS atx = 1 converges to
f (1) = 1. f(x)is not continuous at 2, so atx = 2 the SS converges to-&X* 1€ ) = T 22 12 ) -
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*+0.5

Figure 4.4: Graph off (x) and a cosine series approximation of (x).

1 = 0. f(x)is not de ned at 3. It's SS is periodic with period 6, so at x = 3 the SS converges

to fom (3 )+2fodd B — 12+1 =0.)

The formula above for the sine series coe cients give that

X _cosp) 2cosin +1
fx)= 2 -

n=1

. nXx

sin :

()
The partial sums are

. _ . 2
Sz:23|n(1—3 x)+3sm g X

sin 3 X sin 5 X sin( x).

S3=2 +3 4=3 D

These partial sumsS,, asn ! 1 , converge to their limit about as fast as those in the

previous example. Instead of taking only 10 terms, this timewe take 40. Observe from the

graph below that the value of the sine series ax = 2 does seem to be approaching 0, as
Dirichlet's Theorem predicts. The graph of f (x) with Sy is
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17\}l\vA N
0.5
+6 +la 112 =3 a
+0O.5
e B L

Figure 4.5: Graph of f (x) and a sine series approximation off (x).

Exercise : Let f (x) = x?, 2<x< 2andL =2. Use Sageto compute the rst 10 terms
of the Fourier series, and plot the corresponding partial sm. Next plot the partial sum of
the rst 50 terms and compare them.

Exercise : What mathematical results do the following Sagecommands give you? In other
words, if you can seen someone typing these commands into armputer, explain what
problem they were trying to solve.

Sage
sage: x = var("x")
sage: fO(x) = 0
sage: f1(x) = -1
sage: f2(x) = 1
sage: f = Piecewise([[(-2,0),f1],[(0,3/2),f0],[(3/2,2) Jf210)
sage: P1 = f.plot()
sage: al0 = [f.fourier_series_cosine_coefficient(n,2) f or n in range(10)]
sage: b10 = [f.fourier_series_sine_coefficient(n,2) for n in range(10)]
sage: fs10 = al0[0)/2 + sum([a10[i] *cos(i *pi *x/2) for i in range(1,10)]) + sum([b10[i] *sin(i  *pi *x/2) for i in range(10)])
sage: P2 = fs10.plot(-4,4,linestyle=":")
sage: (P1+P2).show()
sage: ### these commands below are more time-consuming:
sage: a50 = [f.fourier_series_cosine_coefficient(n,2) f or n in range(50)]
sage: b50 = [f.fourier_series_sine_coefficient(n,2) for n in range(50)]
sage: fs50 = a50[0)/2 + sum([a50[i] *cos(i *pi *x/2) for i in range(1,50)]) + sum([b50[i] *sin(i  *pi *x/2) for i in range(50)])
sage: P3 = fs50.plot(-4,4 linestyle="--")
sage: (P1+P2+P3).show()
sage: al00 = [f.fourier_series_cosine_coefficient(n,2) for n in range(100)]
sage: b100 = [f.fourier_series_sine_coefficient(n,2) fo r n in range(100)]
sage: fs100 = al00[0]/2 + sum([al100[i] xcos(i *pi *x/2) for i in range(1,100)]) + sum([b100[i] *sin(i  *pi *x/2) for i in range(100)])
sage: P3 = fs100.plot(-4,4,linestyle="--")
sage: (P1+P2+P3).show()
sage:

4.3 The heat equation

The di erential equations of the propagation of heat express the most general
conditions, and reduce the physical questions to problemsfgure analysis, and
this is the proper object of theory.
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- Jean-Baptist-Joseph Fourier

The heat equation with zero ends boundary conditions models the temperature of an
(insulated) wire of length L:

( KButat) — @uxit)
@% ot
u(O;t) = u(L;t)=0:
Here u(x;t) denotes the temperature at a pointx on the wire at time t. The initial tem-
perature f (x) is speci ed by the equation

u(x; 0) = f (x):

In this model, it is assumed no heat escapes out the middle ofhe wire (which, say, is
coated with some kind of insulating plastic). However, due b the boundary conditions,
u(0;t) = u(L;t) =0, heat can escape out the ends.

4.3.1 Method for zero ends

Find the sine series off (x):

R’
100 Bu(f)sin(");

n=1

The solution is

s
Uity = n(f)sin(C) exp( k(T)%):

n=1

Example 4.3.1. Let

Then L = and

z

it
)= 2 fsin(nx)dx= 22°050) 3cosgn )+l
0

n

Thus

f(x) b(f)sin(x)+ bp(f)sin(2x) + ::: = gsin(x) 9sin(2x)+ ;sin(Sx)+ o

This can also be done inSage:
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Sage
sage: x = var("x")
sage: f1(x) = -1
sage: f2(x) = 2
sage: f = Piecewise([[(0,pi/2),f1],[(pi/2,pi),f2]])
sage: P1 = f.plot()
sage: b1l0 = [f.sine_series_coefficient(n,pi) for n in rang e(1,10)]
sage: bl0
[2/pi, -6/pi, 2/(3 *pi), 0, 2/(5 *pi), -2/pi, 2/(7 *pi), 0, 2/(9 *pi)]
sage: ss10 = sum([b10[n] *sin((n+1) *x) for n in range(len(b50))])
sage: ssl10

2xsin(9 *x)/(9 =*pi) + 2 *sin(7 *x)/(7 =*pi) - 2 =*sin(6 *Xx)/pi

+ 2+sin(5 *x)/(5 =*pi) + 2 *sin(3 *x)/(3 =*pi) - 6 =*sin(2 *=x)/pi + 2 *sin(x)/pi
sage: b50 = [f.sine_series_coefficient(n,pi) for n in rang e(1,50)]
sage: ss50 = sum([b50[n] *sin((n+1) *x) for n in range(len(b))])

sage: P2 = ss10.plot(-5,5,linestyle="--")

sage: P3 = ss50.plot(-5,5,linestyle=":")

sage: (P1+P2+P3).show()

This illustrates how the series converges to the function. he function f (x), and some of
the partial sums of its sine series, looks like Figure 4.6.

As you can see, taking more and more terms gives functions wth better and better
approximate f (x).
The solution to the heat equation, therefore, is

hrs
uet) = n(f)sin(C) exp( k(T)%):
n=1

Next, we see howSagecan plot the solution to the heat equation (we usek = 1):

Sage

sage: t = var("t")

sage: soln50 = sum([b[n] *sin((n+l) *x) *e’(-(n+1)"2  *t) for n in range(len(b50))])
sage: soln50a = sum([b[n] *sin((n+l) *x) *e"(-(n+1)"2  *(1/10)) for n in range(len(b50))])
sage: P4 = soln50a.plot(0,pi,linestyle=":")

sage: soln50b = sum([b[n] *sin((n+l) *x) *e’(-(n+1)"2  *(1/2)) for n in range(len(b50))])
sage: P5 = soln50b.plot(0,pi)

sage: soln50c = sum([b[n] *sin((n+l) *x) *e’(-(n+1)"2  *(1/1)) for n in range(len(b50))])
sage: P6 = soln50c.plot(0,pi,linestyle="--")

sage: (P1+P4+P5+P6).show()

Taking 50 terms of this series, the graph of the solution att = 0, t = 0:5, t = 1, looks
approximately like Figure 4.7.

4.3.2 Method for insulated ends

The heat equation with insulated ends boundary conditions models the temperature of
an (insulated) wire of length L:
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Figure 4.6: f (x) and two sine series approximations.

K Gulxt) _ @uxt)
@% ot
Ux(0;1) = ux(L;t)=0:
Here uy (x;t) denotes the partial derivative of the temperature at a point x on the wire at
time t. The initial temperature f (x) is speci ed by the equation u(x; 0) = f (x).

Find the cosine series of (x):

R’
0 2+ ag(f)cos(o);
n=1

The solution is

R
uxit)= 2+ an(f)cosC)exp( K(T)):

n=1

Example 4.3.2. Let
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Figure 4.7: f (X), u(x; 0:1), u(x; 0:5), u(x; 1:0) using 60 terms of the sine series.

1, 0 X =2

F(x)= 2, =2<X<:

Then L = and
Z
2

f(x)cosx)dx = 6o
0

=5 [Nl

forn> 0 andag = 1.
Thus

f (x) % + ay(f )cos(x) + ax(f ) cos() + :::

This can also be done inSage:

Sage

sage: x = var("x")

sage: f1(x) = -1

sage: f2(x) = 2

sage: f = Piecewise([[(0,pi/2),f1],[(pi/2,pi),f2]])
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sage: P1 = f.plot()

sage: al0 = [f.cosine_series_coefficient(n,pi) for n in ra nge(10)]
sage: al0

[1, -6/pi, O, 2/pi, O, -6/(5 *pi), 0, 6/(7 *pi), 0, -2/(3 *pi)]

sage: ab0 = [f.cosine_series_coefficient(n,pi) for n in ra nge(50)]
sage: ¢s10 = al0[0)/2 + sum([alO[n] xcos(n *x) for n in range(1,len(al0))])
sage: P2 = c¢s10.plot(-5,5,linestyle="--")

sage: ¢s50 = ab50[0])/2 + sum([a50[n] xcos(n *x) for n in range(l,len(a50))])

sage: P3 = c¢s50.plot(-5,5,linestyle=":")
sage: (P1+P2+P3).show()

This illustrates how the series converges to the function. e piecewise constant function
f (x), and some of the partial sums of its cosine series (one usird terms and one using 50
terms), looks like Figure 4.8.

Figure 4.8: f (x) and two cosine series approximations.

As you can see, taking more and more terms gives functions wth better and better
approximate f (x).
The solution to the heat equation, therefore, is

b
Uity = 2+ an(f)cos) exp( k(T)%):

n=1
Using Sage, we can plot this function:

Sage
sage: soln50a = a50[0])/2 + sum([a50[n] *cos(n *x) *e"(-(n+1)"2  *(1/100)) for n in range(1,len(a50))])
sage: soln50b = a50[0])/2 + sum([a50[n] *cos(n *x) xe"(-(n+1)"2  *(1/10)) for n in range(1,len(a50))])
sage: soln50c = a50[0]/2 + sum([a50[n] *cos(n *x) xe(-(n+1)"2  *(1/2)) for n in range(1,len(a50))])

sage: P4 = soln50a.plot(0,pi)
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sage: P5 = soln50b.plot(0,pi,linestyle=":")

sage: (P1+P4+P5+P6).show()

Taking only the rst 50 terms of this series, the graph of the solution at t = 0, t = 0:01,
t =0:1,,t = 0:5, looks approximately like:

Figure 4.9: f (x) = u(x; 0), u(x; 0:01), u(x; 0:1), u(x; 0:5) using 50 terms of the cosine series.

4.3.3 Explanation

Where does this solution come from? It comes from the methodfoseparation of variables
and the superposition principle. Here is a short explanatiom. We shall only discuss the
\zero ends" case (the \insulated ends" case is similar).

First, assume the solution to the PDE k@g‘@()’gt) = @‘gf) has the \factored" form

u(x;t) = X(X)T(t);

for some (unknown) functions X; T . If this function solves the PDE then it must satisfy
KX O)T (1) = X (x)TYt), or
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X%x) _ 179,

X(x) ~ kT()
Sincex;t are independent variables, these quotients must be constan(This of it this way:
the derivative of ﬁo&x)) with respect tot is zero. Therefore, the derivative of%% with
respect tot is zero. This implies it is a constant. In other words, there nust be a constant
C such that

T _ 0 _n.

m_kc, X%x) CX(x)=0:
Now we have reduced the problem of solving the one PDE to two atinary di erential
equations (which is good), but with the price that we have introduced a constant which we
don't know, namely C (which maybe isn't so good). The rst ordinary di erential e quation

is easy to solve:

T(t) = At

for some constantAi. To obtain physically meaningful solutions, we do not want the
temperature of the wire to become unbounded as time increase(otherwise, the wire would
simply melt eventually). Therefore, we may assume here thatC 0. It is best to analyse
two cases now:
CaseC = 0: This implies X (x) = As + A3zX, for some constantsA,; Az. Therefore
C+Y = _ .
u(t) = Ag(Az+ Asx) = =+ box;
where (for reasons explained later)A1A, has been renamecfz—0 and A1A3 has been renamed
by.
CaseC < 0: Write (for convenience) C = r?2, for somer > 0. The ordinary di erential
equation for X implies X (x) = A cos(x)+ Azsin(rx), for some constantsA,; Az. Therefore

u(x;t) = Are XY(A,cosfx)+ Assin(rx)) = (acosx)+ bsin(rx))e k’t;

where A1A> has been renamedh and A1A3 has been renamed.
These are the solutions of the heat equation which can be wrien in factored form. By
superposition, \the general solution" is a sum of these:

u(x;t)

P
2+ ppx + g (@n coSEnx) + by sin(rax))e krat
% + Ipx + (g cosf1x) + by sin(rix))e kit (4.5)
+(azcosf2x) + bpsin(rox))e ki3t 4 oo

for somea;, by, ri. We may order ther;'s to be strictly increasing if we like.

We have not yet used the ICu(x; 0) = f (x) or the BCs u(0;t) = u(L;t) =0. We do that
next.

What do the BCs tell us? Plugging in x = 0 into (4.5) gives
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h 3
0= u(0;t) = % +  ame Mit= % + age Kty ge K3ty o
n=1
These exponential functions are linearly independent, say =0, a; =0, a, =0, ... . This
implies
X . k 2 . k 2 . k 2
u(x;t) = box + by sin(rpx)e Kt = byx + by sin(rix)e X1t + by sin(rox)e K2t +
n=1
Plugging in x = L into this gives
X 2
O=u(L;t)= L+  bysin(raL)e *at:
n=1

Again, exponential functions are linearly independent, sdy = 0, b, sin(r,L) forn =1;2;::.
In other to get a non-trivial solution to the PDE, we don't want b, = 0, so sin(r,L) = 0.
This forcesryL to be a multiple of , sayr, = n=L . This gives

R
u(x;t) = thsin(nfx)e k()% = by sin(-x))e k(D)4 msin(zfx))e k(4 o (4.6)
n=1

for someb's. The special casé = 0 is the so-called \sine series" expansion of the initial
temperature function u(x; 0). This was discovered by Fourier. To solve the heat equtionit
remains to solve for the \sine series coe cients" by.

There is one remaining condition which our solutionu(x;t) must satisfy.

What does the IC tell us? Pluggingt = 0 into (4.6) gives

X n 2
f(xX)= u(x;0) = b sin(Tx) =y sin(Ex)) + by sin(fx)) + o
n=1
In other words, if f(x) is given as a sum of these sine functions, or if we can somehow
expressf (x) as a sum of sine functions, then we can solve the heat equatio In fact there
is a formula® for these coe cients h,:
Z

P 2 n .
b = T . f(x)cos(Tx)dx.

It is this formula which is used in the solutions above.

Exercise : Solve the heat equation

SFourier did not know this formula at the time; it was discover ed later by Dirichlet.
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E Z@U(xt) = @lﬁxt)

Ux (0; t) = Ux(3; t) =
u(x; 0) =

using Sageto plot approximations as above.

4.4 The wave equation in one dimension

The theory of the vibrating string touches on musical theory and the theory of oscillating
waves, so has likely been a concern of scholars since anciginmbes. Nevertheless, it wasn't
until the late 1700s that mathematical progress was made. Tlough the problem of describing
mathematically a vibrating string requires no calculus, the solution does. With the advent of
calculus, Jean le Rond dAlembert, Daniel Bernoulli, Leonad Euler, Joseph-Louis Lagrange
were able to arrive at solutions to the one-dimensional wavesquation in the eighteenth-
century. Daniel Bernoulli's solution dealt with an in nite series of sines and cosines (derived
from what we now call a \Fourier series", though it predates it), his contemporaries did
not believe that he was correct. Bernoullis technique wouldbe later used by Joseph Fourier
when he solved the thermodynamic heat equation in 1807. It iBernoulli's idea which we
discuss here as well. Euler was wrong: Bernoulli's method vgabasically correct after all.
Now, d'Alembert was mentioned in the lecture on the transpott equation and it is worth-
while very brie y discussing what his basic idea was. The therem of dAlembert on the
solution to the wave equation is stated roughly as follows: The partial di erential equation:

Gw _ @w

@1
is satis ed by any function of the form w = w(Xx; t) = g(x+ ct)+ h(x ct), wheregand h are
\arbitrary" functions. (This is called \the dAlembert solu tion".) Geometrically speaking,
the idea of the proof is to observe that$y c&¥is a constant times the directional derivative
D w(x;t), where v is a unit vector in the direction h c;li. Therefore, you integrate

@w @W
D, D w(x;t) = (const:) —~ 2
twice, once in the w direction, once in the v , to get the solution. Easier said than done,
but still, that's the idea.

The wave equation with zero ends boundary conditions modelthe motion of a (perfectly
elastic) guitar string of length L:

Cz@W(xt) — @w(xt)
@
w(0; t) = w(L; t) =

Here w(x;t) denotes the displacement from rest of a pointx on the string at time t. The
initial displacement f (x) and initial velocity g(x) at speci ed by the equations

w(x; 0) = f(x);  wi(x;0) = g(x):
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Method :

Find the sine series off (x) and g(x):

x Rx

f () n=1lm(f)sin(”TX); 9(%) n=1qu(g)sin(”TX):
The solution is
w(x;t) = il(b”(f yoose )+ 2D ginge Ly sing "X
Example 4.4.1. Let

and let g(x) = 0. Then L = , by(g) =0, and
EZ 2cosp ) 3cos(EF2n )+1
. ;

b, (f) = f (x)sin(nx)dx = 2
0

Thus
. . 2 . 6 . 2 .
f(xX) bu(f)sin(x)+ bp(f)sin(2x) + ::: = —sin(x) —sin(2x) + 3—S|n(3x)+ o

The function f (x), and some of the partial sums of its sine series, looks like

Figure 4.10: Using 50 terms of the sine series df(x).

This was computed using the followingSagecommands:
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Sage
sage: x = var("x")
sage: f1(x) = -1
sage: f2(x) = 2
sage: f = Piecewise([[(0,pi/2),f1],[(pi/2,pi),f2]])
sage: P1 = f.plot(rghcolor=(1,0,0))
sage: b50 = [f.sine_series_coefficient(n,pi) for n in rang e(1,50)]
sage: ss50 = sum([b50[i-1] *sin(i  *x) for i in range(1,50)])
sage: b50[0:5]
[2/pi, -6/pi, 2/3/pi, 0, 2/5/pi]
sage: P2 = ss50.plot(-5,5,linestyle="--")
sage: (P1+P2).show()

As you can see, taking more and more terms gives functions wth better and better ap-
proximate f (x).
The solution to the wave equation, therefore, is

Lbn ()
cn

S nt
wx;t) = (bn(f )COS(CT) +

.. nt . NX
. sm(cT))sm(T).

Taking only the rst 50 terms of this series, the graph of the solution at t =0, t = 0:1,
t =1=5,t=1=4, looks approximately like:

Figure 4.11: Wave equation withc = 3.

This was produced using theSagecommands:

Sage

sage: t = var("t")

sage: w50tl = sum([b50[i-1] *sin(i  *x) *cos(3 *i *(1/10)) for i in range(1,50)])
sage: P3 = w50tl1.plot(0,pi,linestyle=":")

sage: w50t2 = sum([b50[i-1] *sin(i  *x) *cos(3 i *(1/5)) for i in range(1,50)])
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sage: P4 = w50t2.plot(0,pi,linestyle=":",rgbcolor=(0,1 ,0))
sage: w50t3 = sum([b50[i-1] *sin(i  *x) *cos(3 *i *(1/4)) for i in range(1,50)])
sage: P5 = w50t3.plot(0,pi,linestyle=":",rgbcolor=(1/3 ,1/3,1/3))

sage: (P1+P2+P3+P4+P5).show()

Of course, taking terms would give a better approximation tow(x;t). Taking the rst 100
terms of this series (but with di erent times):

Figure 4.12: Wave equation withc = 3.
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Exercise : Solve the wave equation

8 2@W(x;t) — @w(xt)

@R @?
w(0;t) = w(3;t) =0
2 w(x; 0) = X
’ wi(x; 0) = 0;

using Sageto plot approximations as above.

177
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5.1 Appendix: Integral table
z z
udv = uv vdu(integration by parts)
z
x"dx=x""=n+1+ C (n6 1)
Z
1 dx=Inx+C
X
Z
sin(x) dx= cosk)+ C
z
egdx=¢e+C
z

i1 dx = arctan(x)+ C

1
ax+ b
1 1

X+ a2 dx = x+a+C

(x + a)"*t
+1

(x+ a)"(n+1x a)
(n+1)(n+2)

z

dx = a%1Injax+ b+ C

Z
(x+ a)" dx = +c;ng 1
Z
x(x+ )" dx =

z

1

dx=tan “x+c

1+ x2

1 1 1 X
ﬁdxz—tan —+cC
az+ x a a

z

X
a2+ x2
z
%2
a2+ x2
z
X dx = lx
a2+ x2 " 2
1 2 ;1 2ax+ Db

——— dx= p———tan ‘p———+C
ax?2+ bx+ ¢ X dac B2 dac P?

dx = %Inja2+ X%+ ¢

X
dx = x atan 15+C

1 . .
2 §a2In1a2+ X?j+ ¢

;dx—i“qa*-—x'
Z(x+a)(x+b) " b a b+x’

X a : .
——— dx= +Inja+ xj+ C
(x+ a) a+ x

a6 b
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z
X

— = dx= —Injax?+ bx+ ¢ —piib tan 1 piLx *hb ,
axZ+ bx+c X7 g ] a 4ac I? dac I?
Z

adx= =(x a)*?+cC

1
Ealn( a+ x)+ 5a|n(a+x) x+ C
pl—dxzsz a+ C
X a
z

pl—dxz 2pa x+ C
a x
Z

2 _ 2 _
X X adx= §a(x a)>? + g(x a)>?+ C
Z

IOax+bdx: 2—b+§ ax+ b+ C
3a 3
Z

(ax + )32 dx = %(ax + b2+ C
Z

px—dng(x 2a)p a+ C
X a 3

p___
dx = x(a x) atan 1 x@ X,
a x

C
X a
Zr

p— _ -
dx= x(a+ x) aln IOx+px+a +C
a+ x
Z

X ax+ bdx= 1—52512( 207 + abx+3a2x2)p ax + b+ C

h i
- p—— S © S —
x(ax + b) dx:W (2ax + b) ax(ax+ b FlIn apx+ alax+h +C
Z
- p___ p___
X2 a2dx=}x X2 a2 %azln X+ x2 a2 +C
Z

1 X
a2 x2dx=>x a2 x2+ —a’tan 'p———+C
2 2 2 X2

Z

X X2 a2dx= 2

3=2
x2 a7 +cC

Wl

z

p
p———dx=In x+ x2 a2 +C
X2 a2
Z

X
p———dx=sin *1Z+C
az  x2
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Z
P
pxidx: X2 az+ C

x2 a?
Z
X pP—
p——— dx = az x2+ C
az x2
YA 2
p— p—
pxidx:}x X2 22 lanx+ X2 @@ +C
x2 a2 2 2
Z
- + p— p—
ax2+bx+cdx:b 2ax ax2+bx+c+4a;%m 2ax+ b+2 a(ax?+ bxtc) +C
Z
1 1 p
pP—————dx=p=In 2ax+ b+2 a(ax?+ bx+c) + C
. ax2+ bx+ c a
PP — b p
_ X gx== ax2+ bx+ c+ —=1In 2ax+ b+2 a(ax?+ bx+c) + C
ax2+ bx+ ¢ a 2a3=2
Z
Inax dx = xlnax x+ C
In ax 1 2
——dx= =z(lnax)“+ C
X 2( )
z b
In(ax + b) dx = X+5 In(lax+ b x+ C;a60
z 2b ax
In a®x?> B dx=xIn a®?® + —tan 122 x+cC
z 2a bx
In a> ©x? dx=xIn ar x> + tan 122 2x+cC
z e —— 2ax+ b b
In ax’+ bx+ ¢ dx= = dac Ktan ?! 2Xx+ —+ X In ax?+ bx+ c +C
a dac P? a
Z
_bx 1, 1 , P
x In(ax + b)dx—zl ZX +§ X ) In(ax + b)+ C8
z 1 1 a2
2 2 - T2, T 2 & 2 2 4
xIn a® ©x? dx XA+ 5 X b2Ina Px C
z 1
e dx==e®+ C
a
z p_ Z,
pieax dx = 1P xe®™ + —erf ip& + C: where erfx) = {92: e Ydtet
a 2a3=2 0

Z
xe*dx=(x 1)+ C

Z
X 1
xeX dx = = - e+ C
a a
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Z
X2 dx= x? 2x+2 &+C
Z 2
2X 2
X2 dx = S+ = e+C
a a a
Z
x3edx= x3 3x?+6x 6 &+ C
4 (1) Z,
x"e® dx = T [1+ n; ax]; where (a;x)= t2 le tdt
X
Z p—
e® dx = I—|a\—erf ixpé
2 a
z 1
sinax dx = glcosax+C
Z .
. o _ X sinZax
n“ax dx = — + C
] sin© ax dx 5 Y
sind ax dx = 3 cosax N cos 3ax +C
- 4a 12a
z 1
cosax dx = asinax+ C
Z
X  SinZ2ax
cofax dx = = + +C
) X dx 5 P
cod ax dx = 3sinax+ sin3ax+ c
© 4a 12a

Z
. 1 . 1 1
sinx cosx dx = Es,|n2x+ Cy= Ecoszx+ Cp = 21cosZ(+ Cs

Z
sin®x cosx dx = %sin3x +C
Z
cos ax sinax dx = %cos? ax+ C
z . o X sindax
sin®ax cos’ ax dx = s a5 T C
z 1
tan ax dx = aln cosax + C
Z

1
tanax dx = x+ atanax+ C

Z
1 1

tan®ax dx = = Incosax + — secd¢ax + C
a 2a

Z
secx dx = In jsecx +tan xj+ C = 2tanh 1 tang +C
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z 1
sefax dx = gltan ax+ C

Z
1 1 . .
seCx dx = > secxtanx + EInjsecxtanx1+ C
Z
secxtanx dx =secx + C
Z

1
seéxtanx dx = Ese8x+ C

Z
1
sed xtan x dx = ﬁseé‘x+ C:n60

z
X . .
csex dx =1In tan > + C=Injcscx cotxj+ C

z 1
cs@ ax dx = acot ax+ C
Z

1 1 . .
cséx dx = = cotxcscx + Elnjcscx cotxj+ C

2
z 1
csd xcotx dx = Hcsd‘x+ C:n60

z
secxcsex dx =1In jtanxj+ C

Z
X cosx dX =cosx + xsinx+ C

Z
1 X .
X cosax dx = 2 cosax + 3 sinax + C

Z
x2cosx dx =2xcosx + x2 2 sinx+ C

Z
) 2xcosax = a’x? 2 .
X< cosax dx = > + 3 sinax+ C
a a

Z
x"cosx dx = %(i)”*l[(n+l; ix)+( 1)"(n+1;ix)]+C

Z
x"cosax dx = %(ia)1 "I D" (n+1; iax) (n+1;ixa)]+ C
Z
xsinxdx = xcosx +sinx+ C
Z .
« sinax dx = x cosax sm:tx ‘C
a a

z

x?sinx dx = 2 x? cosx +2xsinx+ C
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Z .
5 . a?x? 2x sinax
x4 sinax dx = Tcosax+ —z + C
z 1
x"sinx dx = E(i)” [(n+1; ix) ( D"(n+1; ix)]+C
z 1
e sinx dx = Ee"(sinx cosx) + C
Z
P sinax dx = — e™(bsinax acosax)+ C
az+ p?
z 1
e cosx dx = Eex(sinx +cosx)+ C
Z
e cosax dx = —— e™(asinax + bcosax) + C
aZ+ I
z 1
xe* sinx dx = Ee"(cosx X cosx + X sinx)+ C
z 1
xeX cosx dx = Ee"(x cosx sinx + xsinx)+ C
z 1
coshax dx = 3 sinhax + C
8 ax
Z %~ —[acoshbx bsinhbx]+ C a6 b
ax - a k2
e coshbx dx S ey
. + —+ =
@ t2tC a=b
. 1
sinhax dx = 3 coshax + C
8 X
Z 2 [ bcoshbx+ asinhbx]+ C a6 b
axX i — a b2
e sinhbx dx S ey
. 4+ =
@ 2°°¢ - asbh _
7 g 1 e(a+2b)x F. 1+ a ‘12 + a, eZbXI 1eax = ha 1 1E: eZbXI +C a6b
2r1 ALY AL - 2F1 4 y
eax tanh bx dx = (a +2 b) 2b 2b a 2b

1
> e 2tan [e""x]_'rC a=b
va

tanh bx dx = g Incoshax + C

z

cosax coshbx dx = ﬁ [asinax coshbx + bcosax sinhbx] + C
z

cosax sinhbx dx = ﬁ [bcosax coshbx + asinax sinhbx] + C
z

sinax coshbx dx = ﬁ [ acosax coshbx+ bsinaxsinhbx] + C
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z
sinax sinhbx dx = L [bcoshbxsinax acosaxsinhbx]+ C
az+ b?
z 1
sinhax coshax dx = E[ 2ax +sinh2ax]+ C
z 1
sinhax coshbx dx = 7 2 [bcoshbxsinhax acoshax sinhbx]+ C

k?
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independent variable, 5

initial condition, 8

initial value problem, 8
inverse Laplace transform, 97
isocline, 31
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Kircho 's Second Law, 83 root test, 91
power series solution, 92
Lanchester's square law, 128 Predator-Prey model, 133
Lanchester, Frederick William, 125
Laplace transform, 96 radius of convergence, 91
convolution theorem, 104 reduced row echelon form, 109
inverse, 97 resonance, 81
linearity, 96 root test, 91
translation theorems, 102 row reduction, 109
Leibniz rule, 70 Runge-Kutta method, 42
linear combination, 53, 119
linear ODE, 6 separable DE, 22
linearly dependent, 21, 61, 119 simple harmonic, 78
linearly independent, 21, 61 sine series, 158
Lipschitz continuous, 16 slope eld, 30
Lotka-Volterra model, 133 span, 119
] spring
matrix critically damped, 78
inverse, 113 di erentil equation, 75
minor, 117

displacement, 74
mechanical resonance, 81
overdamped, 78

Newton's 2nd law. 75 simple harmonic, 78

mean value theorem, 88
minor of a matrix, 117

non-homogeneous ODE, 6 stretch, 75
underdamped, 78
order, 6 steady state terms, 85
ordinary di erential equation (ODE), 6 stochastic di erential equation, 45
overdamped, 78 subspace, 119
partial di erential equation (PDE), 6 Taylor polynomial, 88
particular solution, 54 Taylor series, 88
general form, 63, 66 partial sums, 91
Pascal's triangle, 70 Taylor's Theorem, 88
Peano transfer function, 106
Giuseppe, 16 transient part of solution , 85
theorem of, 16
phase shift, 75 underdamped, 78
Picard undetermined coe cients, 63, 66
Charles Emile, 16 unit step function, 97
iteration, 18
theorem of, 16 variation of parameters
power series, 87 for ODEs, 70
coe cients, 87 for systems, 149

radius of convergence, 91 vector space, 118
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weight function, 106
Wronskian, 20, 60, 121
Wronskian test, 61
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