10.

11.

. The general solution of the differential equation y” + 2y +y =01is A. cie™* + ce™%;

. The inverse Laplace transform of

Part 1: Multiple Choice (50%)

Enter your answer on the Scantron sheet. No calculators allowed.

. Which of the following differential equations is linear? A. y"+axy' +y=1, B. y' +

202 =2z; C. (y)>’+y*=1; D.y +siny=0; E. yy+2y=2x.

. Which of the following differential equations is separable? A. y’ + 2y = 2?; B. 3/ —

xy=cosx; C.xzy +y=sinz; D. %y +2y=4wx; E.y — 2%y =2

. A 10-1b weight hangs from a spring whose spring constant is 2 lb/ft. If the weight is

also subject to a damping force equal to 1.5 times its velocity in ft/sec, the system is
A. overdamped; B. underdamped; C. critically damped.

. A simple circuit consists of an inductance of 1 henry, a capacitance of 0.01 farads, and

a voltage source that supplies E(t) volts. For which of the following functions E(t) is
the system in resonance? A. 20cost; B. cos20t; C. 10sin10f;  D. 100 cos 2t;
E. 200 sin 5¢.

xT

B. cie™ + ce®;  C. e+ coxe™; D. cicosx + cosinz;  E. e

. The general solution of the differential equation y” + 2y’ + 5y = 0 is A. ¢; + cox;

B. ¢1cos2x + cosin2x; C. cre” cos2x + coe¥sin2x; D. cie7 % cos2x + coe ¥ sin 2z
E. None of these.

A trial solution for the inhomogeneous equation y”+vy' —2y = e*is A. Ae*; B. Ae*+
Be™?*:  C. Ae® + Be™®; D. Aze®; E. None of these.

s —2

. The inverse Laplace transform of m——is A. e *cost; B. e ?sint; C. e* cost;

$24+4s+5
D. e ?cost — 2e ?'sint; E. e’ cos2t.

24e 35 .
52425+5 18

A. e7tsin2t + 2U(t — 3)e " sin 2¢;

B. e7'sin2t + sU(t — 3)e*Fsin2(¢ — 3);
C. ecos2t + sU(t — 3)e " cos 2t;

D. etcos2t — 1U(t — 3)e* " cos 2(t — 3);
E. None of these.

The value of the function e'U(t —2) at t = 3 is A. 0; B. e3; C. e D. 1;
E. None of these.

The Laplace transform of the function e'U(t — 2) is A. 0; B. - C. ¢

5o s+1;
1 . e“—=s
D. 1 E. <
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13.

14.

15.

16.

. If y satisfies the initial-value problem y” + 9y = 44(t — 2), y(0) = 0, ¥'(0) = 0, then the

Laplace transform Y (s) of y(t) is A. Zt5; B. %—; C. e T D A
E. None of these.

The matrix B ;l] has 1 as an eigenvalue. Which of the following is an eigenvector

corresponding to 17 A. {8}, B. B}, C. {ﬂ, D. {_21]; E. None of these.
In the Fourier series of 2% on the interval (—1,1), the coefficient of sin3nz is A. 0;
B. 2; C. ﬁ; D. —2%:; E. None of these.

37 9

For z = 2, the Fourier series of 2% on the interval (—1,1) converges to A. 0; B. 1;
C. i D. —%: E. None of these.

bY) -9

If u(z,y) = X ()Y (y) is a product solution of the PDE u,, + w,, = u, + u,, then there
is a constant A so that A. X" =)X; B. X" -X'=)X; C X"-X =)\X/
D. X" =MX +X"); E. X"=XX—X).
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Part 2: Long Answer (50%)

17.

18.

19.

20.

Write your answer and supporting work in your blue book or on sheets
provided. Calculators are allowed on this part.

A cup of boiling-hot water (100° C) is placed in a room whose temperature is 20° C.
After 2 minutes the water has cooled to 93° C. Assuming Newton’s law of cooling, when
will the temperature of the water be 30° C?

A 1-kg mass is attached to a spring with spring constant 1.44 Nt/m. There is no damping.
Initially the mass is 1 m above the equilibrium position moving upward at 1.5 m/sec.

(a) Let z(t) be the displacement of the mass below the equilibrium position at time ¢
seconds. Write an initial-value problem for x(t).

(b) Solve your initial-value problem to find x(t) for ¢ > 0.
(¢c) What is the amplitude of the motion?

Solve the initial-value problem
v +2 +y=et, y(0)=1, ¢'(0)=0.

Counsider the circuit below.

10 © : 6 Q2

il 3

E—

i

100 V<> __0.05f h

21.

(a) Write a system of two differential equations for the current i3 and the charge g, on
the capacitor. (Note that is = ¢5.)

(b) Assuming i3(0) = ¢2(0) = 0, solve this system to find i3(¢) and go(t).

(a) Find eigenvalues and eigenvectors for the matrix

5 o)
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(b) Use your answer to Part (a) to solve the system

¥=-y, z(0)=2,
y' =9z, y(0)=09.

22. Use two steps of Euler’s method to estimate y(0.2), where y is the solution of the second-
order initial-value problem

y' =2y +y=1z, y(0)=1, ¢'(0)=1.

23. Let f be the function of period 6 such that

f(x):{o, 3<2<0

z, 0<x<3

(a) Sketch the graph of f on the interval [—6,6]. At which points in this interval is f
discontinuous?

(b) Find the Fourier series of f.

(¢) To what value does the Fourier series converge at z = 0?7 At z = 37

24. A uniform rod 2 m long has thermal diffusivity 0.4 m?/sec. (That is, if u(x,t) is the
temperature at the position x meters from the left end of the rod at times t seconds,
then u; = 0.4u,,.) Suppose the ends of the bar are perfectly insulated (so that u,(0,t) =
uz(2,t) = 0 for all t), and that the initial temperature profile is given by

u(z,0) =50z, 0<az<2.

(a) Find u(z,t) for all ¢ > 0.

(b) Write out explicitly the first three nonzero terms of the series solution.
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9.
10.
11.
12.
13.
14.
15.
16.
17. Temperature T'(t) satisfies IVP T(0) = 100, 2L = k(T — 20) with solution T'(¢) = 20 + 80e*,

and condition T(2) = 93 gives k = £ In %. Solve the equation

tp 73 In % .
20+ 80e2 "8 =30 toget t= 21ﬁ ~ 45.4 minutes.
)

18. (a)
2" + 1442 =0, z(0) = -1, 2/(0) = —1.5.

z(t) = —cos(1.2t) — 1.25sin(1.2¢t).

amplitude = /1 + 1.252 ~ 1.601 m.

19. Solution by transforms: transform the IVP to get

1 243543
Y —s42sY —24Y =—— or (52+25+1)Y:ﬂ,
s+1 s+1

hence
52+ 3s5+3 1 1 1

3 = + 7T 3"
(s+1) s+1 (s+1)2  (s+1)
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Take inverse transforms to get

1
Yy = et ptet + §t2€_t.

This can also be solved by undetermined coefficients.

20. (a) Left loop gives
1027 4 20g2 = 100;

right loop gives
6i3 + i5 — 20g2 = 0.

Use i1 = ig + i3 and 2 = ¢}, to obtain
it + 6i3 —20g2 = 0, i3 + g5 + 2go = 10.

(b) Transform the system in the previous part:

10
(S+6)Ig—20@2:o, 13+(8+2)Q2:?.

Solve by Cramer’s rule to get

0 =20
. L s5+2 _ 200 23_ Z+4 25
ST 1s+6 —20| s(s2+85+32) s  (s+4)2+16 (s+4)2+ 16
1 s+ 2
s+6 0
S I S | S (CESON S {CE I
s+6 —20 s(s2+8s+32) s (s+4)24+16 (s+4)?+16
1 5+ 2
Thus
2 2 2
i3 = Z5 — 156_“ cos 4t — 156_# sin 4t
15 15 )
qQ = 3~ §6_4t cos 4t + §6_4t sin 4t.
21. (a) Eigenvalues are 3, —3 since
-2 -1
'_9 _)\’—()\—3)()\—1-3).

Figenvectors for A = 3, —3 are

respectively.
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- ieel)
[ l)-B)

from which follows ¢; = %, Cco = g

(b) The general solution is

Initial condition says

22. Let u = 3/, so we have the system
vy =u, v =22u—y+z, y0) =1, u(0)=1.

Then using step size 0.1, y(0.1) ~ 1+ .1(1) = 1.1 and u(0.1) = 1+ .1(0 — 1 + 0) = 0.9, so
y(0.2) ~ 1.1 +.1(0.9) = 1.19.

23. (a) f is discontinuous at x = +3.

(b) The Fourier coefficients are

1 [? 1 [? 3
00:6/_3]‘(:15)(13::6/0 :de:Z,

e e
ay, = 3/3 f(x) cos ?dw = 3/0 T COS ?dw = %((_1)n - 1),
1 /3 1 /3 —-1)"
bn = 3/ 5 f(z) Sin$dm B 3/0 v ngx - _S(mr)
Hence
3 =T 3 . nrx  3(=1)" . nmx
fo =3+ 2 e

(¢) At x = 0, the series converges to 0. At x = 3, it converges to %

24. (a) We look for a solution of the form

oo
_.47L27r2t nmx
u(x,t) =co + E ane” 1 cos ——,

n=1

where to satisfy the initial condition we must have

1 2
co = / 50xdx = 50
0

2
and )
nwT 200
ap = /0 50z cos Td:n = W((—l)" -1).
Hence
— 200 2.2, MTT
u(x,t) =50+ —— (=1)" - e 1n ™ cos ——.
e 2

(b) The series begins
400 2 mx 400 g, 37z

U(mat):50—?e cos 5= — g 3¢ cos = =
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