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Goal: Achieve higher compression ratios while preserving reconstructed image quality
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A recent arrival on the
mathematical scene...

« Gained momentum In the mid 1980’s

 much has stemmed from Haar’s work in early
1900’s.

- Emergence of computers called for an effective

way to compress and transmit info (images and
graphics, functions, signals, etc)

- ...and an easy way to reconstruct original image




Historical Perspective

1 Fourier’s theory of frequency analysis: He asserted that
any periodic function f(x) is the sum

1 Transition from frequency analysis to scale/resolution
analysis




Albert Haar

1 First mention of
wavelets appeared In
an appendix to the
thesis of Haar (1909).

1 Opened up the
avenue for further
wavelet and image
compression study.




Wavelet theory

1 Based on analyzing signals and their
components using a set of basis functions.

— Move out of analog (fxns) -> digital (vectors)

11t Is also a tool for hierarchically
decomposing functions: meaning it allows
a function to be described in terms of a
coarse overall shape, plus details that
range from broad to narrow.




Vector Spaces

1 A vector space Is a set on which two operations,
called (vector) addition and (scalar)
multiplication occur. Must satisfy following
axioms: associative, commutative, identity,
Inverse, distributive

1 Consider V! to be the perfectly normal image,
and VI-1 the image at a lower resolution.
Continue to V° where you just have one block for
the entire image.




Dyadic Subintervals on [-1,1]

J ,=]. generation zero
J7=[-1.0]. 1}=[0.1], first generation,
] ' =|-1.-1/2]. ] ‘ =[-1/2,0]. ] =[0,1/2]. ] =[1/2.1]. second generation

[n general; J, = j_l - 1. ttl —1], where k=0 to k=2" -1

This recursive property is not only seen in
the intervals but within the coefficients as
well. “Reuse” part of previous approximation
to rebuild the new, better approximation.




L“. Inner Product

1L2=the space of sequences a,, a,,.. a, in
the real numbers such that the sum of
a.’ is a convergent series.

1 et f,g be piecewise continuous on [a,b]
then define the inner product of two
functions as

< f,g>= [ flx)gix)dx




Properties of Wavelets

1 Orthogonality: inner product of the
mother wavelet with itself is unity.

1 The inner products between the mother
wavelet and its shifts and dilates of the
mother are zero.

1 The collection of shifted and dilated
wavelet functions iIs called a wavelet
basis .




Norm

1 For a piecewise continuous function f

—

Ifll=v< 7. f>= [ £ (x)dx

|
I

|+l =|7]+]e
”"-f-f'”: '—1 ||T|| c=constant
|If||=0=f=0

The distance between functions f,g by definition is: |k [Hr— Et-f:]

The question: how do you find the “best” piecewise function g for a
continuous function f?




Main Theorem on Approximations

1 Let f be piecewise continuous o [1]. Let V, denote the
space of functions piecewise constant on dyadic intervals of
generation n.
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Haar Wavelats
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Motner Wavelet (Trie Proiotype)

E Generally designed pased on sorne desired
chearacierisiics assoclaied to nat funcion, Is
Used o generzaie all pasis functiorns

zlets are ogtained oy scaling znd
caling Is , clyadic.

— Integer k¢ translation of wavelet i (indicates ere/Jocue) \
— Integer |: Indication of scale (freq or specirurmn shift)
— T s tne original size of tne interval T

B All otner functlons of tne pasls are varlai

ine motner wavelet —
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Wevelet Transforms vs Fourler Transforms

T contalns oasis fns tnat are sine and cosines

Wavelet Transform: contains rmore cormnplicated nasis
fxns called wavelets

Coefficients are cornputed In analogous fasnion
(Integraie product peiween tne original T4n and the
corresponding wavelet or cosineg/sine )

—

BUL...

Inclividual wavelets are funciions localized in space
(vanisning ooints) —
Carn anzlyze onysical situziions whnere tne signzl

contains discontinuities and sharp spixes - = =
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Apolications

\
Due to Its sirmplicity and fast cornputationzl ‘
algoriinm, rlazar transforms are good for
Irnage grocessing,
Because ire wavelet iransforrm carn ne
aoolled to nonstationary signeals and
irneages, apolications include: \

Nonlinear flltering or denoising, signal and Irnzage

cornpression, ?peech coding, seismic and geolog]cal\

signal processing, medical and olomedical signal and

irmage processing, and cormrnunicatior), E—
Em———=
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rorint Cornpression
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tween 1924-2007, 30 million sets of fingerorints nave
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I's Criminal Justice Info Services Divisior
standards for fingerorint digitization and
lorn.




QR

Daital Storage Proplern Continued..

E Fingerorint irneages are diglil
500 pixels/inen wl 256 levels o

oer plxel

E Finderprint s 700,000 pixels -> .6Moyies o

store
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B Pair of nands requires 6Moyies...

E Results in 200 terapyies of datza. .. ($900/Goyie
for storage) T
E Siorage of uncornpressed imeages = 200 million
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