
SA405, Solutions – Test 1 September 24, 2012

1. (20 points) The army is, as usual, over its head in planning some of its logistics. They have two
boot camps, Alpha and Bravo, where recruits have just finished training. They are trying to figure
out where to deploy the troops at minimum cost to their three bases, Fort Gordon, Fort Shelby and
Fort Hanni. Alpha has 1200 freshly trained troops, and Bravo has 1000. Fort Gordon requires 700
troops, Fort Shelby requires 600, and Fort Hanni requires 900. Before the troops are deployed to the
bases they are transported to one of two muster points, Charlie and Delta. They have the following
information about costs:

Cost ($ per troop sent) Charlie Delta Gordon Hanni Shelby
Alpha 130 120 na na na
Bravo 100 110 na na na
Charlie na na 40 65 85
Delta na na 55 60 95

A cost of ’na’ indicates that transportation isn’t possible.
(a) (15 points) Formulate a mathematical program that determines the minimum cost plan to satisfy
the troop requirements at the Forts.

We use the first initial of each name to represent the fort, camp, or muster point. Define G = (V,A)
to be the graph where the nodes are V = {A,B,C,D,G,H, S} and the edges correspond to the pairs
of nodes that have transportation costs as defined in the table. Let bA = 1200, bB = 1000, bC = bD =
0, bG = −700, bH = −900, and bS = −600. Let xij denote the number of troops traveling from i to j.
The formulation is:

min 130xAC + 120xAD + 100xBC + 110xBD + 40xCG + 65xCH + 85xCS + 55xDG + 60xDH + 95xDS

s.t.
∑

{j|(i,j)∈A}

xij −
∑

{j|(j,i)∈A}

xji = bi ∀i ∈ V

xij ≥ 0 ∀(i, j) ∈ A

Here, constraints (a) ensure that the flow-balance and supply and demand constraints are satisfied.
(b) (5 points) The generals have also realized that there is a fixed cost associated with opening up
Charlie and Delta. Charlie costs $10000 to open and Delta costs $12000 to open. Charlie and Delta
can only be used if they are open. What variables and constraints would you add to your model to
account for these added costs and options?

Let yC = 1 if Charlie is opened and zero otherwise. Similarly, let yD = 1 if Delta is opened and
zero otherwise. The constraints added are

∑

{j|(i,j)∈A}

xij ≤ 2200yi, for all i ∈ {C,D}.

The constraint ensures that the flow into Charlie and Delta is zero if they are not opened.
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2. (20 points) A college is trying to network several buildings on its campus. Wiring a building to
another building has a cost, and each building must have a “path” of wiring to every other building.
However, not every building can be wired directly to every other building. Professor May B. Wright
has determined that the buildings and possible connections form the following network, with costs
(in thousands of dollars) listed next to the arcs (you may assume she is correct in her drawing). She
has denoted the network G = (V, E):
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Thus, the college is trying to determine a minimum spanning tree on the given network. Using
the binary variables xij which are set to one if (i, j) is in the minimum spanning tree for (i, j) ∈ E ,
Professor Wright has formulated the following integer program, labeled (MST):

min
∑

(i,j)∈E

cijxij

s.t.
∑

{j|(i,j)∈E}

xij +
∑

{j|(j,i)∈E}

xji ≥ 1, ∀i ∈ V (a)

∑

(i,j)∈E|i,j∈U

xij ≤ |U | − 1 ∀U ⊂ V, 3 ≤ |U | ≤ |V | − 1 (b)

xij ∈ {0, 1} ∀(i, j) ∈ E .

(MST)

(a) (6 points) For the node 3, write down the associated constraint of type (a) from (MST).
The constraint ensures that at least one of the four arcs touching node 3 is chosen, i.e.,

x13 + x34 + x35 + x37 ≥ 1.
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(b) (6 points) For the set U = {3, 4, 5, 6, 7} draw a subgraph of G that represents a solution to
(MST) that would violate this constraint.
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The constraint ensures there is no cycle on the nodes specified by U . Note that there are other
possible violating subgraphs.
(c) (4 points) Using the variables from (MST), write a constraint that makes sure that building 4
can be wired to at most two total buildings.

x24 + x34 + x46 + x47 ≤ 2.

This ensures that no more than two edges touching building 4 can be selected by the program.
(d) (4 points) Define a suitable constant and write a constraint that enforces the following: If
building 1 is wired to building 2, then the total cost of wiring buildings to building 7 does not exceed
$60 thousand.

25x57 + 40x37 + 45x47 + 10x67 ≤ 60 + 120(1− x12)

Here, the total costs of wiring buildings to building seven is constrained to 60 thousand unless x12 = 0.
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3. (15 points) Consider the following linear program, labeled (P):

max x1 − 3x2 + 2x3

s.t. x1 + 2x2 + x3 = 3

2x1 + 4x2 − x4 = 2
x1, x2, x3, x4 ≥ 0

(P)

(a) (9 points) For the following, indicate whether each solution is feasible or not and whether it is
a basic solution or not. Briefly explain your answers.

1. x1 = 1, x2 = 0, x3 = 2, x4 = 0.

The solution is feasible and basic as the column vectors form a matrix with determinant

det

([

1 1
2 0

])

= −2 6= 0.

2. x1 = 1/2, x2 = 1/4, x3 = 2, x4 = 0.

The solution is feasible but not basic. No three column vectors of dimension two are linearly
independent. In this case,

−2

[

1
2

]

+

[

2
4

]

+ 0

[

1
0

]

=

[

0
0

]

3. x1 = 0, x2 = 0, x3 = 3, x4 = −2.

The solution is not feasible but is basic as

det

([

1 0
0 −1

])

= −1 6= 0.

(b) (4 points) Professor May B. Wright says, “In order to convert (P) into canonical form, we must
add slack variables. The resulting LP, labeled (P-c), is:”

max x1 − 3x2 + 2x3

s.t. x1 + 2x2 + x3 + s1 = 3

2x1 + 4x2 − x4 + s2 = 2
x1, x2, x3, x4, s1, s2 ≥ 0

(P-c)

Is Professor Wright correct or not? Briefly explain your answer.
She is not correct as the constraints were already equalities. She has now relaxed the constraints

so previously infeasible solutions are now feasible. For example, the solution x1 = x2 = x4 = 0, x3 = 3
is not feasible to (P), but is to (P-c) with s2 = 2 and s1 = 0.
(c) (2 points) How many basic solutions does (P) have? Explain your answer.

The number of basic solutions is equal to the number of pairs of linearly independent column

vectors that can be chosen from the constraint matrix,

[

1 2 1 0
2 4 0 −1

]

. There are

(

4
2

)

= 4·3
2

= 6

pairs of column vectors, but one of these choices, namely the first and second column consist of
linearly dependent vectors, so the number of basic solutions is 5.

.
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Bonus (10 bonus points) Recall that an undirected graph, G = (V, E), is a tree if G is connected
(there is a path between every pair of nodes), and has no cycles. We assume that the number of
nodes is |cV | = n ≥ 2. Prove the G is a tree if, and only if,

(a) the graph has n− 1 edges; and

(b) For any nonempty subset U ⊂ V with U 6= V, the number of edges with both endpoints in U is
less than or equal to |U | − 1.

Proof. We first show that if G is a tree, then (a) and (b) are satisfied. For (a), i.e., that a tree has
n− 1 edges, see the document with the graph definitions. For (b), we use induction on the number
of nodes. In the basecase, |V| = 2, the only tree consists of a single edge between two nodes, and
any nonempty subset U ⊂ V is exactly one node, so the number of edges with both endpoints in U
is 0 = |U | − 1. For the inductive case, assume for some k ≥ 2 that if a tree has k nodes then (b) is
true. Now, let G = (V, E) be a given tree with n = k+1. Suppose (b) is not true for G and let U ⊂ V
be the smallest nonempty node set that violates (b). Note first that U cannot have any leafs, as a
leaf could be removed (along with the edge it touches) and the number of edges would be reduced
by only 1, which would contradict the assumption that U is the smallest nonempty node set that
violates (b). Now, from the document with graph definitions, we know that G has a leaf and that the
graph created by removing the leaf and the edge the leaf touches is still a tree. Denote this graph
by G ′ and denote the leaf by ℓ. As ℓ ∈ U , and no edges with both nodes in U has been removed,
the number of edges with both endpoints in U is still greater then |U | − 1. But this contradicts the
inductive assumption, so G must satisfy (b).

Now, we must show that if G = (V, E) satisfies (a) and (b) then G must be a tree. First, suppose
that there are nodes u, v ∈ V but there is no path from u to v in G. Then, V can be partitioned

into node sets U1, . . . , Uk
1 where k ≥ 2. Note that

k
∑

i=1

|Ui| = n. Moreover, for a given edge, there is

exactly one i ∈ {1, . . . , k} such that both endpoints are in Ui. For each i ∈ {1, . . . , k}, let mi denote
the number of edges with both endpoints in Ui. Note that by (b), mi ≤ |U | − 1. Then, by (a),

n− 1 =
k

∑

i=1

mi ≤
k

∑

i=1

(

|U | − 1
)

=
k

∑

i=1

|U | − k ≤ n− k ≤ n− 2,

a contradiction. Thus, G is connected. Note that G cannot have a cycle as the nodes on the cycle
along with the edges of the cycle violate (b).

1For a given set, S, a partition of S consists of a group of nonempty subsets of S where the subsets are pairwise
disjoint, and the union of the subsets is exactly S. E.g., if S = {1, 2, 3, 4}, the subsets {1}, {2, 4}, {3} are a partition of
S. However, {1}, {4}, {3} is not (the union of the sets is not S). Neither is {1}, {2, 4}, {1, 3} (the sets are not pairwise
disjoint).
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