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I. INTRODUCTION

Among the various forms that geophysical waterways take: oceans, rivers, estuaries, lakes,

etc.., the Chesapeake Bay represents a large shallow water estuary with boundaries to both

rivers and the ocean. The large size of the Bay provides ample features that make studying

it both rich at the same time demanding. The two largest forcing terms, the tide and wind

shear dominate its dynamics due to exterior conditions, however, the Bay itself possesses

unique properties due to its unusual boundary, bathymetry and water composition. This

study of the Chesapeake Bay and its manifold properties utilize recent developments in

Eulerian characterizations of flow.

Section II describes a simulation of the Chesapeake Bay using the program CHESROMS

based on driving terms from data taken during 2006. Section III introduces the definition

of Eulerian Indicators in three dimensions. Section IV shows the results of applying these

definitions to the output of the 2006 CHESROMS simulation.

II. CHESAPEAKE BAY SIMULATION - CHESROMS

Beginning in 2012, work began in collaboration with the University of Maryland with

Kayo Ide and Bin Zhang on understanding the results from model simulations based on the

program CHESROMS. From the simulated output, Ide (2012-2015) has been studying the

Chesapeake Bay via the M-function recently. Wind and tidal gauge information was used

from the year 2006 to drive the Chesapeake Bay. Simulation outputs include data over a

regular grid along latitude and longitude and a sigma-coordinate value for the depth over 20

layers. The spatial domain covered the entire Chesapeake including the bulk of the Potomac

as well as many miles into the Atlantic. Model output was given for every ten minutes,

however, the data set was reduced for use by USNA to averages over one hour, comprising a

final data set of 24 hours x 365 days. The final data set in use at USNA is 0.5 TB, making

this study on the order of a Tera scale for computing.

Figure 1 shows the original grid chosen for CHESROMS and in use by Wen Long and

his collaborators1. The grid shown is a non-orthogonal grid, following the spine of the

Chesapeake Bay, however, maintaining a semi-rectangular lattice. Kayo Ide and Bin Zhang

altered the initial CHESROMS grid to a rectangular grid tilted to match the orientation
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FIG. 1. CHESROMS grid as defined by Wen Long (2008).3



FIG. 2. Comparison of grids used by Ide and Zhand (UMD) for CHESROMS and Mcilhany

and Malek-Madani (USNA). The tilted grid is the implementation of CHESROMS by UMD. The

rectangular grid is the linear interpolation of the staggered grids of (u,v) onto a singular u-v grid

used for EI calculations.

of the Chesapeake Bay (presented at SIAM Dynamical Systems, 2013). ROMS utilizes a

sigma-coordinate system for its bathymetry and a staggered u-v grid. In this implementation

of CHESROMS, the lattice spacing of the u-v grids were separated approximately 1km apart

and the depths were calculated on a sigma coordinate using 20 layers. Figure 2 shows the

UMD grid used by Ide and the interpolated grid used by USNA. The output was stored in

single files, one file per simulated day at one-hour long intervals, providing either one-hour

long average velocities or velocities sampled on the hour.

Mcilhany and Malek-Madani have used the CHESROMS output from the 2006 simulation
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(a) Staggered grids of (u,v) from UMD shown near interpolated grid used by

USNA with spacing δ(long, latt) = (0.6km, 1.2km).

(b) Sigma coordinate system defining depth running across the Bay at

its deepest location.

FIG. 3. Comparison of the UMD CHESROMS grid to the USNA grid and bathymetry.
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by Ide and Zhang to calculate flow characteristics near the mouth of the Bay. Figures 2 -

4 shows the grid chosen by Mcilhany and Malek-Madani. The output from CHESROMS

was linearly interpolated onto a rectilinear grid with a lattice spacing comparable to Ide and

Zhang, at a resolution of (0.6km, 1.2km) in u-v and 20 layers in depth. Hourly sampled

times were used to form the velocity vector set used to calculate the EI for transversality,

α2D.

III. EULERIAN CHARACTERIZATION OF FLOW

Eulerian indicators (EIs) have proven useful in previous studies at highlighting features

in a flow which promote mixing2–4,7. EIs are metrics based solely on information from the

velocity field and its time dependence. Properties such as transversality, transverse shear, the

relative rate of change as well as the amount of transport are given quantitative values which

- when put together indicate regions in the flow which may promote mixing and transport.

By considering configurations of micro-mixers which have a higher portion of the domain

which promotes mixing, designs of micro-mixers were identified as optimized mixers relative

to other configurations.

Based on the initial success of identifying optimal mixing configurations, attention has

turned to geophysical flows, specifically the Chesapeake Bay and the Kuroshio. The challenge

in applying EIs to geophysical systems is that the controlled environment of micro-mixers is

not applicable and the EIs may need alteration in order to be meaningful in the context of

these flows. Further, the addition of uneven bathymetry complicates the flow even though

these macroscopic flows largely exhibit laminar transport, upwelling and downwelling can

complicate analysis, prompting new definitions to be made extending the EIs from two

dimensional metrics to three3,5. At present, only the EI for transversality, α2D will be shown

with three dimensional updates given soon. In the next section, an excerpt from the 2012

paper by Mcilhany and Wiggins is given which defines transversality in two dimensions3. In

this paper, the model studied was the oscillating double gyre.
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FIG. 4. Mouth of the Chesapeake Bay on the interpolated grid showing a quiver plot of the velocity

field. The figure is shown mainly to illustrate the grid spacing with respect the mouth of the Bay.
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III.1. Eulerian Indicators for Two-Dimensional, Continuously Time Varying

Velocity Fields

In this section we will develop the EIs for two-dimensional, continuously time varying

velocity fields. However, we will begin by establishing some general notation. The flow will

be defined on a general two-dimensional domain, denoted D. For the double-gyre model that

we consider:

D = {(x, y) ∈ R2 | 0 ≤ x ≤ 2, 0 ≤ y ≤ 1}. (1)

The flow will be time dependent, and defined over a time interval denoted I ≡ [0, tL], where

tL will be defined in section III.2.2.

The velocity field is denoted by:

ẋ = vx(x, y, t),

ẏ = vy(x, y, t), (x, y) ∈ D, t ∈ I (2)

or, in vector form:

ṙ = v(r, t, ), (3)

where r ≡ (x, y), v(r, t, ) ≡ (vx(x, y, t), vy(x, y, t)).

We will need to perform an average over time denoted by:

〈v(r, t)〉t ≡
1

t′

∫ t′

0

v(r, t)dt, (4)

A specific choice for t′ will be made later.

III.2. An Eulerian indicator for quantifying “streamline crossing” for

two-dimensional continuously time dependent flows

In this section we construct the EI that quantifies the notion of “streamline crossing” for

two-dimensional continuously time dependent flows. We begin by providing motivation for

the construction.

III.2.1. Motivation

We develop our motivation by first recalling how streamline crossing is quantified for two-

dimensional flows “blinking in time”, i.e. the flow periodically alternates between two distinct
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FIG. 5. Panels: a) The angle that the velocity vector makes (with respect to the positive horizontal

axis) for a blinking flow shown at a fixed location in space at two different times. b) The angle that

the velocity vector makes (with respect to the positive horizontal axis) for a blinking flow shown at

a fixed location in space as a function of time. c) The angle of the velocity vector (with respect to

the positive horizontal axis), at a fixed location in space, for a continuously time varying velocity

field.

steady flows, in time. Our discussion below concerns a fixed location in space. We suppose

that the first (steady) velocity field acts for a time t1 and the second (steady) velocity field

acts for a time t2. At a fixed location in space the first velocity vector makes an angle θ1 with

respect to the positive horizontal axis and the second velocity vector makes an angle θ2 with

respect to the positive horizontal axis , as illustrated in Figure 5(a). Streamline crossing, at

this particular point in space, would occur if θ1 6= θ2
1.

Next we turn to motivating the measure of streamline crossing for continuously time de-

pendent flows at a fixed point in space. First, note Figure 5(b) where, at the chosen point

in space, we show the angle of the velocity vector (with respect to the positive horizontal

axis) as a function of time. If we are considering a velocity vector that varies continuously

in time, then at the chosen point in space we would expect the angle of the velocity vector

(with respect to the positive horizontal axis) to behave as in Figure 5(c). In this case, in

analogy with the blinking flow case, a measure of streamline crossing (at the chosen point

in space) is taken to be the standard deviation of the angle over the time interval of interest

with respect to the mean value of the angle, and this is described by the square root of

the variance of the angle. Clearly, this quantity would be zero for a steady two-dimensional

flow, for which there is no streamline crossing. With this as motivation, we now develop this

1 Actually, it is a bit more complicated that this. In specifying streamline crossing we are not interested

in the direction of flow–only that the streamlines cross. For this reason the direction of the arrows in

Figure 5(a) are not important, and this issue does play a role in defining analytical formulae that quantify

streamline crossing. Details for the blinking case can be found in Ref.7.9



notion quantitatively.

III.2.2. Construction of the Eulerian Indicator

In this section we derive our measure of “streamline crossing”. At a point r = (x, y) in the

flow the angle that the velocity vector makes with respect to the positive horizontal (x) axis

is given by:

θ(r, t) = atan

(
vy(x, y, t)

vx(x, y, t)

)
(5)

Then the mean angle at the point r = (x, y) over the time interval [0, tE] is defined as:

〈θ(r)〉t ≡
1

tE

∫ tE

0

θ(r, t)dt (6)

The choice made for tE will be discussed shortly, but for now we note that tE � tL = 100.

The essential quantity for computing the variance of θ(r, t) is θ(r, t) − 〈θ(r)〉t. Recall in

the motivation at the beginning of this section we stated that in quantifying “streamline

crossing” directionality of the velocity field was not important. Moreover, we will take the

“smallest” angle between 〈θ(r)〉t and θ(r, t). These two requirements are achieved in two

steps. First, we insure that θ(r, t)− 〈θ(r)〉t is between −π
2

and π
2

θ̂(r, t)− 〈θ(r)〉t =


θ(r, t)− 〈θ(r)〉t if − π/2 < θ(r, t)− 〈θ(r)〉t ≤ π/2

π − (θ(r, t)− 〈θ(r)〉t) if + π/2 < θ(r, t)− 〈θ(r)〉t ≤ π

−π − (θ(r, t)− 〈θ(r)〉t) if − π < θ(r, t)− 〈θ(r)〉t ≤ −π/2

This expression is used to compute the variance of the angles at the point r = (x, y) in the

flow over the time interval [0, tE]:

Vθ(r, tE) ≡ 1

tE

∫ tE

0

(θ̂(r, t)− 〈θ(r)〉t)2dt (7)

The square root of Vθ(r, tE) has the units of an angle. However, it is not quite the measure of

averaged transversality of the velocity vectors over the time interval [0, tE] that we seek. The

reason for this is that the integrand in eqn. (7) is squared so that 0 ≤ θ̂(r, t)− 〈θ(r)〉t ≤ π
2

contributes exactly the same as −π
2
≤ θ̂(r, t) − 〈θ(r)〉t ≤ 0. To see the problem that can
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arise consider the two angles θ̂(r, t) − 〈θ(r)〉t = π
2

and θ̂(r, t) − 〈θ(r)〉t = −π
2
. These angles

correspond to velocity vectors along the same line, but in opposite directions. This is a

situation that is not indicative of “streamline crossing”, yet these two angles contribute

equally to eqn. (7). Alternatively, the two angles θ̂(r, t)−〈θ(r)〉t = π
4

and θ̂(r, t)−〈θ(r)〉t =

−π
4

correspond to two velocity vectors that are perpendicular, which should be the maximal

indicator of streamline crossing. With this as motivation, we have

θ
RMS

(r, tE) =
√
Vθ(r, tE) (8)

and we take the following as our measure of “transversely intersecting streamlines” (or, more

concisely, “transversality”) or “streamline crossing”: at a point r = (x, y):

αc(r, tE) =

2 θ
RMS

(r, tE) if 0 < θ
RMS

(r, tE) ≤ π/4

2 (π/2− θ
RMS

(r, tE)) if π/4 < θ
RMS

(r, tE) ≤ π/2
(9)

The choice of tE is a choice of time-scales. On what time-scale does the variation of a

velocity vector matter? Too soon a choice leads to a set of velocity vectors too closely

defined in time. Too long a choice leads to over-averaging of the velocity vector set used,

ultimately averaging too many velocity vectors together. Understanding the physical time-

scales that are germane to problem at hand defines the proper time scale. For the Chesapeake

Bay mouth studies, the time-scale chosen was 24 hours, locked to the tidal forcing.

III.3. Eulerian Indicators in Three Dimensions - Definitions

Applying EIs to the Chesapeake Bay requires the calculations to be performed in three

dimensions, requiring a revision of previous definitions to be re-written for three dimensions.

In all of the metrics considered, all definitions were easily translated into 3D with the ex-

ception of transversality (α), which required special care in its redefinition. The challenge

in re-defining the EIs for three dimensions is in maintaining the previous definitions found

in papers2–4,7.
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III.4. Transversality in Three Dimensions - α
3D

The idea of transversality is to measure the amount of transverse components a set of

vectors have relative to their longitudinal components. Initially, in two dimensions, and con-

sidering flows for blinking maps, transversality was a simple calculation of the angle between

a velocity vector at a fixed location in the domain for two different times2,4,7. This concept

was later extended to include continuous time-varying velocity vector fields by changing the

definition to act as a measure of the spread of the set of angles formed by including all ve-

locity vectors at a fixed point in the domain over a time window in which the velocity vector

is allowed to change continuously3. In each of these papers, the flow was two dimensional,

such that the angle defined was either an angle between two vectors or a polar angle around

the mean vector of a set. When considering a continuous time-varying velocity field in three

dimensions, more than one angle is needed to describe the relationship between a set of

vectors with respect to a mean vector. This requires the definition of transversality (α) to

change once more from its previous definitions.

The following prescription is given to calculate the transversality in three dimensions.

Consider the set of velocity vectors at some fixed position, r over some interval of time, [0, tf ].

The transversality measures the angular spread of these vectors over time with respect to

how transverse the vectors are to the mean vector of the set. There are two components

to measuring the transversality in 3D. The first is the transversality of angles with respect

to the polar axis, dubbed αθ3. The second component measures the spread of the angles

of the vectors as projected onto the great circle of the unit sphere, in other words, the

azimuthal spread, dubbed αθ2. The final value calculated for the 3D transversality is a

linear combination of the two values, αθ3 and αθ2, where the coefficients of the terms are

based on the dimension fullness, D3 , parameter and two normalizing cases given in the

appendix.

III.4.1. Singular Value Decomposition (SVD)

The first step in calculating the transversality is to measure the fullness of the dimensions

spanned by the vector set. Singular Value Decomposition (SVD) when applied to a set of

vectors assumes the tails of all vectors are at the origin, making the data points used by SVD
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the tips of the vectors. SVD calculates a scaling matrix as well as two rotation matrices,

giving the sense of the ellipsoid formed by the set of vectors. The scaling matrix diagonal

components given by the values (a, b, c) represent the dimension scales, where a is the largest

component, b is the middle scaled value and c is the smallest scale. The left-hand rotation

matrix derived from SVD, U , can be used to rotate the coordinate system such that the

vector set is re-aligned from its initial orientation (x, y, z) to a new set of axes (x′, y′, z′)

where z′ points along the longest scale axis defined by the vector sets mean. The new axis

x′, points along the second largest scale axis and y′ points along the smallest scale axis. The

fullness of the dimension that the vector set spans is defined as the relative size of a to b and

c:

D3 =
c2

a · b
(10)

where a,b and c are the three scaling parameters given by the SVD, equivalent to the semi-

major and semi-minor axes for a N-dimensional ellipsoid with a ≥ b ≥ c. The first ratio,

c
b
, gives the oblateness value between the two lower dimensions and the second ratio, c

a

properly gives the scale factor that is needed to measure how collapsed the vector set is in

a lower dimension. The dimension parameter should give a low value (near zero) when the

distribution of vectors only spans a two dimensional space, but should give a high value (near

one) when the vector set fully spans three dimensions. It is worth noting that the dimension

parameter, D
N

, is itself an EI determining the fullness of a set of velocity vectors.

Once SVD has been calculated on the vector set, the newly oriented vectors have - by

definition - a mean velocity vector pointing along the z′ axis. Calculating the polar angle, θ3

is straightforward. Calculating the azimuthal angle will also be necessary but will be treated

as a polar angle in two dimensions, which will be called θ2 for consistency with the general

definitions given in the appendix:

θ̃3 = cos−1
(

‖v′z‖√
v′2x + v′2y + v′2z

)
(11)

θ̃2 = cos−1
(
‖v′x‖√
v′2x + v′2y

)
(12)

where the absolute values of x′ and z′ have been used in order to fold the polar angles to be

less than 90◦.
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FIG. 6. Chesapeake Bay mouth transversality, day 1. The value is calculated for two dimensions

only, with fully three dimensional transversality to come shortly.
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III.4.2. Calculation steps of α3

The following steps are taken to calculate the 3D transversality. The operations F̂1 and

F̂2 are folding operations about 90◦ and 45◦ respectively.

1. For a fixed location in the domain, r, consider the set of velocity vectors over a time

range from [0, tf ].

2. Normalize the vector set such that the vectors all lie on a unit sphere.

3. Calculate the Singular Value Decomposition (SVD) of the vector set.

4. Rotate the vector set by the rotation matrix obtained from SVD to obtain a new set

of vectors,

v′ = U>v, whose components are given by v′x, v
′
y and v′z.

5. From the scaling matrix obtained from SVD, compute the dimension fullness parame-

ter, D3 =
c2

a · b
.

6. Calculate the polar angle transversality, αθ3

• Define the polar angle for the three dimensions, θ3.

• Fold the polar angles to be less than 90◦: θ̃3 = F̂1[θ3]

• Calculate the variance of the folded angle: V(θ̃3) =
1

N

N∑
i=1

(
θ̃3 − 0◦

)2
.

• Calculate the standard deviation of the variance: σ(θ̃3) =

√
V(θ̃3).

• Fold the rms value about 45◦ and normalize to 90◦ to obtain the polar transver-

sality: α
θ3

= 2 · F̂2[σ(θ3)].

• The whole calculation can be summarized in one formula: α
θ3

= 2 · F̂2


√√√√ 1

N

N∑
i=1

(
F̂1 [θ3]

)2 .

7. From the rotated set of vectors, [v′x, v
′
y, v
′
z], create subsets of vectors by removing the

z′ coordinate, creating a set of N vectors spanning the two dimensional space (x′, y′).

8. Calculate the polar angle transversality, α
θ2

= 2 · F̂2


√√√√ 1

N

N∑
i=1

(
F̂1 [θ2]

)2 .
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9. Calculate the 3D transversality by taking the linear combination of the two values, α
θ2

and α
θ3

:

α3 = (1− 2 ·D3) · αθ,3 + 2 ·D3 · αθ2 (13)

where the coefficients for the linear terms of the two alphas’ comes from normalizing to two

special cases, discussed further in the appendix. When the dimension fullness parameter

is close to zero, the flow is two dimensional and reduces to the original definition given in

section III.2.2 and the paper3.

IV. EULERIAN RESULTS

This section presents the results from the Eulerian analysis. Transversality, α, is shown

for the two dimensional calculation for the mouth of the Chesapeake Bay for the first three

days of the simulated 2006 year in Figures 6 and 7. The color scheme shows regions of

steady flow in blue (≈ 0◦) and high transversality in red (90◦). For regions which have

velocity vectors evenly spread across the unit disc, the value for transversality is 76◦, shown

in orange. Possible explanations for why a geophysical system would exhibit a ever changing

velocity vector at a point include the obvious, turbulence, and the not so obvious case when

a gyre is moving across a domain and passes directly over the location of the calculation.

In this case, as the gyre approaches, the velocity vector will point along the tangent to

the gyre, relative to the center, and as the center passes over the point, the velocity vector

then changes its direction by 180◦ in a short period of time. In the case where the set

of vectors is only changed by 180◦, then the transversality is a low value, as the metric

accounts for the folding of directions about 90◦. If however, a gyre does not cross exactly

over the location of the calculation, then the velocity vector experiences a range of directions

as the gyre passes nearby, leading to a higher value of transversality. In simulations done

for the Kuroshio current, shown in Figure 10, advecting fluid packets showed this behavior,

as gyres came and went near the coastline of Japan. The persistent red streaks are believed

to indicate gyre pathes nearby. This is still under study, but promising. Kayo Ide, in her

presentation at Snowbird in 2013 compared the results from her calculation of the M-function

to transversality, shown in Figure 8, 9. Initial comments from Ide suggested that while the
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interpretation of transversality has not fully been explored yet for geophysical flows, the

structure seen in transversality is comparable to the level of detail and structure seen in

Lagrangian metric, such as the M-function.

(a)Day 2 (b)Day 3

FIG. 7.

V. SUMMARY AND CONCLUSIONS: STATUS REPORT

An initial study of three dimensional flow of the Hill’s spherical vortex was recently com-

pleted and submitted for publication5. In this paper, the definitions of three dimensional and

higher dimension Eulerian metrics were developed. The application of these metrics (three

dimensional) will be applied to the 2006 CHESROMS study for the mouth of the Chesapeake

Bay in the coming months. During 2013, an initial study was done of the Kuroshio using the

CCSM4 and POP2 ocean model for a simulated 150 year long study whose purpose was to

correlate the rise of the industrial age to climate change. While the study was appropriate

for world-wide analysis, the resolution (≈ 1◦) was too large to provide the detailed analysis

needed to study the large meander of the Kuroshio. CCSM4 was initially chosen as it has

the longest simulation run, spanning 150 years, which is needed to study the time variation
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FIG. 8. Chesapeake Bay mouth transversality, day 32 compared to the same day calculation of the

M-function.

FIG. 9. Chesapeake Bay mouth transversality, day 38 compared to the same day calculation of the

M-function.

of the large meander of the Kuroshio, which exhibits multiple time-scales in its behavior.

HYCOM has a good enough resolution to model the large meander, however, to date only
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FIG. 10. Kuroshio currents transversality based on CCSM4 model of 150 year industrial age simu-

lation from 1850-2005. Long time coherent structures are seen as long horizontal tracks repeatedly

during the simulation. Comparing to a recreation by advecting particles, the long streaks are sug-

gestive of where a gyre has moved across the domain - effectively making one usage for alpha a

gyre tracking indicator.

has a 30 year long simulation as its longest study.

During the course of studying the Kuroshio, Mcilhany and Wiggins along with our student,

Hanlon, decided that the three dimensional nature of the Kuroshio may be significant enough

to warrant the effort put forward to re-define the Eulerian Indicators to higher dimensions.

Starting in late 2013, and through 2014, the EIs were re-defined and studied, with renewed

interest in applying these new definitions to the Chesapeake and Kuroshio.
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