
Statistics and Probabilities of the Water Surface Tl 

Water Surface as a Random Variable 

Suppose that the water surface elevation, T)(t), were sampled for a period of time, ta, in random 
waves. Ifwe sample the water surface at a constant rate (usually expressed in number of samples per 
second or Hertz) we will end up with individual samples Tli where 1 <i<I and where I is the 

Basic Statistical Measures 

Mean Value 

In a wave tank, where the still water level does not vary in time, we expect that our sample will have 
a zero mean or average value. For real wave measurements in the ocean, the mean value will not 
always be zero, in part because tides cause an up or down shift in the still water level from one hour 
to the next. In analyzing random wave data, we can find the mean value of T) as 

n = ~ J t" n < t) dt = ~ L n1 
td o I 

Variance and Standard Deviation 

For linear water waves, we expect wave crest and trough amplitudes to be symmetrical about the 
mean value, and we expect these values to vary considerably. Since the water surface crosses zero 
twice for each wave, and since most waves are small, we expect most values off) to be near zero. 
Very large waves occur infrequently and we therefore expect that large values of T) should be rare. 
To characterize the spread in values of T) about the mean value, we can determine the variance of 
T) as the average of the squared variations from the mean 

A more meaningful measure of the spread in T) about the mean is the standard deviation, o 
(yes ... another use of o), which is simply the square-root of the variance. The standard deviation is 
useful because it has the same units as T), i.e both are in feet or meters. As we will see, the wave crests 
almost never rise above +30 while troughs almost never go below -3o. 

Significant Wave Height 

· Another useful application of the standard deviation of T) is that the significant wave height, H,, 
defined as the average of the one-third largest wave heights, is theoretically given by 

As a result, if you know that the standard deviation off) is, say, 2 meters, then the significant wave 
height is 8 m and the highest crest (or lowest trough) is about 6 meters above (below) the water 
surface. 



Probability Function for Water Surface 

Probability Density Function for 17 

Additional infmmation regarding the variation in T) can be obtained from the Gaussian or Normal 
Probability Function. For random variables like T), which fluctuate equally above and below their 
mean value, it can be shown that the individual values ofri should follow the Gaussian or Normal 
Probability Density Function (PDF) 

P (n l = -- e 
1 

This function has a shape often described as a "bell-shaped curve." Note that the range of values of 
T) about the mean depends only on the standard deviation, o. Also note that p(T)) is symmetrical with 
equal probability densities for positive and negative values of T). The shape of this distribution is 
shown in Figure I for a case with zero mean. Note that values of T) equal to zero are the most 
common and that probability densities decrease as T) increase or decrease. Values ofri theoretically 
extend to infinity but, as noted above, are rare beyond ±30. 

GAUSSIAN PROBABILITY DENSITY FUNCTION 
FOR STD DEV er = 1 inch 

-3 -2 -1 0 1 2 3 
WATER SURFACE ELEVATION,'/ • inches 

Figure 1. Gaussian or Normal Probabilty Density Function. 

Cumulative Distribution Function 

4 

The Gaussian or Normal Cumulative Distribution Function (CDF), or cumulative 
probability distribution, represents the probability of ri being less than or equal to some specified 
value and is given by 

p (f}) (n p (!j) dri 
J -~ 

This integral ~so represents the area under the PDF curve to the left of any specified value of T). 
Values of P( ri) are tabulated since the integration cannot be reduced to a simple equation form. A 
table of the Gaussian CDF is attached, where values of ri are given in dimensionless form by_th_e_ra_t_io __ _ 
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