
AD- 7 8 4 1 2 2 

DRAG REDUCTION OF A HUI L BY 
ELECTROLYSIS 

Wayne A. Thornton 

Naval Academy 
Annapolis, Maryland 

21 May 1974 

DISTRIBUTED BY: 

~ 
Natillll Tecll•ical llfnllil• Slnicl 
U. S. DEPARTMENT OF COMMERCE 
5285 Port Royal Road, Sprinlfield Va. 22151 



UN CLASS Ill ml 11.JJ- 731/ /.Z:U I 
S.-n , rit v Cla ssification 

DOCUMENT CONTROL DAT A - R & D 
s .. •c ur lty rl•• •l li,ation ol tltlo , body o l 11b s t,.,1 •nd indc • int111nnot11tlr,n tuu •" ' bt •nre,ed when ti•• o.,c,ell reoort I s ,1naaUi•dJ 

' Oi:.tlG I NA T I NG ACTIV I TY (Corpo,.,. eutltor) 2e. AEPOAT SECUAITY CLA S '51 F I C ATION 

UNCLASSIFIED. 
U.S. Naval Academy, Annapolis. 211. CiAOUP 

J R E POAT TITLE 

Drag reduction of a hull by electrolysis. 

• O E SCR I PTIVE NOTES (T'rp• of report nnd lnclualv• d•t••J 

Research reDOrt. 
5 , AU THOl'II ISI (Fir.at ........ ffllddl• '"'"·'· , •• , nem•J 

Wayne A. Thornton. 

6 , A E PORT OATE 7e. TO T AL NO , OF PAG E S rt,• NO . 0;;:FS 

21 May 1974. [ul 6u r 191 
le . C ONTR A C T OA Cil'IIANT NO . ee, O AICilN A TOA'S AEPOl'II T NUM • IEACII 

u.s. Naval Acadmv - Trident Scholar 
b . PROJ E CT NO . project report (u.s.N.A.-TSPR) no. 63. 

c. 91,. OTHIEA AIEPOAT NOISI (Any otll•• nufflber• ,,,., "'•Y ... ••• ,.,..d 
1111• report) 

d . 

10 O ISTl'IIIIIUT ION STATIEMIENT 

This document has been approved tor public release; 
its distribution io UNLIMITED. 

I 1 . SU PPL E M E NTARY NOT E S U , SPONSO"IING MI L ITAl'II Y ACTIVITY 

u.s. Naval Academy, Annapolis. 
13 . AB S TRACT 

T'.u.a experiaent was conducted to stu~ the drag reduction on a bull 
resulting trom injection ot gas bubbles into the boundaey layer by electrolysis. 

The resulting drag reduction on th.a 18•2• model was found to depend 
on the towing velocity and the time-rate of ias bubbles produced at the elec-
trodes. The drag reduction obtained on the l 12" IIOdel at a fixed current of 4 
amperes was round to vaey between 3. 2 o/ o at the lower towing speeds and 17. 5 o/ o 
in the middle ot the speed range. With increasing speed, the bubble injection 
bad a diminishing ,ftect. For the maximull drag reduction, the power requirament 
was 50.4 watts. 

Projecting these results to protot1P9 application, it appears that 
the effect is a function or the wetted surface area of the hull. 

The detailed procedures and findings are presented. 

Rl'produced by 

NATIONAL TECHNICAL 
INFORMATION SERVICE 
U S Dl'partment of Commerce 

Springfie ld VA 22151 

(PAGE 1) 
UNCLASSIFIED. 

S/N 0101-807 - 680 1 Security Clanl(ication 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

L. 

U.S. N. A. - TSPR No. 6) 

"DRAG REDUCTION OF A HULL 

BY ELECTROLYSIS" • 

A Trident Scholar ProJect Report 

by 

Midshipman Wayne A. Thornton 
Class of 1?74 

U. s. Naval Academy 
Annapolis, Maryland 

Dr. • E. McCormick 
Naval Systems Engineering Dept. 

Accepted for Trident Scholar Committee 

I( ✓ cilt-f t / 

.. 
.II 

DOC 

D 

, , . Approved for public release; 
· Distribution nlunited 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

~ 

ABSTRA CT 

A series of experiments was conducted to 

sLudy the drag reduction on a hull resulting from 

injection of gas bubbles into the boundary layer by 

elect rolysis. Preliminary tests were conducted on 

a 5' displacement hull and the final tests were 

performed on an 18 1 2" hull of the same type. 

Analysis of the motion of the gas bubbles in the 

flow around the hull for a range of speeds verified 

Ill 

the conclusion reached by McCormick and Bhattacharrya in 

earlier tests that a large number of electrodes sh ould 

be placed forward on the hull to insure maximum bubble 

distribution in the flow. However, to replace bubbl e s 

lost in separation banks of electrodes should be 

l ocated at those points on the hull where separation occurs. 

The resulting drag reduction on the 18'2'' mo del 

was f o und to depend on the towing velocity and the 

time-rate of gas bubbles produced at the electrodes. 

Furthermore, the powe r necessary to generate 

a given current was found to decrease by as much 

as 42% of the power necessary for static conditions. 

Hence, the mass flow rate of gas generated is dependent 

on the mass flow rate of the water past the hull . 

The drag reduction obtained on the 18 1 2" at a fixed 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

~ 

current of 4 amperes vas found to vary betw e en 

3.2 % at t he lover toving speeds and 17.5% 

in the • middle of the speed range. With increasing 

sp eed, the bubble injection had a diminishing effect. 

For the max i mum drag reduction the power requirement, 

was 50.4 watts. 

11 

Projecting these results to prototype application, 

it appears that the effect is a function of the Y~ tted 

surface area of the hull. Due to the fact that seawater 

is a considerably better conductor than freshwater, 

the electrolytic cell resistance can almost be 

neglected if a sufficient number of electrode pairs are 

oonnected in parallel. The J.imiting minimum voltage is 

equal to the oxidation-reduction po t entia l and over-

poten t ial for the reactions involved. Hence t h e 

~<> r re s p o ndin g p ow~r requirement for the full-scale 

h u ll i s 0.39 KW (which corresponds to 0.53HP). It 

is readily apparent that the input power to achie ve 

a rather significant drag reduction is ao small ~~ a t 

a considerable fuel savings and extended cruising r ~nge 

can be realize~ ,1sing the techniqu~ of drag redu c t ~on 

by e lectr0Jysi1. 
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I . I NTRODUC TION 

A. Background 

l 

Reduction of the fluid resistance on r.iarine 

vehicles has long been the dream of naval architects 

and hydrodynamicists. Several methods have been 

a tt e mpted, inc l uding boundary-layer suction, the use 

ot compliant hull surfaces, and injection of polymers 

and compressed gases into the boundary layer. It 

has been found that the boundary-layer suction method 

is not practical because it requires excessive amounts 

of power, and th~ use of compliant materials is not 

feasible for large vessels. An excellent summary of 

those methods used ~rior to 1964 is presented in a 

paper by Lumley (l~ and a bibliography of r~cent 

publications in the area of vehicle resistance is 

presf!nted by Lap(l.5). 

The method of drag reduction by injection of 

p articles into the fluid strea~ adjacent to the 

surface appears much more promising. Research into 

this area was first conducted by Nora Blatch in 1906, 

who stuided the drag reduction in turbulent flows of 

dilute suspensions using aqueous suspensions of sand. 

In 1946 1 the "Tom's Effect" was discovered which 
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concerned the reduction ot hydraulic reai • tance cauaed 

by injection ot ••all amount• ot pol7aer•, and other 

non-Newtonian additive• into the tlov. 1 Moat ot 

~e eftort• in drag reduction research ~ub••quent to 

1964 have concentrated on the u• e ot polymer•• However 

there are signitiaant disadvantage• to any technique 

which involve• the injection or aaterial through the 

hull ot a vehicle. Tbeae method• requi re large 

chemical mixing and holding tank•, extensive pipinl, 

and hull penetration• that are subject to biological 

fouling. 

I n . this paper, the result• or an experimental 

study cf drag reduction by electrolysi • are presented. 

The experiment• were baaed on the resulta .·of two 

studies conducted by McCormick and Bhattacharrya in 

1972-73. (Reference 20) In the first • tudy, a 

r ~ries ot teat • wa• conducted on a 3-toot fully 

submerged body ot revolution. A 6-mil diameter copper 

wire was wound around the body _. aa4_· wa• connected to a 

DC voltage source to serve a• the cathode tor the 

reaction. The po• itive terainal ot the voltage 

source va• conaected to the vall or the 

stainle •• • teel tank in which the model wa• towed. 

Bubble• ot h7drogen aa• were generated at the cathode 
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wi ! e an d s ubs equently washed into the tlow adJacent 

to the hul l . It was found that the introduction or 

e a w . nt 

t h e v i sc o us 

the boundary layer significantly reduced 

resistance on the body. The magnitude of 

th e drag re duction was found to depend on both the 

in g sp Pe d and the applied electrical curr~nt 

to t he el e c t rode. 

, the s ubsequent study the cathode was attached 

to th . hu l l of a 6'9" model of a World War II vintage 

destroyer whi ch was also towed in the freshwater tank. 

The r e s u l t s o f t his s tudy indicated that the reduction 

o f vis co 1s dr ag wa s due to the time-rate ot mass 

o f hy dro~ n p roduced on the hull-mounted cathode and 

th e c on d i t i o n or the flow within the boundary layer 

a d 1 c en t · n t he hull. 

A1 t h 0 ugh t h e l i terature on the microscopic effects 

! ~n meno n is q uite extensive, there is no 

~r e m~n t wit h regaru to physical mechanics. It was 

f o rmP rly us sumed that suspended additives suppress : 

th e t u r b ul e n ce intensity of the flow thereby causing a 

redu cti on in the viscous resistance. However, this 

th e ory i s uns atisfactory becauae many experiments have 

show n th e p olymer additive• have a negligible eftec~ 

o n t r bulen ce energy and in • ome cases have even 
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increased the energy. 2 McCormick has proposed that 

the reduction in drag when bubbles are injected into 

the fluid stream is due to two different mechanis ms 

depending on the condition ot tlow within the boundary 

layer. If the tlov i • laminar, the bubbles act as a 

lubricant as they remain clo• e to, or intact vith, 

the hull. When the tlow is turbulent the bubbles 

initially destroy the laminar aublayer, that region 

being one of high shear • tress. A• the bubbles travel 

into the inner and outer regions or the b o undary l ayer 

they ab s orb the turbulent momentum and, in addition, 

act as a lubricant against the small viscous shear 

stresses in these regiona. 3 

There is great ditticulty in developing a 

quantitative theory to model the effect because of a 

lack of representative atatistical theory applicable to 

homogenous and non-homogenou• turbulence near a wall. 

However, Buevich has recently developed a mode l f or 

drag reduction by injection ot particles into 

turbulent viscous flow which corresponds at least 

qualitatively with obaerved ettect• • 

B. Purpose or Study 

The purposes of thi • • tudy were to first analyze the 

technique of drag reduction by electrolysis in a series 
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of small model te1t1 in an ettort to optiaize the 

contiguration ot the electrode• on the hull tor aaximum 

drag reducing ettect and to then te1t the contiguration 

on a larger scale aodel. Furthermore, the tactor1 

determining the power requirement tor generating a 

Jpecitied current were to be analyzed and modelled to 

proYide technique• tor turther optialzing the de11gn 

contiguratio~, tor predicting power require• ent1 and 

tor projecting the re1ult1 to prototype application. 
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I I . CONSI DERATIONS IN ELECTROLYSIS OF SEAWATER 

A. Chemistry of Elect rolysis 

In t ~ e electrolysis of water, which has made 

an ele ctrolyte by the addi tio n of some ronducting ions , 

b ubb les of hydrogen and oxygen gas are gen e rated in 

t he fQl lowing r~actions: 

Cathode (oxidation react ion): 

2H+ + 2e- • H
2 

{acidic medium) 

2H 2 0 + 2e- • H2 + 20 H- (alkaline medium) 

Anode (reduction reaction ) : 

AH 2 0 & o
2 

+ 4H+ + 4e- {acidic med i um) 

4oH- = O + 2H O + 4e-(alkaline medium) 
2 2 

Most natural waters are alkaline, (with the pH of 

seawater varying between 7.5 and 8.4) and so it 

is the latter of each pair of reactions t hat we are 

c oncer ned with. 

Chlori ne, ( p resent i n seawater as t h e chlo r ide ion, 

, n o ve rage concentrat i ons of 19 parts per thousand) 

h as a lowe r overvoltage than oxygen. Hence chlorine 

e vo lut ion will predominate at the anode below a sp ecifie d 

current density and is oxidized as follows: 

2~1- • Cl + 2e -
2 

Above the limiting current dens i ty, both 

oxygen and chlorine will be evolved at the anode. 
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Of significance also are several other reactions 

wh ic h we can expect in the e l ectrolysis of seawater. 

cale depos its will form o n the cathode d ue to the 

p r ecipi tation of calcium, sodium, and magnesium 

salts , and the production of biproducts of hydrogen 

chloride, hypochlorite, sodium hypochlorite will occur 

at the anode. The pertinent reactions are li sted below: 

Cathode: Na++ OH-• NaOH 

Anode: 

ca+2 + 2OH- • 2Ca(OH)2 

Mg+ 2 + 2OH - • 2Mg (OH) 2 

H2 O + Cl2 • HCl(aq) + HOC l (aq)* 

2NaOH(aq) + Cl
2 

= NaOCl (aq) +h
2

O 

In electroflotation oil separators it has been 

fo u nd that pulsing the volt ge to the electrodes or 

' mpres sing a n alt e rnating voltage o n the DC volutage 

t ll r e duce the formation of scale on the electr o d e s . 

{reference 22) . 

*It s hould be noted that these compunds are poiso n ous 
to fo uling organisms and wi ll provide anti-fouling 
f or the hull. 
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B. Bubble Growth and Detachment 

Bubble growth and detachment and the size of 

~h e b bles generated in e l ctrolysis has been 

s tudied by Coehn and Neumann ( 2 ) and Kabanov (14). 

Their findings indicate that bubble size varies with 

co 1. centration and pH of the e l ectrolyte, and the 

current density. In dilute solutions and at high 

current densities, the bubbles evolved are smaller 

than in concentrated solutions or low current densities. 

The effect of current density can be explained 

by recalling that a number of forces interact which 

affect the detachment of a bubble including surface 

tension and contact angle, hydrostatic lift, hydrostatic 

pressure, and the electric field at the electrified interface. 

Hence, as the current density increases, the charge of 

the electrif i ed interface is increas e d . The resultin g 

1 r eu e in the wettability of the surface causes the 

co ntact angle to decrease, which in turn causes a 

I 

de c rease in the force of adherence and in the size of 

the detached bubble . 

Furthermore, in alkaline solutions smaller bubbles 

separate from the cathode than from the anode , but in 

acidic electrolytes the rev~rse is true. Hence, we can 
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xp ct t h at in fresh water (pH slightly greater than 

7. 2) at h igh current densities the oxygen and hydr o en bub

bles wil l be of similar size and will create a 

milky t urbidity in the water i ndicating colloidal or 

emuls ion size (0.001 . to 0.1 ~m). In seawater, 

" h i ch is more alkaline, at the same current density 

we c an expect that the hydrogen bubble size will still 

be in the colloidal rang e , but t he oxygen bubbles 

will be somewhat larger. 

Epstein and Plesset ( 2), obta~ntd the following 

relation for computing the radii of gas b ubbles 

generated by electrolysis: 

( 2 . 1 ) 

R = radiu• of bubble 

D • mass diCfusirity of dissolved gas in liquid 

p = density of gas 
g 

6C = gas concentrat io n diffe~ential be t we e n 
electrode 

t = time 

For a more detailed analysis of bubble growth 

see references ( 2 ) and ( 14). 
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C. Effective Bubble Production 

'he total quantity of gas produced is a function 

o f the current passing thro ugh tPe electrochemical circuit, 

and can be computed using Farraday's l~w. 

• 
m • MI 

G ~ ( 2 • 2 ) 

• 
m • time rate of gas production (grams/sec) 

G 

M • moleular weight of gas (grams/mole) 

I~ current (amperes) 

Z • Valence number 

F = Farraday's constant (F • 96,493 coulombs/mol e ) 

Since hydrogen, chlorine and oxygen gases are 

soluble in water, one must take this factor into 

account when computing effective bubble production. 

Th e solubility is a function of water temperature, 

~li nit~ biological activity, current and wave 

action, and depth (pressure). 

A portion of solubility data tabulated in Sverdrup ( 2 8 ) 

fo r oxygen (at one atmosphere pressure) in seawater 

of various chlorinities and temperatures is reproduced 

below. 
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SATURATION VALUES OF O YGE N IN SEAWATER (Ml/1) 

Temperat ure ( ° C) 

0 
5 

10 
15 
20 
25 

0 
5 

10 
15 
20 
25 

Chlorinity 0 /00 15 

8. 55 
7.56 
6.77 
6.14 
6.53 
5.17 

18 

8. 20 
7.26 
6.52 
5.93 
5.44 
5.00 

16 17 

8. 4 3 8. 4 3 
7.46 7.36 
6.69 6.60 
6.01 6.oo 
5.56 5.50 
5.12 5.06 

19 20 

8.08 7 .97 
7.16 1.01 
6.44 6.35 
5.86 5.79 
5.38 5.31 
4. 9 5 4.86 

For the range of values of chlorinities 

and temperatures given, it can be seen that the saturation 

value is Rpproximately a linear decreasing function 

o f chlorinity. 

Glass tone and Lewis (12) give the equation 

rel a ti ng temperature and in the solubility of a gas as 

log ~ =_6_H __ _ 
Cl1 2. ,303R 

~Ta - Ti) 
if[ _: T2) 

6H = change of enthalpy accompanying 
solution of 1 mole of gas. 

( 2. 3 ) 

a1 ,a2 2 Absorption coefficients (ml/1) 

T2 • temperature 
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12 

The influence of pressure on ,he 

sol ub ility of a gas was expressed by w. P.enry. His 

co nclusions, generally known as Henry's Law, can be 

s 1ted in eq uation form as 

W = Kp W - mass of gas dissolved per 
unit volume of solvent 

p ~ equilabrum pressure 

K - proportionality constant 

Hence solubility is a linear function 

of pres s ure. In the range of temperatures experienced 

in seawater, and for a limited range of depths, most 

gases obey Henry's Law. However, chlorine reacts chemically 

with seawater and use of Henry's Law produces inaccurate 

r e sults when considering its total solubility. 

The effective bubble production can be 

es timated by computing the theoritical gas production 

per unit length of electrode using Farraday's law. 

For varying ship's speed, the mass flow rate of water 

past an electrode of unit length can be computed. To 

assume '~orst case" conditions in order to obtain a 

conservative estimate, one can assume a chlorinity value 

of 36 ° / o o and temperature of 15•c ( the average temperature 
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at 60°N Latitude). 

It must be recalled that Henry's Law is only 

val i d for a specified range of pressures and one must 

refer to tabulated data to obtain accurate predictions. 

Fo r a surface ship, the solubility data for a pressure 

f one atmosphere can be corre cted by determining 

an average pressure as a function of depth based on 

the draft of the vessel. 
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D. Electrode Materials 

1. Anode Selection 

14 

The selection of anode materials for 

electrolysis of seawater is & considerable problem. 

If used as an anode, most metals tend to oxidize 

and go into solution as their metallic ions 

M + M2t + 2e-

There are very few materials which if made 

anodic • will not participate in the reaction . 

and corrode away. Furthermore, it is preferred that 

the electrode materials be chemcially inert in either the 

passive or active mode, i.e. have good corrosion 

resistance and halogenresistance qualities; be easily 

fabricated into thin bands or wires which will conform 

to the ship's hull; be inexpensive and commercially 

, ,. d lable • and be capable of withstanding high current 

densities and elevated voltages. For se lectio n of an 

anode material, the choice is severely restricted. In 

commercial chlorinators, impressed current cathodic 

protection systems,4 and electrochemical flotation oil 

separation systems5 the materials used include graphite 

and noble metals or alloys~ such as platinum, platinized 

titanium, platinum-iridium alloys, platinized niob i um, 
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a n d palladium. 

Pure noble metal wire is prohibitively expensive 

and c a n be d i smissed as an option for full-scale use 

(pure platinum wire, 5 mil diameter, at present market 

cost is appr oximately 55, a foot). Also pure 

plati num is qu i te soft. Even when allowed with 

iridium, it is difficult to work with. 

Platinized wire is composed of a conducting core 

with a platinum coating. The platinized wire that is 

commercially available (Engelhard· Industries) has a 

coating of platinum 50 .micro-inches thick, and is 

considerably less . expensive than pure platinum. 

It can wi t hstand current densities of several thousand 

amperes per square foot. Platiniz e d titanium is 

r es tricted to rather low driving voltages (up to 10 volts 

Dc ) 6 in th e pr e sen ce of chlorine ions because the titanium 

s a ttacked at ~ny pores or bare areas when subjected to 

higher potentials. On the other hand, the ~iiobium wire 

is stable in seawater up to 100 volts Dc. 7 Another 

important factor to consider is that platinum is not 

totally inert, but tends to oxidize in-~the following 

reaction: 
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Tho 116h the rate or oxidation will 'te very alov, it must 

be nonetheless be considered. 

Graphite anodes are relatively inert in seawater 

and are quite inexpensive relative to anodes r~~uiring 

noble metals. However, their uae has three aigniticant 

drawbacks. First, the resistivity of graphite is 1375.0 

µn. cm (co• pared to 1.673 µ0-cm tor copper, 10.6 

µn-cm tor platinum, and 12.5 µQ-cm tor niobium). To 

achieve the aame value or electrical resistance per 

unit length or electrode using graphite anodes the croas

aection vould have to be increaaed. Thia vould neceaaitate 

uaing more material and having to mount larger electrodes 

on the hull. Because the aurtace area of the electrodes vould 

be increaaed, the current density tor a given total 

current vould be decreased, resulting in larger 

bubble aizes. This ia a further disadvantage because it 

; . des i red to maximize dispersion of the bubbles in the 

tlov around the hull. 

The second problem is that carbon also tends 

to oxidize in aeavater,though it does ao at a very slow 

rate. The oxidation reaction proceed• as tollova: 

C + 0 +CO 
2 2 
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The theoretical chemical equivalent or graphite 

then is 4042 ampere-hours per pound, and the dissolution 

rate is 2.16 pounds per ampere per year. This is a 

low value compared to 20 lb/amp/yr tor iron sacrificial 

anodes and 75 lb/amp/yr for lead. However, recalling 

that chlorine everpotential is lover than that of 

oxygen, chlorine evolution will predominate at lover 

current densities, and it is important to note that graphite 

is non-reactive in the presence of ch 1.orine. Nonetheless, 

some dissolved oxygen will be present in the water 

near the electrode and will cause some d i ssolution 

ot the anode. Brady( 5), Baylor(3) and Kabanov(l4) 

have all done work with graphite electrodes. They 

report that as the current density is increased, the 

increase in wettability caused by high polarization 

~auses penetration into the pores of the electrode. 

11
1 ~ r e sulting chemical attack decreases the electrode's 

life. This effect can be reduced by filling the inner 

pores with an impregnant to limit the activity to the 

surface. Recommended impregnants include linseed 

oil, paraffin, opal wax (i.e. du Port~~ Bemours • 

Co.), or castor wax (Baker Castor Oil Company). A 

third problem with graphite is its brittleness and the 
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2. Cathode Selection 

16 

For choice ot a cathode material the tield 

is somewhat larRer. The cathode • hould al• o be inert 

in seawater, have good corro• ion re• i • tance, and bave 

the addltional quality ot being reai• tant to hydrogen 

embrittlement. The material which ha• been uaed • ucce •• tully 

in electrochemical tlotation oil aeparator• 1• • tainle•• 

steel, and thi • material i • reco-ended tor - u• e in 

electrolytic drag reduction • y • tem• • 

3. Prototype Electrode Installation 

To beat maximize the drag reduction the 

electrode• ahould be mounted a• nearly tlu• h with the 

hull as po11ible. Tbe electrode• them• elve• would 

necea • arily have to be thin wire• or toil • trip•• 

The maximum admi •• ible thickness ot the electrode can 

be approximated by computing the admia • ible roughne •• 

for a rough, tlat plate. The admi• aibl.e rouahne•• i • 

that value below which the dra1 coefticient doe• not 

change and i • computed a• tollow•: 

K < .122,k 
a4m - Rel ( 2 • 5 ) 

IC.-. · < 1nou 
acla - ~ ' . aax 

v • kineaatic vico• ity 
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V• u • • axi• u• velocit7 

Jlbr a 300-toot de1tro7er e1cort with a • axi• ua 

• peed of 25 knot,, 

IC&da ! (100)' ~1.o,x10-1 ·rt· ·2/1~·cl(·i2 ·tn/tt) 
2 5 t } { • 6 8 8 ft / I e C } "".kt ) 

Kadm ~ 0.299 mill 

Becau1e thi• value 11 10 very •• all, it • ay 

become nece11ary to inlq the electrode• and 

in1ulatin1 backinc to • ate it tlu• h with the • urtace. 

For reduced coat in in1tallin1 the electrodes 

the anode and cathode could be affixed to an in• ulated 

~aokiAI "printed-circuit" ta1hion and the1e • trip• could 

then be mounted on the hull. 

4. Electrode• u• ed in Model-Te1tin1 Sequence 

Becau• e ot the expen• e that would have been 

incurred u1in1 noble metal or other perman~nt anode•, 

moat ot the initial experiaent• were conducted u1in1 

5-mil diaaeter lichro• e wire. licbro• e doe• corrode 

when made anodic, however 1utticient ox11•n ceneration 

occur• tor aodel-te1tin1 purpo• e •• lxperiment• vitb 

1raphit .. coated tun11ten vir•• were al10 conducted and 

they worked quite well tor 1hort period• ot ti••• 

However, the 1raphite 1• oxidised too rapidly tor 
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for the wire to be used in a series of model tests. 

In subsequent tests 1-mil plat inum filaments 

were used as anodes. In all tests 5- mil copper 

wire or 2- mil copper foil was used as the cathodes. 
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I II. POWER REQUIREMENT PREDICTION 

The power requirement for generating a given current, 

(which determines the amonnt of gas produced a t t he elec

trodes and hence the amount of drag reduction) is 

dependent on several complex factors. Analysis of the 

fact ors permits optimization of the design parameters 

and development of techniques for prototype power 

requirement projections. 

A. Theoretical Considerations 

1. Decomposition voltage - A continuous 

current will flow between two electrodes only when the 

externally applied potential exceeds the "back 

potentials" of the electrodes. Ttis voltag~ termed 

the decomposition voltage, is the cum of several 

components, each of which is discussed below. 

a. Oxidation and Reduction Potentials -

~ ~ertain potential is required at the solid

electrolyte interface of each electro de for nucleation 

of the new phase. The oxidation and reduction 

potentials are the sum of the standard potentials, 

determined for an ideal solution of unit molality 

referenced to the hydrogen scale, and a correction to 

the standard potentials to account for the actual 

cell concentrations. 
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S t a n dard oxidat i o n potentials are tabulated 

i n Reference ( 16 ). The correction is comput ed using 

the Ne rnst equation: 

E = RT ln C 
C nF 1 

R = Gas c onstan', 

T = Abso l ute temperature 

F - Faraday's number 

C2 

n = number of electrons participatin g 
in reaction 

( 3. 1) 

c1 , c2 = I onic concentr~tions of lower and 
higher o xidation states 

Hence the oxidation potential can be computed 

as follows, (where the Nernst relation has been 

simplified and the temperature is assumed t o be 

2 5°c): 

E :a E0 - E 
C 

= Eo - 0.0591 
n 

log Products 
Reactants J 

( 3. 2 ) 

For the electrolysis of seawater the oxidation 

p otentials are ·computed as follows (all computat i ons 

assume the partial pres s ure of gas generated is 1 

atmosphere - giving it a unit activity): 

anode (oxidation half-reaction): 
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E 0 = -1.3593 v olts 

[c1-] = [18.960g] [l mole]= 5.354 X 10-4N 
100 ml 35.453g 

E = Eo - 0.0591 
n 

10 g i!> C j.-2l_ 
fcFl2 

= -1.3595 + 0.0591 log [c1-] 

= · · L 3 5 9 5 - O • 19 3 3 

E =-1.5528 volts 

Cathode (reduction half-reaction): 

2H
2

0 + 2e- ~ H2 + 20H-

E0 = +0.828 volts 

pOH = 5.8 

E • Eo + 0.0591 
n 

E = + 0~485 v o l~s 

The electrode potential for the cell is the 

algebraic sum of the oxidation potential of the anode 

an d the reduct i on potential of the cath o de or the 

difference of the two oxidation potentials. Hence the 

chlorine and hydrogen evolution of this potential is 

E • -J..553 + o.485 volts 

E • -1 • 0 6 8 Volts 

This value assumes that only hydrogen is being 

generated at the cathode and only chlorine at the anode. 

These reactions will dominate, however as previously 
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mentioned, other reactions will occur at the electrodes 

if the potential is sufficient for the reaction to occur. 

b. !:.£!arization Voltage - Polarization 

is a shift in the voltage between electrodes due ~u 

t he passage of current. It occurs because the gases 

formed at the electrodes are not set free entirely and 

a certain quantity is absorbed by the electrodes. This 

c auses the electrodes to develop a back potential 

opposing the applied voltage. As the gases are 

accumulated the opposing potential increases. Kabanov 

states t hat in high velocity electrolytes (as would 

be the case where the electrodes are mounted on the 

hull of a moving ship) the effect of polarization 

is reduced bec a use the reaction products do not 

accumulate and (although absorption by the ele ctrode s 

will not b e entirely eliminated) significant leaching 

of the ele c trodes will occur. 8 

c. Chemical Overpotential - Overpotential 

is the excess of the potential above the equilibrium 

value that must be applied to the electrochemical cell 

i n order to maintain a finite current fl ow. This 

potential represents the excess of energy required to 

form the new phase. The magnitude of the overpotential 

is dependent on the electrode material (and whether 
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the electrode is an anode or cathode), the gases being 

evolved, and the current density. For small current 

densities, the overpotential can be approximately by 

a linear function of current density9_ However, 

as the current density increases, the current density

overpotential relationship takes on the form: 

E • a + blnJ 

Tafel developed the relationship: 

E ;= 2.303 RT (log J - log j 0 ) 

~ 

• 0.0591 (log J - log Jo) ( 3. 3) 
a 

Where a and Jo are empirically determined 

constants. Values of a and Jo for hydrogen and 

overpotentials for several products of electrolysis 

for numerous electrodes are tabulated in reference ( 9 ). 

The values of a and Jo can be determined by 

· 0 tting experimentally-obtained values of overvoltage 

for the particular product and elect rode • Extrapolating 

the curve to the J axis yields the constant J 0 • • The' 

10 
slope of the curve is Cl. . Below J 0 , the overvoltage 

is so low it can be assumed to be zero. 

For chlorine generated at a platinized anode 

and hydrogen at a copper cathode, the constants ere 

determine~ ~raphical~y in figure fl) · below: 
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Figure I.~., 

For copper electrodes in alkaline electrolytes 

the overvoltage is slightly higher, however impurities 

in seawater lower t h l s value. 11 

Several other factors affect tbe overvoltage, for 

a given elctrode material and electrolytic product. 

With the exception of the hydrogen overvoltage of 

platinized platinum, overvoltages decrease directly 

12 as the temperature increases. For copper the 

h a nge in hydroger. overvoltage with temperature for 

o.4 a mperes per square centimeter is tabulated below: 

Hydrogen Overpotential (copper cathode) at o.4 
amperes /cm 2 

Te.rop e r a t ure ( o C) : o.4 20.0 47.4 73.5 

Overpotential (volts): 0.572 9.508 0.508 0.395 
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Measurements of the hydrogen overvoltage of 

copper for a range of pressures indicates that overvoltage 

decreases with pressure and is a hyperboli c relationship 

as sh own in the following figure: : 

, .. ---·-r-- --
1 I 

, ·,----.. ----.. .-.----.. :.----.,~-----',.., 
'1111"~ '°"' 

Figure ( 2) 

Inspection of figure (2) shows that above a 

pressure of one atmosphere, the overpotential is asymptotic 

and decreases negligibly. 

The hydrogen overvoltage of metal s can be l ower e d 

by st()erimposing an alternating current on a direct 

current. This effect is apparently due to depolarization 

of the cathode by generation of the products o f 

oxidation at the electrode. The extent 
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of the depolarization is deter11ined priurily by the 

ratio of the alternatin1 current to the direct current 

density. ( 9) Obviously, this technique could only be 

applied lf both electrodes are platinua or so• e other 

••tertal which will not ionize when aade anodic. 

d. Oh• ic Potential Drop - As in any 

electrical circuit, there is an ohlllic resistance 

associated with passaae of current through material 

with a certain electrical conductivity. The potential 

drop occurs due to electrical enerlY beina dissipated 

in the solution in the for11 of heat. 

e, su-ary - For analysis of the volta1e

current relationship of the electroche• ical circuit, 

the applied voltaae can be expressed as follows: 

Yapp• B • AVover v • vohaic 

Yapp• applied voltaae 

B • oxidation-reduction potential 

AYover v• anode/cathode overpotentials 

AVoh• ic • oh• ic potential drop 

Bxpandin1 this equation ter11 by ter• yields 

Yapp• B(cathode) - B(anode) + AYover v(anode) + 

AVover v(cathode) + AYoh• ic 
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where 

E(cathode). E _ 0.0591 1 o n oa I PRODUCTS' R!XtfXNf J 

E(anode) 

6Vover yCcathode 

4Vover yCanode) 

6Vohaic 

• E • 0.0591 l 
o n °1 IPRODU~ DXCfANT] 

• 0.0591 (ln J-ln J ) 
ac o,c 

• 0.0591 (ln ·J-ln J ) 
a• o,a 

• 11ohaic 
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B. Limiting Current 

The voltage-current characteristic or a 

given electrochemical cell is arrected by mas • 

tran• rer proce •• e• which determine the amount or 

electroactive material aupplied to the electrode •• 

Moat ot the literature in this tield ha• been 

publiahed bJ Ru•• ian worker•, the moat out• tanding 

being Levich (reterence 18). Other vork ha• been done 

by Adu• (1) and Ridditord (4). The tolloving 1• 

• uamarized trom the• e vork•• 

In an electrochemical reaction the tran• ter 

ot electron• in the oxidation and reduction reaction• 

i • actuall7 compo• ed ot individual • tepa1 the tran• ter 

ot ion• tro• the bulk ot the • olution to the electrode 

• urtace, the electrochemical reaction it• elr, the tormation 

ot the tinal product, and the removal or the rinal product 

r~o• the electrode • urtace. The rate or electron tranater 

trom anode to cathode 1• uauall7 mueh ·ra• ter than the rate 

ot tran• ter trom the reactant• and hence it 1• the rate 

ot ma•• tran• ter ot the reactant• to the electrodes which 

11 u• uall7 the limiting • tep. Increa• ~ng the ma•• 

tran• ter rate • increase• the electron tranater rate, 

and it increa• ed enough the electron tranater rate 

become • li• iting. Hence, the current in the circuit 
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for a. given potential is velocity-dependent and has a 

limiting value, which is also velocity dependent. 

A typical current.-vol tage curve is di~grammed below. 

~,.,. . .,,,, ,~11) 

Mass tran• ter ha• three • ode•: • igration, 

convection, and dittu• ion. Migration result• trom 
I 

the torce exerted on the charged particle• by an 

electric tield. In • eawater where there is an 

exces • ot supporting electrolyte, thi• effect can be 
I 

neglected. Convection occurs trom motion ·of the flow 

past the electrodes and will be a predominant effect in 

determining the current expected from hull-mounted 

electrodes. Diftusion arise• due to the concentration 

gradient existing between the bulk solution and the 

region near the electrode. 

The general expre8sion tor the flux density 

ot the ionic specie• A (neglecting migration) is given by 
J 

+ + 

J •CV - DJ grad C 
J J 
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o
3 

• dittu• io~ coett!cient ot A
3 

+ 
V • fluid Telocit7 vector 

c
3 

• concentration ot A
3 

Solving tor_ _ac
3 

rr 

Solution ot equation (3.4) u• in1 appropriate 

boundar7 condition• perait• the calculation ot th• 

aaximum rate _at vhich A3 can be tran• ported. The 

ditticult7 ari • e• in de1cribin1 the velocity vector, 
+ 
V, and the dittu• ion coetticient tor the ca•• ot 

turbulent tlov near a rough • urtace. Levich give• 

the approximate dittu• ional flus tor tbi • ca• e a• 

Cc )o.2sv0~5n0~75c 
. . t . . .0 

"o.25ho• 5 

ct• coetticient ot turbulent re1i1tance 

·v • avera1e velo·oit7 

D • ettective coetticient ot turbulent 
dittu• ion 

Co• bulk concentration 
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v • _kineaatic viacoa.ity-

h ·• aver,..• ·pro~ruaion diaena.ion 

The nature ·or aeYeral ot the conatanta in thi• 

equation preclude• it• uae exce•t tor tirat 

approximation anal7ai • • But it i• important 

to note that the dittuaional tlux 11 proportional 

to the • quare root of the Yelocit7. 

For a plate electrode in a tlovin1 laminar 

• olution LeYich 1iYea the equation: 

i • 0.68DPDC b (l!) 0 • 33(·Vl)0•5 
lia 0- D ,r- (3.6) 

where 1 1• the len1th of the plate in the direction ot the 

liquid tlov and b 1• the width noraal to the tlov 

direction. Thi• value ot 111• will be ·con1iderabl7 

lover than tor the ca• e ot turbulent torce4 convection 

near a rou1h 1urtaoe becau• e le •• • acro• copic aixing 

occur•, and the beneticial ettect1 cau• ed b7 protru• ion 

ot the electrode into the aolution (it it 11 not 

flu1h with the hull) are ne1lected. However tor 

purpo•e• ot obtainin1 a conaerYatiYe de1i1n e• ti• ate 

•••ation (3.6) 11 1atiatacto17. 
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IV. ll>DELLING TECHNIQUES 

A. Obaic Resistance 

Pora 1in1le anode-cathode pair i•er1ed in 

a conductin1 electrolyte, we can aodel the obaic 

re1l1tance of the electroc~eaical circuit as a ladder 

circuit of parallel and 1erle1 re1i1tor1. The 1erie1 

resistor• represent differential portions of the total 

electrode re1l1tance1 and the parallel re1i1tor1 

represent differential re1i1tance1 of the total 

electrolyte resistance. In deten1inin1 the ohalc 

re1l1tance, tle oxidation-reduction potential aftd the 

0Yerpotential1 are ne1lected. (The followln1 

der1Yatlon was developed by Dr. Prederlc I. DaYi1, 

Matheutic1 . Dept., u. S. Naval Acaday). 

The clrcui.t aodel 11 diaaraaea below: 

,... 

,.., ,.., 
• 

Figure (3) 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

L. 

..... ,..,. 

r1111re ( ~) 

The total electrolyte re1l1tance between two 

cylindrical con4uctor1. of equal dlaeter 11 1lYen by 

. pt,eofh.1 (S/i>) 
Rw • wt Q..l) 

Pw • electrolyte resistivity 

S • electrode separation 

D • electrode diaaeter 

L • illHraed electrode len1th 

The derivation of this equation is found in 

Appendix (A). 

The total resistance for each electrode can be 

coaputed u1in1 the equations: 
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•• 1 

•e 2 

Pe L 
• 1 
~ 

Pe L 

·+ 
Pe ,Pe • electrode re1l1tlYity 

1 2 

L • electrode len1th 

A• cro11-1ectlonal area 

Deflnln1 an ayera1e Re, 

(Pe +pe) 
R • 1 2 L 
• 2 X 

SolYln1 for the circuit aodel elnent1, 

and 

r • e 
•e 

(n-1) 

where n ls the nuaber of "run11" in the ladder 

network. It i1 deslnd to develop a recursion 

relation relation for expres1in1 the resistance of 

(n+l) runas of th• network in tens of n run1s 

,.., 
,._, ,. .. 

Figure (5) 
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,, 

Pt1ure (6) 

Coasiclerin1 the end parallel res11tor, 

rw 
r1 • T 

Bxpresstn1 this relationship la utrix fora 

The expre11ioa for r 2 11 

rwCr1+2r
8

) 

rz • rw+r1+2re 

and it can be seen that for ra+l 

rwCrn+2r8 ) 

rn+l • rw•r +2r 
a • 

In aatrix fora this relationship is 

I rw Zrwre I 
'n+1 • 1 rw+Zre ~ 

• °n 
Since a_• Mn·la1 it is desired to find a • atrix T 

such that T · dia1nolizes M • i.e. 
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and hence 

..n 1 I 1? 0 I r • r· 0 1P T 

Solvln1 for the el1envalues of N_ 1 and the values 

of 1. 

and 

,-1 .• 

T • 1 m 

Substitutina 

Crw•re+r-)P O 

0 Crw•r
9
-r)P 

Expandina and substitutina for rn 

(r
9
+r)Crw•r

9
+r-)n~l - (r

9
-r-)(re•rw•r)n-l 

rn • rw 
Crw•r9 +r)n - Crw•r9 -r-,n 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

L 

• Recallina that re• (n~i) and rw • Jt,,n, 1ubstitutin1. 

and takina the liait as n approaches infinity 

ny. • ,129. exp c ./"i_ l ~-
1 - exp(~ J 

The expression for the ohaic resistance of the 

circuit is 

(4. 2) 
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B. Total Circuit Resistance 

A closed-fora solution can be developed for 

''first approxiMtion" analysis of volta1e a-1 current 

relationships for cylindrical electrodes. The circuit 

ls • odelled in a aanner sillilar to the • ethod developed 

for deterain1 oh• ic resistance however the oxidation

reduction potential is • odelled as a back DC volta1e 

source and the overvoltaae for the li• ited ranae of 

current densities involved is assu• ed to be a current- · 

dependent volta1e source, where the dependence is 

assu• ed to be linear. Inspection of Pipre (~) 

indicates that this assu• ption is justified. 

The circuit • odel is dia1ra• aed below 

• 

P'Jgure (7) 
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The expression for the total electrolyte 

resistance is aiven by 

A differential resistance would be 

r • Cl • rx 
The expressions for the total resistance of each 

electrode are 

Si• ilarly 

R • 81L 
el 

R • 8zL ez 

r • 81dx 
•1 

r • e2dx ez 
Deflnina an averaae re and 8 

8 + 8 
r • 1 Z dx • Sdx e 2 

The expression for the su• of the oxidation· 

reduction potential and the overpotential is assu• ed 

to have t ·he for• 

where the constants y · and a are graphically 

deterained as follows: 
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1 

Pigure (8) 

Hence, 

j + t.V0t1,0 

E • oxidation-reduction potential 

A
1 

• electrode surface area 

j • current density 

(4.3) 

t.V
0
v • values fro• 1raph, coaposite overvoltage 

where 

a• B + 6V O ov, 

(4. 4) 

{4. S) 
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Returning to the circuit model , Xi rchoi f ' s 

current equation at x is 

[Vx-Cf ix+a)] 
ix+dx • ix - sa dx 

Applyin1 Fourier's expansion to the 1x+dx te111, 

ne1lectin1 all but the first-order te1111 
di 

1x+dx • i + cD' (dx) X 

(4.6) 

and 

substitutin1 into equation (4.6) and solving for Vx 

V • -a .4! +:Li + a (4.7) x ax x; x 

Kirchoff's voltage equation at x is 

Vx+dx • Vx - 2ix8dx 

Applying Fourier's ?xpansion, substituting, and solving 

for ix 

(4.8) 

Coabinin1 equations (4.7) and (4.8) gives 

d 2v _ _:,_ dV _ ll v • -ill. 
dxz u;- ax a a 

(4.9) 

The general solution of this linear differential equation 

has the form 

(4.10) 

where 
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l1 • '2h; - fa c Ax~• ssm) /2 
s 
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The current equation, derived froa equation (4.8) 

(4.11) 

The first boundary condition is that a finite current 

flows throuah the last parallel resistor at x • L. 

The second boundary condition is that the voltaae at 

x • L excee4s the deco• position voltaae. Taken 

toaether these two conditions illply that aas bubble 

evolution occurs at all points on the length of the 

conductors. 

the 

Applyina the boundary conditions 

at X. L. i(x). Ii 

at x • L, v(x) • r Ii+ 6 
I 

constants A .and B are 

~ ct,: >. 2•2s> -). L 
A • S I e 1 

tX1-X2) i 
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Substitut ing i nto equati . 1 ) an (4 . 11) 

the voltaae and current equations ar e 

( r: A2+28) A1 (x-L) 
V(x) • s 

(Xz-X1) lie 

c r "1 •28) Az (x-L) I • a (4.12) tX 2:-X1j _lie 

-( 1:: A2+28) liAl A1(x-L) 
i(x) • tl2-X1J - --n-e 

( r A1+28) t 1A2 lz(x-L) 
+ • (4.13) (Xz-11) ,r e 

The applied voltaae and total current are co• puted 

for x • 0 and are 

The total circuit resistance is the ratio of V
0 

to 

lo• 

Expressin1 equations (4.12) and (4.13) in terms 

of the non-di• ensional parameters 

(4.14) 
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and defining JL as the current density corresponding 

to IL/A5 (where the • ini• WI value of JL is J 1 , 

determined fro• fiaure ( )) 

<~ 

V(t) • _,..1.[ ~n+4) 1) • 
1. nl/ (ri+S) 17 2 + 

exp { Kn~/2 [1"11/2_(1"1+8)1/2](t-1)} 

yJL ~n+4) _ l] • 
- -,;-[ 1"117 (n+S)i/2 

1/2 
exp{ K1"12 [n1l 2+(n+B) 112J(~-1)} + ~ (4.16) 

J A 1"11/2 
_ Ls [ril/2_(1"1+8)1/2]I___J!]+4) + 1) • 

8 ;pz(n+B)l/2 
i(t) • 

(4.17) 
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In using these equations for predict i ons, values 

of current density (i/As) for vario~s positions along 

the conductor should be coaputed to verify that the 

range of current densities does in fact fall within the 

range for which the overvolta1e is assuaed linear. An 

iterative procedure aay be necessary to refine the 

overpotential paraaeters and IL to make the results 

fit the original assuaptions. 

Of considerable significance is .he change in 

current density with position along the electrode 

length. The change in current density represents the 

current passing to the electrolyte from the electrode 

and hence is proportional to the voluae of gas being 

generated per unit length of electrode. Preferably 

the current density over the entire length of the 

electrodes should be uniform, in or d r t o insure 

uniform gas bubble production at all places on the 

hull. 

The change in current density with distance 

along the conductors is computed from equation ( 4 , 7) : 

Y i - V +c5 di X rx u a 

This equation reduces to 

( -i-: A2+28)( r A1+2B)IL A (x-L) ~ (x - L) 
di • s s [e 1 e 2 1 (4 18) ax - 2aStX 2-X1J - • 
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Non-di• ensionalizing, and in roduc ·ng the 

non-diaensional variable v • Vs y 

di cit • 

+ 

(4.19) 

(4. 20) 

The absolute value of ~ is proportional to 

the distribution of bubbles beina aenerated on the 

conductors. It is significant to note that the change 

in distribution is inversely proportional to the 

length of the conductors and to the r atio 

v. Vs. 
y This latter condition is intuitive, for 

as the value of I\, decrease,, obviously the 

current will t•nd to "leak out" of the anode at a 

greater rate. 

D~~ to the complex nature of the overpotential s 

involved in electrolysis, co• puter modelling of the 

electroche• ical circuit is the only technique for 

achievi.ng truly accurate results. 
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A coaputer program (!LOOP, i n Ba ~· c, appendix B) 

aodels the circuit in a • anner si• ilar to the • odel 

used for developing the closed fot11l solut i on, however 

it • odels the overvoltage as a current-dependent DC 

voltaae source where the relationship is assu• ed 

loaarith• ic. The circuit is diagr ... ed below: 

,.. ,._ 
Figure (9) 

Input data for running the progr am include 

values of anode, cathode, and electrolyte resistivity; 

the oxidation-reduction potentials; the values of the 

eapirical constants ~ and J
0 

for the anodic and 

cathodic reactions (equation (3.3)); electrode 

lenath and separation, and a desired number of ~x 

divisions, corresponding to incre• ental lengths of 

the conductors. 

The prograa first computes the values of the 

circuit resistors, re and rs by dividing the 

respective total resistance values by the number of 

Ax divisions. It then detet'lllines the value of t he 
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back DC voltage due tu the ()Xidation and Teduction 

potentials. 

The proara• next deter11ines the • ini• u• applied 

voltage necessary to insure that the potential 

difference at every point on the the electrodes 

exceeds the deco• posltlon voltage. Initially, a 

saall current (corresponding to the s• allest value 

of the two values of J
0 

in the overpotential 

equations) is assuaed to flow throuah the end 

parallel resistor of the circuit. By successive 

iterations the • lniau• applied voltage is co• puted 

as well as the correspondina deco• position resistance 

and • ini•ua current. 

Following these initial steps, values of total 

voltage and current for an input range of values of 

IL (previously estimated using the cl osed-form solut ·,on) 

can be co• puted. 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

V. DESIGI OPTIMIZATIOI 

In order to optimize the configuration of the 

electrodes a myriad or inter-related trade-offs must 

be analyzed. The two principal objectives to be 

considered in developing a design are ~ven distribut i on 

o~ the gas bubbles generated at the electrodes over 

the surface ot the hull and maximization ot the current 

produced tor a given appli~d voltage. Each ot these 

tDpica will be considered separately. 

A. Power Req.uirea•nt• 

The factors which attect the current produced 

in the electrolytic cell include the resistivity 

ot the electrode• and electrolyte, the dimensions and 

eeparation dietance or the electrode•; ,he values of 

the oxidation-reduction potential a td ov r potential for 

the particular reaction and electrode ma te rials; and 

tbe applied voltage. Inspection or equations (4.16) 

and (4.17) indicates that increasing the value or the 

non-dimensional parameter n (which, in physical terms, 

is th ratio - of the "chemical" resiste c e u . o l 

overpotential to the constituent oh•ic r s stances) 

will result in a decrease in the circuit resistnnc . 

The variation or circuit reaistance for a sample set of 

vari aLles is presented in f igure ( 10). Th e var i 1.. · o n 
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urn with several design parameters - is diagramm~d belcw : 
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It can be seen that the current will be 

increased for a given voltage if the resistivity 

ot the electrode• and electrolyte, the length of the 

electrodes, and it the electrode separation distance 

can be reduced; and it the diameter or the electrodes 

ia increased. 

A sianiticant reduction in the total circuit 

resistance is achiev•d b7 connecting the electrode 

pairs in parallel. As the number of pairs connected 

in parallel is increaaed the voltage required to 

produce a given current approaches the decompoaition 

voltage, which is the theoretical limit. This 

aaaumption of courae : tater• that the potential drop 

due to connecting wire • i • negligible and that the 

electrode is configured such that th~ potential 

difference between any two points on th e electrode 

pair is uniform. This latter topic vlll be discuased 

in more detail in the next section. 

In determining the design current for a given 

electrode pair several factors mu s t b e e i t 

account. Firat, if the limiting current is not to be 

exceeded, then this condition must be met . Second, if 

the current denaity at the end of the e lectrode pair is 

not to be less than a specified minimum, t hen th is nus 
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be considered. Third, the Vftlocity dependence of the 

current must be taken into account. 

B. Bubble Distribution 

The • eparation distance and length of the 

electrodes aa well a • their placement on the hull 

will affect the resulting distribution of bubbles 

in the tlov around the hull. Increasing the value or 

n causes a more dramatic drop-ott rate with length to 

occur. The decrease in current density vith electrode 

length can be ottaet by seYeral methods. The electrode 

length can be decreased, however this vill neccessitate 

using insulated connecting wires to insure that elec

trodes transverse the tull girth of th hull . A 

second technique is to design for a voltage which is 

in exce •• ot the voltage corresponding to the 

limiting current. In this desiga the current wi ll 

remain constant regardless of the app lied voltage 

tor a portion ot the electrode's length. The drawback 

to this technique is that it results in a co nsiderable 

waste of pover. The remaining pro os t c J·q 

to vary the cross-sectional area or th lec trodes 

with distance away from the point wh ere the electrodP.s 

are connected to the voltage source. If ribbon electrodes 
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are used, vhere the wi.dth of the strip is an inc re as i ng 

function ot length, then the ·r esist anc e of the 

conductor vill decre ase as the inverse of its length. 

When the resistance or the conductor is comparable 

to that or the electrolyte, (as is the cas e with 

seawater) the ettect on the chan ge in th e current density 

will be significant. It will also reduce the dependence 

ot potential ditterence betven the electrodes with 

cliat·ance, vhi ch decreases the power requirements f! or 

the designed current. Difficulties arise in modelling 

this physical situation because the resistance of the 

electrolyte is dependent on the lateral dimensions of the 

electrodes and the differential equati on desc r ibing 

the model becomes transcendental. Analysi s o f t he 

voltage-current relationships for ri bo n elect rodes 

is incomplete as of this writing and wi 1 b 

the subject ot a subsequent paper. 

The location of the electrodes on th hull is 

4etermined by the characteristics of th fl w aroun d t he 

particular hull. Vlsual and ph oto r p '. c a n a s o 

the -bubble distribution resulting in the f l ow around t h e 

5-toot model.for various confi gurations a n d or r n 

ot speeds indicated that the optimum co n fig uration i s o n e 

in which a large p ort io n o f the el e cir ode ·pai rs 
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are mounted torvard on the hull and Just art of points 

ot tlov sep.aration. In this manner a maximum number 

ot bubble • are inje.ct.ed initially into the flow and bubbles 

lo• t by • eparation at various points on the hull are re

pla9.e4. Furthermore, the electrodes are mounted normal 

to the direction ot the flow in order to make the 

·at • tribution more uniform with respect to girth. (A 

principal objection to mounting the electrodes parallel 

to the flow 1• that it is desired to reduce the effects 

ot concentration overpotential arising from an accumulation 

ot ga1 product• at points farther art on the electrodes.) 

One other consideration is theorized but has not 

been analyzed completely to date. The injection of bubbles 

into the flow not only reduces the viscous resistance but 

aa;y alao reduce the wave-ma.king dr ag by dampi ng the amplitude 

ot the wave • generated by motion of the v e ssel. If 

such is the case, the electrodes sh ould e mount d b a sed 

on alaysis of the wave profile characte ristic of the 

vei•el. 

VI. MODEL TESTS 

A. Model Configuration 

The configuration which was test do n the 1 ' 2 " 

model is depicted in the photograph i n App ndix ( D) . 

The major bank of electrodes was loc atP.d fowar d on the 

hull wi th tvo oth r b anks locate a h . c: ho 11 ·s . 'f 
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remaining electrodeawere mounted in sets of two spaced 

evenly over the le~gth of the hul l . 

The Dodel was teated in fresh water, hence the drop

~~t effect ot the current density is not significant 

enough to merit using shortened electrodes or varying

width ribbon electrodes. However, to i r. sure mor e 

uniformity in the bubble distribution, only alternate 

electrode pairs were connected to the vol t age source 

on the same aide of the hull. Hence for each set of 

tvo pairs, the bubble distribution is essentially uniform. 

The 18'2" model was originally intended to have 

a total of sixty anode-cathode pairs. However time 

limitations and difficulties encoun t ered i n workin g 

with the platinum filament resul t e d i n onl y t hirty-

three electrolytic cells actually e i n g fec tiv • 

B. Experiment 

In the final test, the moael was towe d i n th Nav al 

Ship Research and Develop Center's David Taylor Model 

Basin. The towing speeds ranged f rom 0 . 85 f t/ s can 

the current vas varied betwe en O a nd 4 ampe r e s fo r a ch 

towing speed. The flow adjacent t o the hul l wa s 

turbulent over most of the hull l e ng t h , eve, • a t l owe r 

speeds, because the leadi n g electrode a cte d a s a bo nd ry 

layer trip. 
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The experiment was designed to test the 

ettectiyene•• ot the model configurat i on and to 

measure th~ ettect or velocity on the power req~irements. 

The toraer 1• considered first. The data are 

presented in tigure (15) where the total drag is 

shown as a function ot towing speed. By i ncreasi ng 

the • peed tor the tixed value of current the percent 

drag ~eduction varied trom 3.2% at the lower towing 

• peed• to lT.51 in the middle or the speed range. 

With increasing • peed the bubble injection had a 

diminishing ettect, causing 2.3% drag reduction at the 

highl!r • peed. 

Q ,AIIIII ... NJ 
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•• 
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The data tor the power requirements necessary 

to maintain a constant current of four amperes 

tor the range ot towing speed• 11 presented in 

tigure (16). The voltage required initially 

decreases dramatically with speed. It continues 

to decrease with speed, but at a reduced rate. At the 

• peed at which maximum drag reduction occurred, the 

power required was 50.4 watts. 

To deaon• trate the velocity dependence on the 

input power required, the drag data is presented in 

t~gure (17) a• the percent change in the ratio of EHP 

to input power a• a function ot velocity, and in 

tigure (18) a• the percent change in the coefficient 

ot total resistance aa a function of the ratio of 

velocity to input power. 
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VII. COICLUSIOIS 

The re1ult1 ot the experiment verity the 

.:conelu1 ion• reaehe·d by McCormick and Bhattacharrya in 

their initial experiments. Th~ magnitude or the drag 

reduction 11 a tunction of towing speed, the rate 

or gas bubble production and the configuration ot the 

electrode • with respect to the tlow around the hull. 

However, since no laminar tlov condition• existed in the 

te• t ·ing • equence tor the 18• 2" model, the lubricating 

ettect1 ot the gas bubbles in laminar flow were not 

ob• erved. As the flow velocity increase • the momentum 

absorption ettect increase • with velocity. After 

reaching a peak, the effects ot momentum absorption 

decrea• e with increasing velocity and approach a limit. 

However, one factor not considered in previous 

papers i • the beneficial effect in reducing the input 

power that is derived from increased mass transport 

or electroactive material to the electrodes due to 

increased velocity. Hence the non-dimensiotal ratio 

ot mass flow rate ot the wake to mass flow rate of 

gas is not a valid parameter since it does not indicate 

the dependence of .circuit resistance ., on the mass 

flow of the wake. 
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VIII PftOTOTJPB PROJECTIOIS 

Due to the complexitie- inherent in predicting 

the power requirements and the lack of data on overvoltages 

in seawater, only testing of an ' actual prototype will 

provide accurate data. Furthermore, a maximum of 4 

amperes was used in the model. tests, hence the maximum 

possible drag reduction for the range of speeds 

tested was not determined. For the same reason the drag 

reduction effect at higher towing speeds was not 

determined. 

Comparison of the data obtained by Bhattacharyya 

and McCormick on a model destroyer hull with the data 

obtaine d in the 18 1 2" model tests indicates that the 

effect of the bubbles on drag reduction is related to the 

w.ett d surface are a of the model. Hence to achieve the 

same percentage drag reduction on a full-size hull at the 

same speed the current required would be approximately 

65 amperes. Theoretically (as sumi ng th e ~ l ectrodes can 

ebdesigned so that the potential difference b etween 

th e m is everywhere approximate l y e qual 

assuming that there are a large numbe r o f eel connect ed 

in parallel) the v o l ~ , requir e d to ge nerate the n e cessary 

c ur re nt would be equal to the oxidati on - r e d u ctio n po t ntial 

n t e overvoltag. Si n c e the o x i dat io r du ct io n fo r 

hyd e n n c l vri e reduction 1, 0 6 8 v J ~ , nn 1 f o r a 
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maximum current density of 3 amperes/cm2 for each 

electrode the overvoltage on platinized electrodes 

is approximately 3 volts. Hence the total voltage 

required would be 4 volts. An additional 2 volts 

should be added to take into account the effect of 

resistances external to the the electrolytic cells. 

Without considering the effect of the decrease in 

circuit resistance that occurs due to the vessel's 

motion, the power requirement is estimated to be 

0.39 KW (which corresponds to 0.52 horsepower). 

It is readily apparent that the results of this 

exper i ment indicate that drag reduction by electrolysis 

can effect a drag reduction that is dramati c relative 

to the pover • required to make it function. Vessels 

equipped with electrodes for drag reducti o n will realize 

significant savings in fuel and wi ll have increased 

cruising ranges as a result of this fuel economy. 

Furthermore, as previously mentioned, the need f or 

anti-fouling coatings will be reduced because the 

r eac t io n products are toxic to fouling orga ni s ~ c . 

It c an be expected then, that the vesse l will not 

e xperience the increase in r e sistanc e that n ormally 

occurs with time out of drydock. 
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IX. FURTHER STUDY 

The following topics are proposed for further 

study: 

(1) Scale Effects - Due to the tact that the 

U.S. Naval Academy towing tank is on1y · 125• long it 

• is difficult to monitor the cdrrent over a range 

or model speeds. Hence further tests on the 18 1 2" 

model should be conducted in seawater over a wider 

range ot speeds and tor several different values of current. 

(2) Ribbon Electrodes - Tests should be conducted 

to determine the optimum dimensions and spacing for variable 

width ribbon electrodes to insure uniform minimum potential 

dif f erence over the length of the conduct o rs and uniform 

bubble production in seawater. 

(3) Conductivity in Flowing seawater - Tests 

should be conducted to determine the change in 

circui t resistance in flowing seawater at various sp~eds. 

(4) Target Strength - SONAR Self Noise -

Th e effect of electrolytic drag reduction on the 

sonar capabilities of Navy ships and ~arget strengt h s 

o f echo returns . from ships equipped wi th . the drag-reducing 

ystern should be investigat ed. 

l5) Long-Run Cost Effectlveness - An analys·s of the 

ong- r un savings in uel and machinery we · g t versus ini tial 
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expend! tures should be. undertaken to determine the 

economy rea.ult'ing in 1.nstallation of .the dr _as

reducing • ya.tea. 
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FOOTNOTES 

1 
Yo. A. Ruev.ich, "Drag Reducti.on Model tor Par

ticle Iniectlon into a Turbulent Viscous Fluid Stream," 
Flui•d nynami'ca, 5, (March-April 1970) 1 p. 271. 

2 
Ibid., p. 271. 

3 
N. McCormick. R. Bhattacharyya 1 and L. Sawyer, 

"Drag Reduction ot a Deep Submergence Vehicle by 
Electroly•i•," International Conference on Engineering 
in the Ocean Environment, IEEE, September 1973. 

4 
Gene D. Brady, "Graphite Anodes tor Impressed 

Current Cathodic Protection: A Practical Approach," 
Materials Protec•tion and PertoJ"mance • 10 ( October 1971), 
p. 20 •. 

5 
Q. H. McKenna, H. Helbar, L. M. Carrell, and 

R. F. Tobias, "Electrochemical Flotation Concept tor 
a~moving Oil trom Water," Technical Report for Project 
4305, Contract Ro. DOT-CG-24288-A, U.S. Coast Guard 
0-tice ot Research and Development,1973, pp. 6-7. 

6 
Ibid., p. 7. 

1 
Ibid., p. 7. 

8 
Boria N. Kabanov, Elect·rdchemis t ry of Metals a nd 

Adsorption, {Holon, Israel: Fre~nd Publishing House, 
1969), P• 41. 

9 
Veniamin G. Levi ch, Phy'sioc·hemical Hydrodynamics, 

Trans ., Scripta Technica, Inc., (Englewood Cliffs, N. J.: 
Pre nt ice-Hall, Inc., 1962), p. 251. 
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The total Ohmic resistance of the electrolyte 

can be computed using the method of images. It is 

assumed that the two cy~indrical electrodes are 

immersed in a conducting medium having lateral 

dimensions which are small compared to the separation 

distance of the electrodes. It is further assumed 

that the change per unit length (±A) of the conduct o rs 

is uniform. This assumption is not valid for the 

entire length of the conductor, however for small 

lengths of the conductor the variation with length 

is negligible. Since the resistance of the medium 

is a function of its electrical capacitance, and the 

capacitance at any point is determined by the local 

charge, the assumption is therefore applicable. 

Beginning with Laplace's equation: 

V2 U•o 

For a given set of boundary conditions the 

solution is unique. If a solution U(r,8,~) 

i s obtained by any technique, and if all the boundary 

conditions are satisfied, then the solution i s complete. 

71< 
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A2 

The potential difference between q and q' , an 

imaginary char1e, is given in cylindrical coordinates by 

• 1 [ q + q' . ] 
4w£0 (r2+d2-2rdcos&)t/z (r2+b 2-2rbcose)l7"T""" 

Hence, for r •a, u(a,8, •) • 0 for all ~ and •• 

Thus, the radical terms must be proportional, or 

.2 
b • a 

/, / 
I 

/ / ' .61 / 1 ·,' 
r/ I 

' I / 1 '~ r. ' 
I 

- - - - - --,. 

---- ~ --
- ----- d 
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The capacitance of the pair of conductors is given by 

In teras of V, 

V • i 
). 

• -2,n:
0 

V • >. ·zweo 

where e
0 

is the permittivity of free space 

(8.85 x 1o·lZ farad/meter). 

Since 

The potential difference between o and p is 

Vop • V(r•a-a2/d) • V(r•h-a2/d) 

2 2 2 2 2 2 
• >. {ln[d -a -d~a·a /d)]-ln[d -a -d~h-a /d)]} 

Zweo d(a-a /d) d(h-a /d) 

>. hd-a 2 
Vop • Ii£:- ln[a(d-hj1 

0 

Recalling that d • 2h - a2/d 

d2 - 2hd + a2 • 0 

d • h ,: /h2-a2 

Substituting this value for d 

73< 
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A -1 h 
V0 P • ~ cosh Ci) 

0 . 

The potential difference between o and p' is 

2V
0
p, hence 

The electric field intensity between the conductors is 

obtained fro• the equation 
+ 
B • -Vu 

so that considering the x-direct-ion only 

au 
Bx • -rx 

74< 

Since A • Au and letting r • (x2+y2) 1l 2 
Zw£o 2cosh-1(h/a) 

.2 
(where x • 2h - 0 • d) 

Au d~d2+y2)-l/22d (d2+y2~-l/22d 
Ex• -Zcosh-i(h/a)[d -a2·d(d2+y2)172+ (dz+y )172 ] 

The equation of continuity for the current through the 

surfaces of an arbitrarily-shaped surface area of 

macroscopic size is given by 

+ 
I• I J • dn da s 
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A5 

Where J is the current density. Also, Ohm's Law 

can be written 
+ + 
J • ~ 

p 

p • restivity 

Letting ds • Ldy, where L is the immersed electrode 

length 

I • ! / 00 Edy 
p --

Substituting 
I• AuLd [: d(d2+y2)·1/2 1 

pcosh-i(h/a) [d2-a2·d(.d2+y2}i/2+ (dz+yz)]dy 

Integrating this expression yieldi 

I• AuLw 
pcosh-i(h/a) 

Letting s • 2h, which is separation distance and 

D • 2a, where D is the electrode diaaeter, the 

total ohmic resistance is 

~•Au • pcosh- 1 (S/D) 
T tw 
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I Bl _,_ 

I ILOCP 

100 DIPI VC9000) 

I 110 DIM IC!OOO> . 
120 PRINT I•UT ANODE AND CATHODE RESISTIVITY ("ICRO-OHMS-CM). 
130 INPUT Pl,P2 . ·• 140 PRINT ·1•uT OXIDATION•REDUCTiON POTENTIAL. 
150 INPUT E · . 
160 PRINT •INPUT VALUES OF JO AND ALPHA FOR ANODE AND CATHODE•· 

I 
no INPUT Jl,Al,J9,A2 
180. LET Cl:LOGCJ8> 
190 LET C :!= L OGC J9 > 
200 PRINT •1NPUT MINIMUM AND LIMITING CURRENT DENSITY CAMPS/CM•2>• 

I 210 INPUT ~l ,J2 · 
220 PRINT INPUT ELECTROLYtt RESISTIVITY COHMS•CPI>• 

, 230 INPUT P3 . . · 

I 240 PRINT ·1NPUT ELECTRCl>E 'DIAMETER (MILS) AND SEPARA·TION ccr-.,· 
2'0 INPUtr D.B . . 
260 LET D=D•2.54/IOOO , 
270 PRINt ·1 ,,ur AVERA<£ IIIIMERS[D ELECTRCl>E LENGTH (CPI)• I mo INPUT L 

· 290 LET s:~.1416•L•n . 
300 PRINT INPUT AVERAGE RECIPRC'CAL ELECTRODE LENGTH Cl/CM)• 
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I 310 'INPUT LI . 
320 LET Ll:1/Ll . ' 
330 PRINT •INPUT NUMBER OF DELTA•X DIVISIONS AND.CONVERGENCE CRITERIA• 

•
. 340 INPUT N G . 

350 .PRINT •fNPUT NUMBER OF ELECTRCl'>E PAIRS• 
360 INPUT M 

•

. 370 PRINT 
380 PRINT 
390 PRINT 
400 LET Rl:Pl•UC3.1416•CDl2>•z>•IE-6 

I 410 LET R2:P2•Ll<3.1416•CD/2)A2>•1E•6 
420 LET Rl=Rl/N . 
430 -LET R 2= R2/N ' · 

I 440 LET R~~PJ•LOGC8/D+SQRCB•21D•2-t>>IC3.14J6•Ll> 
450 LET R3:R3•N , 
460 LET K:N · 

I 
470 LET I CK>= Jl.S 
480 LET J: JI 
490 LET Q: 100 . 

. 500 LET U:0.0591•CCLOGCJ>•C1>/Al+CLOGCJ>•C2)/A2> 

I 510 LET VCK): ICK >•R3+E+u 
520 .LET VCK•l>:VCK>+ICK>•CRl+R2> 
530 LET .Z: 0.059 I•< CLOG( C Q+ICK»IS>•C 1>/Al+CLOGC C Q+ICK»IS>•C2)/A2> 

I 
540 -IF ABSCQ-CVCK•l>•E•Z>IR3)cG THEN 570 · 
550 LET Q: Q+Q/ 1'000 ' 
560 GO TO 530 

I 
570 LET I CK• I>= ICK>+Q 
'80 LET K: K• I · 
590 IF K: 0 THEN 1660 

I 
--- ---------- --------------~----------------------------------------



I 
I ILO(P (CONTINUED> 

600 LET J: l(K )/9 

I 610 IF Jc,J2 THEN 500 
62f> IF QI e>O THEN 500 
630 U:T Ql:1 

I 640 LET Zl:(1-K>I~ 
650 GO TO 500 
660 LET VO:V(l>+ICl>•<Rl+R2> · 

-2-

I 670 PRINT .APPLIED VOLTAGE IS ·,vo,· VOLTS. 
680 PRINT ·cuRRENT FOR ONE PAIR IS S JC I"> S ~ APIPs· 
690 PRINT .TOTAL CURRENT 1s·s1<l>•Ms AMPS. 
700 PRINT 

B2 

I 710 IF Qlc>I THEN 740 · 
720 PRINT ·cuRRENT DENSITY EXCEEDS LIMITING VALUE AT X: ·,z1 
730 PRINT 

I 740 PRINT .TOTAL RESISTANCE OF 0.NE ELECTRODE .PAIR IS ·,v·o1IC I> S OHMS. 
750 PRINT ·rorAL CIRCUIT RESISTANC'E _I"S .•• VO/(I(l)..-t>s · OHPls·. 
760 PRINT 

• 

110 PRINT 
780 . PRINT · · 
790 PRINT ·x· ·rcx> · CAMPS). '•Jc)o· ·rDI/DX] •• DIDO·· t t t t 
800 PRINT . 

I 810 LET M: l . . 
820 PRINT o·,1c1>,I(l)/S, . 
830 LET 8:CI<K>•ICK+l))/CL/N) \ 

I 840 LET B=BO 
sio PRINT so

1
• 1.0· 

860 LET K: K+ . 

I 
870 IF INTCK/CN/IO))c>K/(N/10) THEJf 910 

• •o LET 8: C ICK>•ICk+l > )/(LIN> 
890 PRINT CN-K)/N,ICK>,lCK)/S,B,8/80 . 
900 GO TO 860 

I 910 IF K: N THEN 930 
920 GO TO 860 
9.\0 LET- 8: JCK )/CL/ft) , 

I 940 PRINT 1 • o•, ICK >, I CK >IS,B,8/BO 
950 END 
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Pl ,P2 -
Pl -
E -
J8,J9-
A1 ,12-
Cl ,C2-
J1-
J2 .. 
O-
B-
L-
L1-
S-
N-
G-
M
R1,R2-
R3-
K
l(K)-
J-
Q-
u
V(K)
z-
Ql-
Zl-
YO-
1(1 )-
8-
BO-

LIST OF VARIABLES 

Anode and Cathode Resistivity 
Electrolyte Resistivity 
Oxidation-Reduction Potential 
Values of JO for Tafel Equation 
Values of Alpha for Tafel Equation 
Constants associated with Log(JO) 
MinilUI Current Density 
Limiting Current Density 
Electrode Di11111ter 
Electrode Separation Distance 
Average Electrode Length 
Average Reciprocal Electrode Length 
Electrode Surface Area 
Nllllber of Delta-X Divisions 
Convergence Criteria 
Nllllber of Electrode Pairs 
Total and Differential Electrode Resistances 
Total and Differential Electrolyte Resistances 
Index Variable 
Local Current 
Local Current Density 
Local Current in Parallel Resistor 
Tafel Overpotential 
Local Potential Difference 
· Increaented Tafel Overpotential 
Control Variable 
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Location of First Excess of CurNrnt Density over Limiting Value 
Applied Voltage 
Total Cell Current 
Change in Current with respect to distance 
Initial Value of B 
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