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IHistory.

Daniel Bernoulli

Known for the
Bernoullir Principle

Soelved the wave
equation; in 1720’s
using technigues
Eeurier later would
employ.

Worked with Euler in
St. Petersburg




IHistory.

Jean le Rond d‘Alembert
French mathematician

Worked with; Euler and
Bernoulll on the wave
equation

“Found” the Cauchy-
Riemann eguations
decades befere Cauchy:
o Riemann did




IHistory.

Joseph Fourier
French mathematician

Served in Egypt while
In Napeleon’s Army.

Soelved the heat
equation and wen
award for It in 1811,
published work 1n
1822 In Theore
analytigue de la
chaleur




IHistory.

Erwini Schrodinger
Vienna-born physicist
Artilleryman in \WW\WI

Best known for “Schrodinger’s
Cat” and the Schrodinger
Equation

Won the Nobel Prize in 1933
Worked with Einstein

Fledl Germany and Austria
several times after “insulting”
the Nazis




Concepts

The following concepts were used

Fourier Coefficients

P - 24nX

1
=— f(xX)e P dx
5o f¥

0

C

n

Fourier Series

¥ 2pnx

FS(f)(x)= C.eP

n
n=-¥

Superposition Principle

The Superposition Principle states that for a linear system,
the sum of solutions for that system is also a solution.




Concepts

Orthogoenality of Sines

Given

f(x) = sin % - n31.

sm%sm ’dex 0

L
0 L L
ml n



Concepts

Proof ofi Orthogonality

e

=£(0- 0)- (0 0

=0




Wave Eguation

People studied the
wave eguation
because they were
Intrigued by string
Instruments.
Bernoulli definea
nedes and

frequencies of . 1
oscillation T\




Derivation of Wave Eguation

To selve the wave eguation, we assume that it Is a
separable eguation:

u(x,t)=X(x) T(t)

The Wave Equation

Boundaryconditions: u(0,t) =0 u(L,t) =0

Initial Conditions. u(x,0) = f(x) %(X,O) =g(x)




Dervation

T"X =wX"T

By Separatiomf Variablesveget:

-/ becausé¢heonly way hetwosides

will beequals if theyequalaconstant




Solve for X as in the heat equation and you get

¥
C,sin LN,
n=1 L

Solve for T

T'=-wAT  T+w?/T=0
(D2+w?/)T=0 D=+ @ i=+g ni Z

Therefore T = D, cos(g.t) + D, sin(g.t)

Thus we get
u(x,t) = X(X)T(t)
B
u(x,t)= C,sin %x (D, cos@t) + E,sin(g,t)) bySuperposion Principle

n=1

I 1V, :
u(x,t) = sin X (D, cos@t) + E,sin(g.t))

n=1




Usingthelnitial Conditions: u(x,0) = f (X)

¥ ¥
u(x,0)= sin %x (D, cos@,0) + E,sing,0))= D, sin %x = (X)

n=1 n=1

2 .
whereD, :I OL f(x)sm(\/ﬁx)dx
00 =909

%(x,t): g,sin %X (- D,sin(g,t) + E, cosg,t))

n=1

¥ ¥
%(X,O): g, sin %x (- D, sin(g,0) + E,cos@,0))= E,sin %x =g(x)

n=1 e

whereE, = 2L OLg(x)sin(\/Kx)dx
9

n

Final Solution

¥
u(x,t)=  sin ”Tpx (D cosgt) +E, sin(g.t))

n=1

2 L

2 L
where D, = —
L © gL o

n

f(x)sin(//,x)dx and E, =—— g(x)sin(//,x)dx



Unfiltered Wave Eguation




Elltered Wave Equation




Heat Equation

e reason we solve the heat eguation IS
0 find out What happens te a lengtn of
metal/plastic when heat Is applied: (the
i[emperature distripution ever time)




Derivation of Heat Eguation

The assumption made by Bernoulli and adopted
Py Fourier was that the equation u(x,t) was
separable:

L%, 0)=X(x) T(t)

The Heat Equation

BoundaryConditionsu(0,t) =0 u(L,t) =0

Initial Conditions  u(x,0) = f(x)




Dervation

u_

it

2
LG T~ xop
fix i

2
%:k% XT'= kX'T
X

XT

The only way this can occur is if both sides equal a constant
Tl 0 X (| N
KT X

-/




Now Solve for X
X"=-/X X"+/X =0

(D2+/)X =0 D==+/]
X =C,cosh// X) +C,sin(// x)
Using theboundaryconditionsweget:
X (0)=C, =0 becauseosQ) =1andsin(0) =0

X(L) :Czsin\/TL =0 siny// L =0 when// L = np /

n

¥
Therefore X = A sin %x by theSuperposion Principle

n=1

Now Solve for T
T'=-/kKT  T+/kT=0

(D+/k)T=0 D=-/k
T=Be'™
Thus,weget: u(x,t) = X(X)T(t)

u(x,t) = Be ' : Aqsin(\/ﬁx) - - AqSin(\/KX)e_/nkt




Usinc theinitial conditior : u(x,0) = f (x)

u(x,0) = : A sin(// %) = f(x)

A :% F(sin7, ¥)dx

Final Solution

1

u(x,t) = ¥ A sin(// ,x)e '™  where A = OL f (x)sin(y/ , X)dx




Unfiltered Heat Equation




Elltered Heat Equation




Euler and d’Alembert

They too solved the wave equation, but by
using “arbitrary functions representing two
waves, one moving along the string to the
right, the other to the left, with a velocity
equal to the constant c.”

Bernoulli’s solution was a summation of
SIERVEVES

No one could tell if the two solutions could
be reconciled




Until Eourier Came Along

“Fourier showed that almost any function,
when regarded as a periodic function over
a given interval, can be represented by a
trigonometric series of the form

f(x)=a,ta,cosx+a,cos2x+a,Cos3X... +
b,Sinx+b,sin2x+b,sIn3Xx...
where the coefficients a; and b, can be

found from f(x) by computing certain
Integrals.”




Modern Application:
Schrodinger

The Schrodinger Equation was published
IN & Series ofi papers on wave mechanics
In 1926

TThe solutions to the Schrodinger Equation
ane wave functiens that express the
probability: that a particle (specifically the
electron off a hydregen; atem) willfeein a
cerntain lecation at any: elsenvation




Soelution tor Schrodinger

As with the heat and wave eguations, we assume that the
Schrodinger Equation Is separable:

U(x,t)=X(x)T(t)

The Schrodinger Equation

BoundaryConditions: y (0,t) =0 y(Lt)=0

Initial Conditions ¥y (x,0) = f(x)
=1.054x10""erg- s




Solution

Assume (Xx,t) is separable

Y (X,1) = X(X)T(t)
Ty
qt
4 :

ﬂ); 1y
X 2m

= XT'

v _. T
— =S

Tt x>
XT'=i1sX"T

By separatiomof variablesveget:
'TT - ); =-c Similar totheHeatandWaveEquations
IS




Solve for T:

Tosolvefor T : % =ISC

IN(T) =-1isct+d

T = e- Isct+d — e- iscted

T = be— isct

Solve for X:
Tosolvefor X : >><< -C
X'"=-¢cX X'"+cX =0
(D2+c)X =0 D =4++ci
X =a, cosf/cx) +a, sin(vcx)




Using the boundary conditions we get the same results as before:

X =a,sinycL Wherea, = 0 andc.

Thereforeweget y (x,t) = X(X)T(t)
y(xt)=a, sin(«/EL)ae‘ st
By thesuperposibn principle

¥ s PPy
Y (x,1) = bnsin%xe -

n=1

Using the initial conditions:

¥
y(x0)= b sin %x = f(x)

=1

=2 "fx)sin 22 x dx
0 L

n




Final Solution

2
np

is —

~ Where b, =< " f(x)sin ”Tpx dx

n -
'Oxe




e s
SAGE

/(e grapns were oroduced Using ine Mo
gource prograrm SAGE oy Prof. W. Davig
Joyner, USNA

nttp://modular.matn.wasnington.ecdu/sage
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