
RANDOM WA VE ANALYSIS 

The goal of this handout is to consider statistical and probabilistic descriptions of 
random wave heights and periods. In design, random waves are often represented by a single 
characteristic wave height and wave period. Most often, the significant wave height is used to 
represent wave heights in a random sea. It is important to understand, however, that wave 
heights have some statistical variability about this representative value. Knowledge of the 
probability distribution of wave heights is therefore essential to fully describe the range of 
wave conditions expected, especially the extreme values that are most important for design. 

Short Term Statistics of Sea Waves: 

Short term statistics describe the probabilities of qccurrence of wave heights and 
periods that occur within one observation or measurement of ocean waves. Such an 
observation typically consists of a wave record over a short time period, ranging from a few 
minutes to perhaps 15 or 30 minutes. An example is shown below in Figure 1 for a 150 second 
wave record. 
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Figure 1. Example of short term wave record from a random sea (Goda, 2002) 
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Zero-Crossing Analysis 

The standard. method of determining the short-term statistics of a wave record is 
through the zero-crossing analysis. Either the so-called zero-upcrossing method or the zero
downcrossing method may be used; the statistics should be the same for a sufficiently long 
record. Figure 1 shows the results from a zero-upcrossing analysis. 

In this case, the mean water level is first determined. The wave record is marked each 
time the water surface crosses the mean level in an upward direction. Individual waves are 
then identified between the upcrossings and the individuaJ wave height, Jfj, and wave period, 1] 
are determined, where j is an index counter to identify each wave. In this example, j = 1 to J, 

· where J = 21 is the total number of waves observed. The individual waves are then usually 
recorded in a table as shown in Table 1. 
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A statistical analysis of the wave record is then carried out to define characteristic or 
representative wave parameters. For this purpose, the rank order of the waves is first 
determined. This is illustrated in the last column: of Table 1 where the rank m is assigned to 
each wave, so that m= 1 is the largest wave, m= 2 is the second largest,... m = J is the 
smallest wave. 
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Table 1. Wave heights and periods from Figure I (Goda, 2002) 

a. Mean Wave Height and Period 

The mean wave height and period are the simplest statistical parameters to 
define. They are found in the usual way as: 

and 
. l J 

T =~I~ 
J j=I 

For the example data set in Table l, the mean wave height and period are found 
to be 2.4 meters and 7.0 seconds. An imaginary wave with this height and 
period could be used as the basis for design. As you might imagine, however, 
the mean wave height is usually so small and ·exceeded by so many other waves 
in the record that it is not, in fact, used in design. 

2 



b. Root-Mean-Square Height and Period 

A more useful way of describing the wave heights in a random sea is to define 
the Root-Mean-Square or RMS wave height, defined. as H,.,,, The RMS wave 
period may also be defined. The mathematical definition of the RMS wave 
height is: 

}_ f. Hi 
J L.., ) 

j=I 

Note that this gives the larger wave heights a stronger weighting in the 
averagirig process so that H,m, is always larger than the mean height. From the 
data in Table 1, the RMS wave height is found ,to be 2. 66 meters. 

The RMS height is also related to wave energy (since energy depends on the 
squared wave height) so that the average energy of the random sea is given by 

E = 
1 2 
BpgH,ms 

c. . Significant Wave Height 

The most widely used statistical wave height for a short term wave record is the 
so-called significant height, denoted as either Hs or as H113 or as HJJ, The 
significant wave height is defined as the mean or average of the largest one-third 
of the waves in the wave record, hence the notation H113 or H33 symbolizing the 
average of the largest 33% of the waves in the record. 

In Table 1, the rank ordered wave heights are most conveniently used for this 
averaging such that the significant wave height is found by considering the top 
one-third (J/3) of the rank-ordered waves as: 

1 J/3 

Hs = (J/3)~1Hm 
A similar averaging may be performed on the wave periods associated with the 
one-third largest waves. From the data in Table 1, the significant wave height 
and period are 3.6 meters and 7.8 seconds respectively. An imaginary wave 
with this height and period is commonly assumed for design purposes for 
breakwaters and other coastal engineering structures. 
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One interesting feature of the significant wave is that it is thought to correspond 
to the wave conditions that would be estimated visually by an observer looking 
at a random sea. In other words, the human eye has a natural filtering that tends 
to exclude the smallest waves and focus instead on the larger waves in the sea 
state. 

d. One-Tenth Highest Wave 

Another widely used descriptor of the short-term wave statistics. is the One
Tenth Highest wave, denoted as H1110 or as H10. Again, this symbolizes the 
average of the one-tenth (or ten percent) largest waves in the wave record. 

. 1 J/10 

H1110 = (J /10) ~,Hm 

In the example in Table 1, only two waves, with m= 1 and m= 2 would be 
averaged, giving the one-tenth highest wave height and period as 4. 7 meters and 
7. 5 seconds. For design, an imaginary wave with this height and period could 
be used to represent the random sea. 

Probability Distribution of Short Term Wave Heights 

Experimental Probability of Exceedence 

The rank ordering of the wave heights in the short-term wave record allows the 
probability distribution of wave heights to be easily determined. For our 
purposes, we will determine the probability of exceedence for the wave heights, 
denoted Q(H) or Prob{H(t)> HJ, and defined as the probability that individual 
wave heights in the wave record will exceed a specified height H. 

The probability distribution of wave heights may be obtained directly from the 
wave data in Table 1. The most efficient way of determining the experimental 
probability distribution is through the so-called "Plotting Position" method. In 

. this method, the probability that a wave will exceed height Hm is found as 

where m is the rank of the wave height. The factor J+ I in the denominator is 
preferred by . statisticians in order for Q(Hm) to describe the probability that 
wave heights will exceed height Hm. A more intuitive plotting position formula 
that is often used instead is 
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This actually gives the probability that wave heights will equal or exceed height 
Hm. From Table I, we see that a wave height of 4.89 m (largest wave) has a 
probability of being equalled or exceeded ofQ(4.89m)= 1/21= 0.0476.For most 
data sets, where hundreds of waves are considered, the differences between 
these two equations listed above is insignificant. After computing the probability 
Q(Hm) for all waves . in the wave record, the experimental probability 
distribution curve may be developed as shown by the solid square symbols in 
Figure 2. 
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Figilre 2. Experimental Probability ofExceedence 

Theoretical Probability of Exceedence 

As shown by M.S. Longuet-Higgins in 1952, the probability of exceedence of 
wave heights in a random sea may be given by the Rayleigh Probability 
Distribution (named for Lord Rayleigh who. showed its· applicability to sound 
waves in 1877). This function describes the distribution or spreading of wave 
heights about some reference wave height. The most common reference height 
is Hrms and the Rayleigh distribution of wave heights may be given by 
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Note that H,m.• is treated as a constant in the above equation and is used as a 
scaling parameter to describe the general size of waves in the sea state. The 
random variable is wa.ve height, H, and the equation the gives the probability of 
wave heights being equal to or greater than any value H. 

This distribution is compared to the experimental distribution of wave heights in 
Figure 2. Note that the Rayleigh distribution predicts the probability of wave 
heights exceeding some value so, for example, the probability of wave heights 
exceeding Hems is exp(-1) = 0.368. In the example above, where H,ms = 2.66 
meters, the probability of heights exceeding 5 meters is exp(-(5. 0/2. 66)2) = 

0.029 or 2.9 percent. 

Another important feature of the Rayleigh Distribution is that all characteristic 
wave heights may be interrelated. For example, the Rayleigh distribution allows 
us to relate various statistical wave height parameters as follows: 

Hs = 1.414 Hrms · .--.. J-/,,.,,,, "' 
and 

H1110.,,127 Hs =· L80 H,ms 

In addition, it has been shown that a good estimate of the maximum wave height 
in a wave record may be found from 

For example, the maximum wave height in a random sea that had J= 2000 
waves and a significant wave height, Hs = lOm, would be estimated as 

Hm~x = 0.707 ~ln2000 (lOm) = 19.Sm 

As a Rule-of-Thumb, the maximum wave height is usually about two-times the 
· significant wave height, i.. e. Hmax- 2 Hs. 

It is noted, however, that larger and more rare or extreme waves can occur. 
Rogue or freak waves are sometimes defined as individual waves whose height 
is larger than 2Hs or 2. 5 Hs. From the Rayleigh distribution, the. probability of 
a wave exceeding 2. 5 Hs is given as 

{ 
(2.5Hsf} Q(2.5Hs) = exp - H!., = exp{-12.5} = 0.00000374 

Thus, taking the inverse, we would expect only one wave out of 267,326 waves 
to exceed 2 .. 5 Hs. 
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