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Difference Tables
To evaluate the definite integral fol 2% dx as a limit of Riemann sums our text relies on the formula

o nn+1)2n+1)
6 )
which appears with little explanation. We show how to use a difference table to discover and prove the

above formula. The same method works for many sequences whose first few terms are known. Our sequence
here is

Si=12=1, S=12+22=5S3=124+224+32=14, S, =12+22+324+4%=230,...,

and we seek a formula for the sum S, = 124224+ 3%24 .- - 4+ n? of the first n squares. In the difference table
the top row is the sequence itself, and each successive row is obtained by subtracting consecutive terms
from the previous row.

P4+224+32 4 4n

sequence S, 1 5 14 30 55 91 140
1st differences 4 9 16 25 36 49

2nd differences 5 7 9 11 13
3rd differences 2 2 2 2 .
4th differences 0 0 0 . .

The row of 4th differences in the table consists of 0’s, which implies that .S,, must be a polynomial in n of
degree 3. (There is an analogous result in differential calculus: If the k-th derivative of a function f(z) is
identically 0, then f(z) must be a polynomial in x of degree at most kK — 1.) So we can write

S, =An®+ Bn>+Cn+ D
for some constants A, B, C', and D. Our known values of S, Ss, S3, and S; lead to the system

1 =8= A + B + C+ D
5 = S = 84 + 4B + 2C + D : _ _ _ —
14— S — 274 1+ 9B + 3C + D[ which we solve to find A=1/3, B=1/2, C =1/6, D =0.
30 = Sy = 644 + 16B + 4C + D

Therefore S, = £ n® 4+ $n° + ¢ = n(n+1)(2n + 1)/6.

Try one yourself: Use a difference table to show that 14+2+3+---+n=1in>+ tn=n(n+1)/2.
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