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Appendix B 
THE EXPONENTIAL DISTRIBUTION AND THE POISSON PROCESS 

The exponential distribution with parameter 𝜆 is defined by its cumulative distribution 
function: 

𝐹 𝑡 = 1− 𝑒!!" if  𝑡 ≥ 0,
0 otherwise.

 

Its probability density function is given by 𝑓 𝑡 = 𝐹! 𝑡 = 𝜆𝑒!!" for 𝑡 ≥ 0 and 𝑓 𝑡 = 0 
otherwise. If 𝑇  is the random variable, its mean E[𝑇] is 1/𝜆, and its variance is 1/𝜆!.  

The exponential distribution is also the continuous analog of the geometric distribution in the 
following sense. In an experiment where the binomial distribution describes the number of 
successes in 𝑛 trials, the geometric distribution describes the number of trials necessary for one 
success. In an experiment where the Poisson distribution describes the number of random 
occurrences of some event in an interval of size 𝑡 of time, distance, area, volume, etc., the 
exponential distribution describes the interval required for one such random occurrence. 

An exponential random variable is often used to model the (next) time of occurrence of 
“random” or “haphazard” events, e.g., the time it takes a “no-wear” part to fail, for a radioactive 
isotope to emit a radiation blast, or a customer to arrive at a bank. This distribution plays a key 
role in the Poisson process, described next. 

A Poisson process pertains to events occurring in time and is characterized by a positive 
parameter 𝜆, called the rate of occurrence of events. Suppose 𝑡 ≥ 0 is arbitrary. Suppose that 
independent of t and of the number of events in [0, 𝑡), the following hold: For small ℎ > 0, the 
probability that an event occurs during the interval [𝑡, 𝑡  +   ℎ) is approximately 𝜆ℎ, specifically 

lim
!→!

Pr an  event  occurs  in   𝑡, 𝑡 + ℎ = 𝜆ℎ (B-1) 

and for small ℎ > 0, the probability of 2 or more events occurring in [𝑡, 𝑡  +   ℎ) is negligible 
compared to the probability of at least 1 event, specifically 

lim
!→!

1
𝜆ℎ Pr at  least  2  events  occur  in   𝑡, 𝑡 + ℎ = 0 (B-2) 

Then this event process is said to be a Poisson process with rate 𝝀 (or parameter 𝝀). This 
process (much used in modeling arrivals) is closely related to the exponential distribution, which 
is continuous, and to the Poisson distribution, which is discrete.  

To see this, observe the following: For 𝑡 ≥ 0, the number of events of the Poisson process 
with rate 𝜆 that occur in [0, 𝑡) is a random variable; call it 𝑁(𝑡). Let Pr{𝑁 𝑡 = 𝑛} be denoted 
𝑃! 𝑡 , for 𝑛 = 0,1,…, and let 𝑇 be the time to the first event after time 0. It will be shown that  
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(a) 𝑃! 𝑡 = 𝑒!!"/𝑛!  for 𝑛 = 0,1,…, i.e., 𝑁 𝑡   has a Poisson distribution with mean 𝜆𝑡 
and that therefore  

(b) 𝑇  has an exponential distribution with parameter 𝜆. 

For  𝑛 = 1,2,…, 𝑡 ≥ 0, and small ℎ > 0, the occurrence of exactly 𝑛 events in [0, 𝑡  +   ℎ) 
can happen in three mutually exclusive ways: (1) 𝑛 events in [0, 𝑡) and none in [𝑡, 𝑡  +   ℎ), (2) 
𝑛 − 1  events in [0, 𝑡) and 1 event in [𝑡, 𝑡 + ℎ), and (3) for some 𝑘 with 2 ≤ 𝑘 ≤ 𝑛, 𝑛 − 𝑘 events 
in [0, 𝑡) and 𝑘 events in [𝑡, 𝑡 + ℎ). Hence, for some 𝑐, 0 ≤ 𝑐 ≤ 1, 

𝑃! 𝑡 + ℎ = 𝑃! 𝑡 1− 𝜆ℎ + 𝜆𝑃!!! 𝑡 𝜆ℎ
+ 𝑐 Pr{at  least  2  events  in   𝑡, 𝑡 + ℎ }+ error  term. 

So 
𝑃! 𝑡 + ℎ − 𝑃! 𝑡

ℎ = −𝜆𝑃! 𝑡 + 𝜆𝑃!!! 𝑡

+
𝑐
ℎ Pr at  least  2  events  in   𝑡, 𝑡 + ℎ +

1
ℎ error  term ; 

letting ℎ → 0, we have 

𝑃!! 𝑡 = −𝜆𝑃! 𝑡 + 𝜆𝑃!!! 𝑡       for  𝑛 = 1,2,… ,𝐾. (B-3) 

If 𝑛 = 0, the contingencies (2) and (3) do not arise; in this case, the preceding is replaced by a 
similar but simpler development leading to 𝑃!! 𝑡 = −𝜆𝑃!(𝑡). This with the initial condition 
𝑃! 0 = 1 yields 𝑃! 𝑡 = 𝑒!!" for 𝑡 ≥ 0, which proves (b) and for n = 0 proves (a). From this 
one proves (a) for 𝑛 = 1 by applying (B-3) with 𝑃! 0 = 0. Proceeding similarly by induction 
one proves (a) for all 𝑛. 

Other literature sometimes uses the function 𝑁, defined above on the time axis, as being 
defined to be a Poisson process. The fact that the distribution of time elapsed from an instant 𝑡 to 
the next event of a Poisson process has same exponential distribution for all 𝑡, is called the 
memory-less property and is often useful in modeling. 
 The Poisson process as presented above may be generalized to a variable-parameter, also 
called non-homogeneous, Poisson process:  Replace the constant parameter 𝜆 by a nonnegative 
function 𝜆(𝑡) defined on the time domain. One postulates that at any time 𝑡, for small ℎ > 0, the 
probability that an event occurs during [𝑡, 𝑡 + ℎ) is approximately 𝜆 𝑡 ℎ, etc. Of course, in 
contrast to the constant-parameter case, this probability does depend on t. Also, the distribution 
of the number of events in [𝑡,𝑢), for 𝑢 ≥ 𝑡 ≥ 0, is again a Poisson distribution, but now with 
parameter 𝜆 𝑡 𝑑𝑡!

! . This value is also the mean number of events in [𝑡,𝑢).    

Poisson processes, constant-parameter and variable-parameter, are important examples of 
stochastic processes in time, i.e., probabilistic descriptions of the occurrence of events in time. 
To specify a stochastic process one must have a means of specifying for any 𝑛-tuple of time 
instants a multivariate random variable corresponding to that 𝑛-tuple. Poisson processes have 
properties that readily afford such means. A stochastic process may alternatively be specified via 
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a set of sample paths and a probability distribution over that set; that is the approach used in 
Chapter 8 of [3].  
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