
Kalman Filter

Last time we derived the Bayesian Filter from a Hidden Markov Model to predict the
state of the world based on observations and actions. The math is right, but it suffers from
a serious limitation. We can only practically compute actual values in cases where the size
of the conditional probability tables is small. In the case of binary questions like, “is the
door open”, then computation is no problem, but much of the time in robotics, the question
we have is continuous, not discrete. For example, if we want to know where the robot is, its
x, y location is a continuous number, or at best, approximated with a very large number of
discrete states.

One prominent and venerable approach to this problem is to use continuous distributions,
but limit them to a particular type. If we select the type properly, we will be able to do
things like multiply two continuous distributions together efficiently.

Frequently, we choose to model the error in a sensor with a Gaussian distribution, also
known as a normal distribution. This is the “bell curve” you’ve likely seen before. A Gaussian
distribution is determined by its mean µ, and its standard deviation σ.

Figure 1: Gaussian distributions. Blue: µ = 0, σ = 1, Red: µ = 0, σ = 2, Green: µ = 3, σ =
1.

The mean µ determines where the peak of the curve is, and the standard deviation σ
determines how wide it is. Gaussians are advantageous for at least two reasons:

1. It’s easy to convince yourself that it’s an accurate model (“the average of the error is
close to zero, and most of the time I get small error. However, it’s possible, though
unlikely, to have significant error”).

2. A Gaussian times a Gaussian is a Gaussian. This is unusual in distributions. We’ll see
why this is really, really handy later.

3. It is still a valid expression of probability. Even though they extend to infinity and
negative infinity, the area under the curve is still 1.

In reality, we have two sources of error. First, we might have an incorrectly-calibrated
sensor, and it may return an observation that is some multiple of the truth. For example,
an observation may always be 1.5 times the truth: o = c · x, where c = 1.5.
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Second, we have random error. In an accurate sensor, we would expect the random error
to be around zero, meaning µ = 0, and σ would be small. That would mean the range of
likely amounts of random error is very, very small, and close to zero. An inaccurate sensor
with a wide amount of variation on readings would have error with large standard deviation.

When we combine both sources of error, we get a “linear-gaussian” model.
So, if o is the sensor reading, and x is the true distance, then we can model this as:

o = c · x+N (0, σo) ,

where c is the coefficient for systemic error (hopefully close to 1), and N (0, σo) denotes
the random error. In mathematics, we say that the random error is a sampling from the
Gaussian distribution with a mean of 0 and a standard deviation of σ.

For a Gaussian distribution with mean µ and standard deviation σ, the probability of
sampling a value o from that Gaussian is given by the probability density function of that
Gaussian:

p(o) =
1√

2πσ2
e−

(o−µ)2

2σ2 .

That’s ugly! Fortunately, in real life, it’s not necessary to have this memorized:

from math import *

def normpdf(d,mu,sigma):

return (1/sqrt(2*pi*sigma*sigma))*exp(-.5*pow(d-mu,2)/pow(sigma,2))

So, if we know the real life measurement x, and we know c and σ, it is easy to get the
conditional probability p(o|x) (the probability of getting observation o given that the actual
distance is x) by calling our function normpdf(o,c*x,sigma). As you know from Bayes’
Filters, knowing this conditional probability is likely to be important.

A short note about continuous probabilities: Continuous probabilities, when
you get down to the details, are a little bit weird. For example, if a sensor tells you
something is 1.03 m away, what is the probability it is EXACTLY 1.3 meters away? 0!
This is because we can always add more digits after the decimal point until we find a
digit where our measurement is not exactly correct. So, if we’re strict about it, when
we talk about the probability of some x, it is always zero. However, the probability
density function p(x) is NOT always zero, as it is set up so that

∫
x
p(x)dx = 1.

So, even though we’ll SAY “what is the probability of x,” what we MEAN is “what is
the value of the probability density function of x.” This is one of the few cases where
mathematical rigor loses out to common sense, and should be cherished.

What about moving the robot? Well, odometers are just sensors; they’re just as wrong as
anything else can be. So, if instructed to move u meters, they actually move b ·u+N (0, σu)
meters. It is the same with rotation. These parameters b and σu are known as the robot’s
motion model.
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Kalman Filter

The easiest way to extend the Bayes’ Filter we learned about last time to a world with
continuous probabilities is known as the Kalman Filter.

Recall that in our Bayes’ Filter, we have a predictive step (what will happen when we
take an action), and an update step (make an observation, and update probabilities).

The predictive step looks like this:

P (Xt+1|Xt, ut) =
∑
Xt

P (Xt+1|Xt, ut)P (Xt)

and the update step like this:

P (Xt|ot) = αP (ot|Xt)P (Xt),

where α is just the normalizing number equivalent to one over the denomenator in Bayes’
Rule. We’ll need these two equations later.

Let’s start with an example. A robot with a sonar is facing a wall. It wants to know its
location by measuring its distance from the wall. The sensor has an error model of c = 1
and σ = 2 (no systemic error, and random error with standard deviation of 2m). We start
with the belief that the robot is somewhere around 20m away from the wall, but we’re not
too sure. So, we’ll say that our belief on the location of the robot can be described by a
Gaussian distribution P (X0) = N (20, 5). This distribution can be seen in Figure 2a; the
higher the line is, the more we’re willing to believe the robot is in that location.

We then take an action (because, remember, a filter is some belief, followed by an action
that changes that belief, followed by an observation that changes that belief, repeated). In
this case, we’ll drive -1m, meaning 1 meter to the left. The mean of our Gaussian should
move 1 meter left, correct? This is the prediction step, except now, we have continuous
distributions:

P (Xt+1) =

∫
P (Xt+1|Xt, u)P (Xt)dXt.

Since this is the first step and we have a prior P (X0), this becomes

P (Xt+1) =

∫
P (Xt+1|Xt, u)NX0(20, 5)dXt.

We also need a characterization of P (Xt+1|Xt, u), but we can model that as a linear gaussian
as well. Now at this point the math gets hairy, in a linear algebra, covariance matrix sort of
way, so I’ll handwave that away. It turns out that this ends up being:

P (Xt+1) = N (19, 5.8310) .

What should that new density function look like? Because we have uncertainty when
we drive, our standard deviation should increase. Looking at figure 2b, we can see that’s
exactly what happened.

Let’s say we then take a sensor reading, and get back a distance of 5.04. When we
consider our sensor model, this means that p(o = 5.04|X) = N (5.04, 2). This can be viewed
as the red, dotted line in Figure 2c.
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What we’re interested in is the posterior p(Xt|ot). What we HAVE is p(ot|Xt) and the
probability prior to the observation of P (Xt) = N (19, 5.8310). This is where we apply the
update step. But before we do, lets talk about the α. α is a number that we can compute
directly from Bayes’ Rule,

α =
1∫

P (o|Xt)P (Xt)
,

but as we’ve seem before, it can also be thought of as, “the multiplicative constant that makes
all the outcomes add up to 1.” In the case of continuous functions, it becomes, “the function
that makes the value of the integral across outcomes sum to 1.” But wait, if P (ot|Xt) is a
gaussian and P (Xt) is a gaussian, then we know that their product is a gaussian! And since
we know that a gaussian already integrates to 1, we don’t need an α, it’s already a valid
distribution.

P (Xt|ot) = αN (5.04, 2)N (19, 5.8310)

= N (6.509, 1.892)

This can be seen as the red, dotted line in Figure 2d. Notice this posterior has done
the sensible thing, and has “averaged” the guesses of our prior and our sensor measurement.
Our sensor was much more sure of itself than our prior was, though, so its measurement
factored in much more than the prior did.

Note that, unlike our discrete probabilities, what we have is not a probability of one
particular case (probability the door is open). Instead, what we have is an entire distribution.
We don’t know exactly where the robot is, but the likelihood that it lies in any given place
is given by our distribution N (6.509, 1.892).

1D Kalman Filter Algorithm

OK, so we have a technique here, but we’ve handwaved so much of the math that it’s not
clear how we do anything from that. Fortunately, although the justification is ugly, the end
result is a pretty simple set of operations on the µ and σ for the gaussians.

The below Kalman Filter algorithm takes care of the math, taking care of the ugliness
of multiplying and adding Gaussians. Note this is built around variances σ2, not standard
deviations σ. It is easy to switch back and forth between the two.

First, our notation:

Belief Parameters
µ Mean of our belief
σ Standard deviation of our belief

Motion Model
u Action taken
b Systemic error term in motion model
σu Standard Deviation of the motion model

Sensor Model
o Observation
c Systemic error term in sensor model
σo Standard Deviation of the sensor model
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(a) Initial belief on robot location: N (20, 5) (b) Distribution after driving: N (19, 5.8310)

(c) p(o = 5.04|x): N (5.04, 2)
(d) Distribution after incorporating sensor
data: N (6.509, 1.892)

Figure 2: Illustration of likelihood of robot location.

µ =µ+ b · u //calculate µ after robot’s movement

σ2 =σ2 + σ2
u //calculate σ after robot’s movement

k =
σ2 · c

c2σ2 + σ2
o

//k is known as the Kalman gain

µ =µ+ k(o− c · µ) //calculate µ after considering sensor reading

σ2 =(1− k · c)σ2 //calculate new σ after considering sensor reading
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