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Abstract— As large chemical batteries become more common
in transportation and fixed storage applications, the lifetime
of these expensive components is a major issue. A capacitive
storage system can be paired with the battery to handle
degrading short term high-power events and create a hybrid
energy storage system. This paper proposes a simple method
to control the power flows from the two sources with the
goal of maximizing the lifetime of both components. Analytical
optimization is used to generate a simple real time control law
that trades off degradation of the two sources with the energy
stored in the capacitor. For sufficiently large capacitor sizes,
it can produce optimal solutions identical to those calculated
using nonlinear or dynamic programming. This method is
termed the “Equivalent Degradation Minimization Strategy”
based on similarities to the fuel-based equivalent consumption
minimization strategy (ECMS). A heuristic modification is also
presented to better deal with capacity constraints. Simulations
are presented for an electric vehicle to show the battery
degradation using this method vs. a full optimization with a
priori knowledge, for a range of 13 different capacitor sizes on
two cycles.

I. INTRODUCTION

A variety of modern engineered systems have demand-
ing requirements on their power subsystems including high
power delivery and extended cycle life. To meet these
requirements in the energy storage arena, different energy
storage devices with complementary characteristics may be
combined to produce a Hybrid Energy Storage System
(HESS) that uses the best attributes of each component.
Many of these systems have a high-energy storage device,
which acts as a net energy source on average, combined with
a low-capacity but high-power device. This paper studies
control methods to effectively use multiple power devices
to minimize degradation or wear.

Many applications share this blending of power sources
and storage including fuel cell systems, terrestrial grid energy
storage, marine, and transportation. This paper focuses on
a common example, an electric vehicle that has a large
battery for long-term storage combined with a bank of super-
capacitors (SC) for short spikes. The battery degrades much
more quickly under high power demand, while the capacitors
have limited energy storage. The total system degradation is
a combination of the degradation of both devices, although
typically the battery dominates.

Power converters are required to control the power flow
between these multiple devices. Many different power system
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topologies exist with various benefits and drawbacks [1]–[6],
but the central theme is that multiple power sources combine
to meet total demand. There are also many attempts to select
component sizes, for example via simultaneous optimization
of component size and control method [7].

The most common method is low-pass filtering or power
averaging [8], [9]. Rule-based approaches [6], [10], [11] have
also been proposed to force the SC to handle high power
transients. Some combination approaches include simulated
annealing [12] or particle swarm optimization [3] to define
parameters for a rule-based controller, and fuzzy logic to
calculate filter time constants [13], [14].

A logical approach here is model predictive control [15],
but without a reliable future prediction it can be difficult
to implement. Instead, basic optimization is used find a
relatively simple controller structure that can be used with
minimal information.

The method proposed here uses analytical optimization
based on Lagrange multipliers and Pontryagin’s minimum
principle to derive first-order necessary conditions for op-
timal control laws. These conditions provide a real-time
implementable control law where the algorithm attempts to
minimize the sum of system degradation and an equivalent
degradation for using capacitor power. A key idea is that
the net power flow from the capacitor is constrained to
meet starting and ending charge targets, and this provides
an optimization constraint. The examples that follow assume
net charge is zero, representing identical starting and ending
charge. This approach is termed the “Equivalent Degradation
Minimization Strategy” (EDMS) and is similar to the Equiv-
alent Consumption Minimization Strategy [16]–[22] which
addresses the issue of minimizing fuel consumption in a
hybrid-electric vehicle.

If the size of the capacitor energy storage is not con-
strained, this method can produce optimal solutions identical
to those obtained when using a more general nonlinear pro-
gram solver. The base algorithm does not consider constraints
on capacitor energy storage, so a modification is proposed
to better handle the capacitor storage limits.

To find the best achievable performance for comparison
purposes, a separate non-causal Nonlinear Programming
solver with perfect a priori information was used. Other non-
causal method could be used, like Dynamic Programming
[13].

Constraints on capacitor size are important, so simulations
are conducted for 13 different capacitor sizes and the EPA75
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Fig. 1: Nominal battery/capacitor energy storage architecture.
The architecture does not change the outcome as long as
there is full control of power flow between the storage
devices.

and HWFET cycles to understand behavior for a wide range
of configurations and operating conditions.

II. PROBLEM STATEMENT

Consider the general case of a hybrid power source
composed of a net power source coupled with a storage
device that cannot produce or dissipate power on average.
The storage device is added to reduce undesirable operating
conditions on the main power source, and is often smaller
than the power source. The problem addressed here is how
to combine the power flows from the multiple devices in
order to minimize some cost function. As an example case,
we specifically consider the degradation of the power source
due to high power demand.

A common example of this architecture is a plug-in elec-
tric vehicle that uses a chemical battery coupled with a super
capacitor (SC). The SC can reduce the wear on the battery
by absorbing high-power demands. Both the battery and the
super capacitor have a state of charge (SOC). A similar
architecture can be used in electric grid energy storage, where
battery chemistries optimized for energy might be coupled
with chemistries optimized for power. For the examples in
the paper we consider the battery-capacitor case, but the
results generally hold for other types of power sources and
storage elements.

We consider the case where the power demand from the
hybrid power source is exogenously determined and may
be known or unknown in advance. This would be the case
with an electric vehicle where speed and grade profile is
selected by the driver, or a fixed grid storage system is
responding to some power command. This situation also
occurs in a conventional fuel-electric hybrid where a top-
level energy management system issues commands to a
lower-level battery-capacitor storage subsystem.

The power source/storage system is assumed to have a
power conversion architecture such that we may arbitrarily
control the power flow from either the battery or capacitor.
An example is shown in Fig. 1 for a battery-capacitor system.

The total power demand Ptot must be satisfied by the sum
of the battery power Pbatt and the capacitor power Pcap, any

of which may be positive or negative

Pbatt = Ptot − Pcap. (1)

The control problem is to determine the power split between
these two sources. The analysis that follows makes some
simplifying assumptions:

1) The battery or capacitor can independently supply
sufficient power to meet the demand, so their power
limits may be neglected.

2) The degradation characteristics of each source Dbatt

and DSC are additive, such that the total degradation
for a given trip, day, etc. can be calculated by taking
the sum or integral of instantaneous degradation.

3) The battery temperature Tbatt, battery SOCbatt, and
capacitor temperature Tcap over time are not strongly
affected by the power split command and may be
considered exogenous inputs that evolve based on
ambient temperatures and the power demand Ptot.

4) The losses and degradation in the capacitor are func-
tions only of output power and temperature, and not
of its SOC.

Assumption 3 is justified when considering a capacitor that is
small relative to the battery, and thus over the long term the
battery SOC and temperature generally evolves according to
Ptot regardless of control commands. This is not true for the
capacitor SOC. The assumption that capacitor temperature
is independent of control command may be less realistic,
but we could find the same result by assuming the capacitor
losses and degradation are independent of temperature.

III. PROBLEM FORMULATION

Let us consider the capacitor as an ideal storage element,
combined with a loss mechanism. Then define the control
input u as the internal capacitor power flow that changes the
SOC,

˙SOCcap = −u, (2)

which in this paper is in units of joules and not normal-
ized. The capacitor output power function Pcap(u, Tcap)
accounts for losses in either power low direction and is a
function of command u and temperature Tcap. It positive
for power output from the capacitor. For a lossless system
Pcap(u, Tcap) = u.

The optimization goal is to minimize the total system
degradation (battery and capacitor) by selecting the control
input u, while considering the capacitor as a pure integrator
and constraining the net power low to match start and end
SOC conditions, which are the same in this example. The
battery may be under long-term charge or discharge. The
total system degradation is additive over time, and is

Dtot(u, Ptot, SOCbatt, Tbatt, Tcap) = ...

Dbatt(Ptot − Pcap(u), SOCbatt, Tbatt) + αDSC(u, Tcap) (3)

at any time. The coefficient α is used as a relative weighting,
such that designers can balance the two functions so both
components have the same expected total lifetime. Based on



our assumptions, Ptot, SOCbatt, Tbatt, and Tcap are exoge-
nously determined at each time step, so (3) can be written
as Dtott(u(t)) in continuous time or Dtotk(uk) is discrete
time.

A. Discrete-time optimization

In discrete time this results in the optimization problem

min
u

T∑
0

Dtotk(uk) (4)

such that
T∑
0

−uk = 0. (5)

We can solve this by using Lagrange multipliers, with the
Lagrangian as

L =

T∑
0

Dtotk(uk) + λ

T∑
0

−uk. (6)

If a solution u is optimal, the first-order necessary conditions
are

∂L
∂λ

= 0 =

T∑
0

−uk (7)

∂L
∂uk

= 0 =
∂Dtotk(uk)

∂uk
− λ (8)

and the Lagrangian (6) will have a local minimum with
respect to u. The Lagrangian is a sum of terms that are
independent in time, so we can minimize the sum by
independently taking the minimum at each time step

uk = argmin
u

[Dtotk(uk)− λuk] . (9)

This control law may be easily implemented in real-time
if we have an estimate for λ. We term this the Equivalent
Degradation Minimization Strategy (EDMS) because the
controller places value on stored capacitor energy, and makes
a trade-off between that value and the degradation the total
system will incur. This idea is shown in the necessary
condition (8), where the calculated equivalence factor λ
represents the marginal degradation (cost) incurred by using
more or less power from capacitor.

B. Continuous time

The problem may also be formulated in continuous time,
with the capacitor energy state as a pure integrator. We
constrain the capacitor state to end where it started. This
yields the optimization

min
u

T∫
0

Dtott(u(t))dt (10)

such that
˙SOCcap = −u(t)

SOCcap(T ) = SOCcap(0).
(11)

We can then use the Pontryagin Minimum Principle [23]
to create the continuous-time Hamiltonian

H = λ0Dtott(u(t))− λu(t). (12)

If the uo control is optimal, there exists nontrivial λ such
that

ẋ =
∂H

∂λ
= ˙SOCcap = −u

SOCcap(T ) = SOCcap(0)

λ̇ =
∂H

∂SOCcap
= 0

(13)

and for all t ∈ [0, T ] the Hamiltonian H has a global
minimum with respect to u at the optimal solution uo. The
zero time derivative of λ in (13) implies a constant value.
This problem is a non-singular (regular) optimization based
on assumption 1, so λ0 is equal to one. This leaves the same
necessary but not sufficient condition that

u(t) = argmin
u

[Dtott(u(t))− λu(t)] (14)

as in the discrete time case (9).
The derivation of the algorithm only relies on the listed

assumptions. The minimization of battery degradation is one
target application, but we could also include other attributes
in the cost function. For example, the capacitor losses are
already included to account for required battery power, but
if the battery efficiency model follows the same assumptions
1-4, a cost could be directly added for power losses in both
devices. This would allow an EV to both minimize battery
wear and maximize range.

C. Extensions for Practical Implementation
This proposed method has two significant limitations. The

first is that the actual value of λ is dependent on future power
demand and thus not known exactly. The second limitation
is that capacitor energy storage limitss are not consided.

To alleviate these problems to some extent, one can add
the ability to modify λ on the fly. Many energy manage-
ment algorithms include some form of parameter tuning
or adaptation to maintain energy storage levels as desired.
This is termed “Adaptive EDMS” from the similar approach
in Adaptive ECMS [18]. In this case, some outside loop
controller monitors the system and can modify λ as needed,
typically by monitoring the power outflows or charge in the
capacitor and adjusting λ.

As an example of this general approach, an offset ad-
justment is added to λ based on the SOC deviation from
the target, with scaling factor β. This discourages capacitor
operation near the charge limits, leaving capacity margin to
deal with upcoming events. The on-line or real-time control,
is very similar to (14), except the λ is now a function of
time based on an offset from the nominal λo,

λ(t) = λo + β(SOCcap(t)− SOCtarget) (15)
u(t) = argmin

u
[Dtott(u(t))− λ(t)u(t)], (16)

This method is termed the “EDMS SOC Penalty” method in
later figures.
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Fig. 2: Normalized battery degradation rate as a function of
power demand.

TABLE I: Nissan Leaf Parameters

Mass (kg) 1480
Drag Coefficient 0.28
Cross sectional area (m2) 2.29
Coefficient of rolling resistance 0.007

IV. BATTERY DEGRADATION MODEL

There are many different methods to estimate battery
health effects, and any can be used based that all the
algorithm assumptions. Without loss of generality we choose
for example the model in [24], and neglect the effects of
temperature and SOC to focus only on the power draw.
The predicted normalized degradation rate is shown in fig-
ure 2. This battery degradation function is strictly convex
in the power output, which provides convenient properties
for optimization and easy interpretation of the first-order
necessary conditions. Perhaps the most useful property is
that for a given total amount of energy output in a given
time, the optimal solution is for constant power output over
that time. The value of λ is the marginal degradation per
watt at the operating point as seen in (8). This convex cost
does not generally occur when solving the hybrid vehicle
fuel minimization problem as in ECMS.

V. SIMULATION EXAMPLE

A. Trip Power and Energy Requirements

As a simple example, this section considers the Nissan
Leaf PEV on a two trips, the EPA75 and HWFET cycles. The
road power demand to drive this cycle is calculated from the
mass and drag parameters [25] in Table I, as shown in figures
3a and 3b. For purposes of this analysis, the efficiencies of
the motor and drive electronics are neglected and the hybrid
power system must deliver the required road power. These
losses can be added into the required power if desired.

The average required power is shown as a horizontal
line. This average power is calculated as the integral of
the demanded power, divided by the total cycle time. It
represents the extreme case with a large capacitor where the
battery discharges at constant rate.

TABLE II: Basic Cycle Energy Characteristics

EPA75 HWFET
Total Cycle Energy (kJ) 1,394 3,601
Max Capacitor Storage Energy (kJ) 1,122 945
Distance (km) 17.8 16.5
Battery Capacity for 50 km (30 mi) Range (kJ) 3,917 10,909

In terms of energy storage, it is more useful to consider the
total cycle energy. Figures 3c and 3d shows the cumulative
cycle energy demand, which is the running integral of the
demanded power. It also shows the total battery energy
supplied, if the battery were discharged at the average rate.
These two methods produce the same total cycle energy, as
expected. The difference between the two is the energy that
must be provided by the storage device if we wish to operate
the battery at constant power.

The energy characteristics of the two cycles are summa-
rized in Table II. Both are roughly the same distance but
consume very different quantities of total energy. This is
partly due to our assumption of full braking energy recovery
and highly efficient drive train. By considering the maximum
and minimum of the energy storage trace in figures 3a and
3b, we can calculate the maximum required capacitor size to
allow constant loading of the battery. Comparing this energy
to the total cycle energy provides some insight. Driving the
EPA75 cycle with constant battery load requires a capacitor
with a capacity nearly as large as the energy required for that
trip. In contrast, if we consider a vehicle with approximately
50 km range that drives the HWFET value, this maximum
capacitor value is less than 10% of the total battery capacity.

B. Controller Behavior

The EDMS method is implemented using (9), with λ deter-
mined by searching for a value that will enforce the capacitor
energy constraint (5) and ensure the capacitor energy storage
returns to its initial value. This exact knowledge of λ is
usually not available in practice, but is used here to ensure
that the various cases enforce the capacitor energy constraint.
If the capacitor is charged or discharged against its limit, the
control input is still determined using (9) but control inputs
that would violate the constraint are disallowed.

The proposed EDMS method does not consider the ca-
pacity limits of the energy storage. A similar issue exists in
the ECMS method for when minimizing fuel consumption
through battery usage in HEVs, but it has proven not to be
a significant problem because the battery is rarely operated
against the limits. However, in this case we expect the
capacitor storage will operate against its capacity limits much
more than a conventional HEV battery.

To investigate the effects of storage capacity, multiple
cases are analyzed with varying sizes of capacitors. A useful
normalization is the “Max Capacitor Storage Energy” from
Table II. Capacitor sizes beyond this limit should have no
additional benefit. Capacitor energy storage is studied in the
range of 10-130% of this limit.
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(a) EPA75 cycle: Road Power
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(b) HWFET cycle: Road Power
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(c) EPA75 cycle: Cumulative Energy
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(d) HWFET cycle: Cumulative Energy

Fig. 3: Road power and energy for two cycles: EPA75 (left) and HWFET (right). The top plots show the required power
delivered to the road, and the average power. The bottom plots show the cumulative energy delivered to the road, along with
a straight line representing battery discharge at constant rate. The difference between the two is the net energy that must be
provided by the storage capacitor if the battery is to discharge at constant rate.

The EDMS SOC penalty method is also studied, but rather
than constrain the capacity, we vary the penalty β in (15),
and record the actual capacitor SOC range used.

To provide a baseline case, a nonlinear program (NLP)
solver with a priori information is used to solve the overall
optimization problem (4) - (5). This solution represents the
best case scenario where the controller has perfect knowledge
of future power demand.

The EDMS, EDMS SOC Penalty, and NLP algorithms
are run for a range of energy storage capacities on the two
cycles. The NLP algorithm with a priori information shows
the Pareto frontier of achievable results for varying energy
storage capacity. The EDMS results can then be compared
to this “best case” result, as shown in figure 4.

The horizontal axis shows the available capacitor storage
energy as a portion of the maximum capacitor energy for
that cycle, while the vertical axis shows the total incurred
cost. The horizontal black line represents the limiting case
of a capacitor with infinite storage, which enables a constant

battery discharge power. As expected, all three algorithms
reach this limit at the maximum capacitor size (1 on the
horizontal axis) and adding more energy storage does not
improve the results.

The limiting minimum cost is much higher for the HWFET
cycle, reflecting the higher average power output of the
battery. Adding capacitive storage reduces the battery wear
more significantly on the EPA cycle, dropping by about
half for capacitive storage changing from 0.1 to 0.4 for the
optimal controller. Conversely, on HWFET this same change
yields only a 20% decrease in wear on the HWFET. Again,
this is largely due to the relatively more constant power
demand of HWFET.

We may also observe that EDMS functions well for larger
values of SC energy storage, but diverges from the non-
causal optimal solution for smaller storage capacities. This
motivates the use of the EDMS SOC penalty method, as
in both cases it performs better than the plain EDMS. It
is particularly interesting that on the EPA cycle the EDMS
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(a) EPA75 cycle:
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(b) HWFET cycle: Road Power

Fig. 4: Total cycle cost for the EDMS algorithm, the EDMS algorithm with SOC penalty (16), and a nonlinear program
solver with perfect future information. The horizontal dashed line represents the lower limit for a battery discharging at
constant rate with an infinitely large capacitor.

method maintains relatively good performance for storage
sizes down to 0.3, despite having no explicit consideration
of storage limits.

To get some idea of the general algorithm behavior, we
can study the time history of stored energy in the capacitor
on the HWFET cycle, as shown in figure 5. Simulations are
shown for the 13 different capacitor sizes using both EDMS
and the nonlinear optimization. The case of an unlimited
capacitor is shown as a thick black line; this corresponds to
the maximum capacitor storage energy listed in Table II and
horizontal axis values of 1 or greater in figure 4. The biggest
issue is that the EDMS algorithm tends to saturate at the
energy storage limits and stay there, while the full non-causal
optimization uses the full range of storage throughout the
trip. This is a fundamental drawback of the simple algorithm
in that it does not include constraints. If the choice of λ is
fixed to maintain zero net capacitor energy as it is here, that
typically dictates poor performance when operating against
active constraints. The EDMS SOC Penalty version shows
somewhat of a compromise between the two.

VI. CONCLUSIONS

A new method termed EDMS was developed to minimize
battery wear in the control of hybrid energy storage systems
that combine batteries and capacitors. This simple causal
controller attempts to minimize a combination of system
wear and an “equivalent wear” of the capacitor power
usage. For sufficiently large capacitors, the controller can
generate optimal solutions equivalent to other optimization
algorithms. However, it does not explicitly consider capacitor
energy storage limits and its performance suffers as ca-
pacitance decreases. A heuristic modification that considers
SOC was added, and it showed improved performance.
Simulations were performed for 13 different capacitor sizes

on the EPA75 and HWFET cycles. A non-causal nonlinear
optimization was used to provide a best-case benchmark.
As expected, the new EDMS method matched this best-
case performance for large capacitor size, but not the smaller
sizes.
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