
SM 473– Spring 2018

Homework 3

Due: February 7th at the beginning of class

Please read the instructions/suggestions on the course webpage.

Hand in the following problems:
A random process to model rain: In this problem you will simulate rainfall. We will use

simple Markov processes to do so.
We will use this example to

• Simulate Markov processes to model rainfall.

• Numerically and Analytically calculate rainfall statistics.

• Read a paper where a similar model is used and discuss the implications of such a model.

Warm Up A board game has 4 spots labeled x1, x2, ..., x4. You flip a coin to determine how many steps
you take. If you flip heads you move forward 1 space (for example: at x1 you move to x2). If
you flip tails you move backward 1 space (for example: at x2 you move to x1). Define x0 = x4
and x5 = x1. That is, you move in a circle.

(a) Find the probability transition matrix P .

(b) If you start on x1, find the probabilities of ending on xi, (i = 1, 2, 3, 4) after 3 moves.

(c) Find the stationary state. That is, the vector x such that Px = x. (Hint: write the
system of 4 equations Px = x. Solve for the components of x.

MATLAB

1. Define Xn to be the random process which indicates if it is raining or not. The state space
of Xn is {0, 1}. Zero if it is not raining, and 1 if it is. Let n be the number of days in the
simulation. Xn is a Markov process defined by the transition matrix,

P =

(
p1 1− p1

1− p2 p2

)
Give a description of what the probability transition matrix means in terms of rain or shine
the next day.

2. Write MATLAB code to simulate Xn for N = 100 days for p1 = 0.8 and p2 = 0.4. For this
code, you will need to call Xn−1 and check if it is a 1 or a 0. If it is 0 you need to set Xn to
0 or 1 depending on the probabilities p1 and 1 − p1. If Xn−1 = 1, then you will use p2 and
1− p2. Write the code so that p1, p2, N are variables in the code. Plot the picture using plot
with the marker ’o’ (that is, do not use a line to plot).

3. Plot the same simulation for 1000 days.



4. Analytically (without MATLAB) calculate the probability mass function that we will have a
dry spell last for k days given that it is raining today. That is

P (X1 = X2 = ... = Xk = 0|X0 = 1).

5. Calculate the probability mass function that we will have a dry spell for k more days given
that it is dry today. That is

P (X1 = X2 = ... = Xk = 0|X0 = 0).

6. Use your MATLAB code to estimate the probability mass function that we will have a dry
spell for k days given that it is raining today. To do so, start X0 (The first index of your vector
X in MATLAB) at zero. Then run the simulation until Xk = 0. Save this k in a different
vector. At the end of your trials (use at least 10,000) you can call “hist” and create a pmf
like before. You will want to use ’min’ and ’max’ on your stored vector of k to find out how
many bins you need to use. Make sure that your pmf vector adds to 1! Plot your pmf vector
approximation and the exact solution from part 4 on the same graph.

7. Analytically calculate the expected number of days a drought will last by using your pmf in
number 4. You will need to sum an infinite geometric series.

8. Next we will add some depth to the problem. Let Xn be an indicator if there is no cloud
(Xn = 0), a shallow convective cloud (Xn = 1, meaning light rain), and a deep convective
cloud (Xn = 2). A shallow convective cloud will develop and either die out or transition into a
deep convective cloud. A deep convective cloud will either rain out or rain until it transitions
to a shallow convection. The probabilities are given as follows

P (Xn = 0|Xn−1 = 0) = 0.8, P (Xn = 1|Xn−1 = 0) = 0.2, P (Xn = 2|Xn−1 = 0) = 0.

P (Xn = 0|Xn−1 = 1) = 0.35, P (Xn = 1|Xn−1 = 1) = 0.4, P (Xn = 2|Xn−1 = 1) = 0.25

P (Xn = 0|Xn−1 = 2) = 0.1, P (Xn = 1|Xn−1 = 0) = 0.7, P (Xn = 2|Xn−1 = 0) = 0.2

Write the probability transition matrix.

9. Create a simulation of 100 days and plot it.

10. Analytically, find the probability that tomorrow it will continue raining given today it is raining.
That is find P (Xn 6= 0|Xn−1 6= 0). Hint, break up the probabilities into Xn = 1 and Xn = 2
and Xn−1 = 1 and Xn−1 = 2.

11. Find the analytical expected length of a rainfall given that Xn−1 6= 0.

12. Read the paper distributed in class. Particularly the highlighted sections. Comment on the
differences between the model we created in problem 8 and the Markov process model they
use. How big is their transition matrix? What are the different states? How did they come up
with these states? How does the model differ from the one in problem 8?


