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Consider a coordinate system with theaxis pointing east, they-axis pointing north, and
the +z axis pointing up (out of the plane of this page). Suppasgfarm magnetic field
B=!BK points perpendicularly into the page throughout the interior of an ideally wound
solenoid having infinite length in thedirection. By way of review, we will first consider the
case of a solenoid of cirlawr crosssection with radiu®. Then, to demonstrate how to perform
the calculation for other crosectional shapes, we will consider the case of a square solenoid
with sides of lengtii. In general we can make a solenoid of any esestional shape wie by
tiling together circular solenoids of small radius. It follows that outside any such solenoid, the
magnetic field is constantly zero. Within it, suppose the magnitude of the field increases at a
constant ratel/B / dt = ¢ (because weamp up the current in the windings at a constant rate
dl /dt). Choose the origin of the coordinate system to lie at the center of either the circular or
square solenoid, and choose thendy axes to be parallel to the edges ofgdfeare solenoid.
There are no free charges anywhere, so the resulting electric field is purely the nonconservative
induced fieldE. The problem consists in findidgeverywhere in space.

The circular case is a standard textbook problem, treated for examphges 9&B64 of
the 6th edition of Tipler & Mosca. To briefly review it, the induced emf can be obtained from
FaradayOs law as
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for an open surfac& We choose that surface to be a circle of radiasd we note byysnmetry
that the electric field must be tangential tcdtz E! . Thus, forr ! R, EqQ. (1) becomes
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We can check these results by showing that all four of MaxwellOs equations are satisfied in
cylindrical coordinates. The magnetic field when curidtdws clockwise at radiug is
B=! uonl[ll H(r! R)]Q wheren is the number of spiral windings of the solenoid per unit
length in the; direction, andH (r) is the Heaviside step function. The magnetic field is
divergencefree since it is uniform in thedirection, and its curl satisfigenpereOs law (because
that is how the formuld = pignl is derived). The electric field is also divergeffiese,
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sinceE in Egs. (2) and (3) is only a functionsofFinally for its curl we correctly compel
© 9 c® 9 5 dB
VXE,=——(E,)=——(3)=ck=—— 5
XEip = o (1Bp) =22 (r?) =R =—— (5)
inside the solenoid, and
Ko cRZ2R 9
VXE,;;=——((E,)=——@)=0 6
X By = (1Bou) ==~ () (6)

in agreement with the fact that there is no magnetic field outside the solenoid.

Next consider the case of a square solenoid. We expect contours of c&nistiihtto be
approximately circular near its center, far away from the windings. In contrast, along those
boundaries the contour lines should roughly follow the square shape because if one is close to an
edge of the solenoid (comparedhe distances to the two nearest corners) then any effects due
to those corners can be neglected so that a winding along any edge effectively becomes a long
wire (with E opposite the direction of increasing current in it, just as for a linear eldgiale
antenna). Furthermore, we expEdo be zero at the exact center of the square, increase in
magnitude (in a countalockwise direction) as the edges are approached, and then decay back
to zerooutside it as one gets farther and farther away from th&rsdoop. An exact calculation
(presented below) gives contours sketched at the top of the next page (produced using the
command OContourPlotO in Mathematica) that agree with these intuitive expectations.

The logical way to solve the problem is to invée order of thinking that we used for the
circular case: rather than ending with calculations of the divergence and curl of the electric field,
start with them. HelmholtzOs theorem (cf. Appendix B of Griffitheduction to
Electrodynamics) provides a gneral method of computing a vector field if we know its
divergence and curl,
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where the (primed source) volume integrals range over all space, while the unprimed gradient
and curl act on the field coordinateThe quantityn the first brackets can be recognized as the
scalar potential from CoulombOs law, whereas that in the second brackets is the vector potential
from the BiotSavart law. In our problem there is no free charge and hence the diverg&nise of
zero from GassO law. On the other hand, we see from Egs. (5) and (6) that théEcisreqfial

to ¢ inside the solenoid and zero outside it. Equation (7) therefore becomes
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using standard vector calculaentities, where the volume integrals are now only over the
interior of the solenoid. Evaluating the crggeduct and putting in the limits of integration, we
have
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Perform thez! integral by makig the standard trignometric change of variablg, to

z! z"#\/(x! x) +(y! y')? tan$, (10)

and Eq. (9) then becomes
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The inner indefinite integrals ataf{x! x')” +(y! y')zg so that
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The remaining integrals are of the form
1! "|n(a2 + vz)dv (13)
that we can integrate by parts,
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= vln(a2 + vz) " 2v+2atan’ '(v/a).

Defining the simple functions
AX)!I L/2" x, B(x)! L/2+x, C(y)! L/2"y, and D(y)! L/2+y (15)

all of which are positive inside the solenoid, Eq. (12) finally bexoR(r) = ﬁ(Exm Ey?)

where
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We can use the Mathematica command OVectorPlotO to plot the electric field as vector arrows at
different locations in space, as shown at the fadheonext page.
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Alternatively we can plot field lines using the command OStreamPlotO in blue on the next page.



The red field lines are circles for comparison. We see that, in contrast to the contour lines plotted
earlier, the field lines are neadyrcular.
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