
SI335: Computer Algorithms
Spring AY2017 — 12-Week Exam

Individual work. Closed book. Closed notes. 
You may not use any electronic device. 

This is a multi section exam that will be given to different midshipmen at different times. As per
USNAINST 1531.53A, you may NOT communicate about this exam with anyone using any medium until your

instructor tells you that you can.  
 
 
Name: ___________________________________, Alpha: ___________, Section Number: ___________ 
 
 

1. The "Balance Problem" (which we'll call "BALANCE") is this. You have a balance scale,
a box you want to weigh and weights w1,...,wn. Someone tells you the box has weight
B, and your job is to verify that. The question is this: Assume the box is placed on
the left side of the balance, is there a way to distribute some or all of the weights
on the two sides of the balance such that, if the box really does have weight B, the
scale will balance exactly?

    Example:  B = 6 ; w0 = 2, w1 = 3, w2 = 8, w3 = 27 
 
    Solution: yes!  put B and W0 on the left, w2 on the right, 
              and lay w1 and w3 aside.  B + w0 = 8 = w2 
 
  

a. [10 pts] Prove that BALANCE is in NP.
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b. [10pts] Consider the following greedy strategy: choose from amongst all the available weights
the weight wi and side s (meaning either s=left or s=right) such that adding wi to side s
brings the scale closest to being in balance. Then put weight wi on side s of the scale and
continue with the remaining weights. If no weights are left, or there is no wi and s that
brings the scale closer to being in balance than it currently is, exit.

Example: B = 6 ; w0 = 2, w1 = 3, w2 = 8, w3 = 27
Before Step 1 After Step 1 After Step 2

neither remaining 
weight can make 
it "more balanced", 
so exit

left heavier by 6right heavier by 2balanced

Prove that this greedy algorithm doesn't always produce optimum solutions.

c. [10pts] Suppose I have a polynomial time reduction of SIMPLE-KNAPSACK  to BALANCE --- i.e. an
algorithm that takes as input an instance I_K of the SIMPLE-KNAPSACK problem and, in
polynomial time, produces an instance I_B of BALANCE that is equivalent to I_K. Which one(s)
of the following is a true statement (circle those that are):

i. If someone finds a polynomial time algorithm for SIMPLE-KNAPSACK then BALANCE can be
solved in polynomial time.

ii. If someone proves that SIMPLE-KNAPSACK cannot be solved in polynomial time, then BALANCE
cannot be solved in polynomial time.

iii. If someone finds a polynomial time algorithm for BALANCE then SIMPLE-KNAPSACK can be
solved in polynomial time.

iv. If someone proves that BALANCE cannot be solved in polynomial time, then SIMPLE-KNAPSACK
cannot be solved in polynomial time.

v. This proves that P = NP.
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d. [10pts] I've implemented this great little C++ function "optbal" (see below) that determines
the optimum value of how close to balanced I can get with a given B and weights w1,...,wn. If
the weights are in a vector W, I just call it like optbal(W,n,-B). It has a tendency to run
*really* slow though.

i. What technique should I consider using to speed it up? [Note: just name the technique,
you don't have to show me how to do it!]

ii. Explain why this technique might make the program run faster?

// NOTE: a negative value of "offby" means there is more weight 
// on the left, a positive value means more on the right. 
int optbal(vector<int>& W, int n, int offby) 
{ 
  if (n == 0 || offby == 0) return offby; 
 
  int left  = optbal(W, n-1, offby - W[n-1]); 
  int right = optbal(W, n-1, offby + W[n-1]); 
  int leave = optbal(W, n-1, offby); 
  if (abs(left) <= abs(right) && abs(left) <= abs(leave)) 
    return left; 
  else if (abs(right) <= abs(left) && abs(right) <= abs(leave)) 
    return right; 
  else 
    return leave; 
} 
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2. Let G be an unweighted, undirected graph with n vertices and e edges. G is said to be "triangle-
free" if no three vertices from G are interconnected; in other words, no three vertices form a
triangle. Here is a super-simple algorithm that determines whether a graph is triangle-free:

      Algorithm: TriangleFree1(G) 
      Input: Graph G (with n vertices and e edges) 
      Output: true if G is triangle-free, and false otherwise 
 
      for u from 0 to n-1 do 
        for v from 0 to n-1 do 
          for w from from 0 to n-1 do      
            if (u,v), (u,w) and (v,w) are all edges in G 
              return true 
 
      return false 
    

NOTE: you may assume e > n for this problem. 
 
a. [10pts] Assuming the graph is represented as an adjacency matrix, give an upper and lower

bound on the worst-case running time of this algorithm as in terms of n and e. Justify your
answers!

b. [10pts] Assuming the graph is represented as an adjacency list, give an upper and lower bound
on the worst-case running time of this algorithm in terms of n and e. Justify your answers!
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3. [10pts] List the vertices of the graph below in topologically sorted order. 

4. [10pts] The picture below show's Prim's Minimum Spanning Tree algorithm in-progress, computing a
minimum spanning tree starting from vertex 1. Prim's algorithm is a greedy algorithm. What would
its next "greedy choice" be? Explain your answer! 

5. [10pts] What is the Hamiltonian Cycle Problem (also known as "HAMCYCLE")?
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6. [10pts] Write down in pseudo-code an algorithm based on breadth-first search that takes a directed
graph G (with n vertices and e edges) and vertex s in G as input and determines the number of
vertices in G that are reachable from s (including s itself). 
NOTE: You can't just say "do breadth-first search", you have to actually give pseudo-code for it.


