
SM 473– Spring 2018

Homework 4

Due: February 16th at the beginning of class

Please read the instructions/suggestions on the course webpage.

Hand in the following problems:
A random process to model rain: In this problem you will simulate neuron spikes. We will

use Poisson processes to do so.
We will use this example to

• Simulate exponential random variables.

• Simulate Poisson Processes to model Neuron spikes.

• Analyze different distributions from the simulation to make conjectures about Poisson pro-
cesses.

• Use thinning to find the distribution of a subset of these simulations.

Warm Up Suppose that phone calls arrive to an office according to a Poisson process with intensity λ.

• What is the distribution of the time of the first phone call?

• What is the distribution of the second phone call?

• What is the distribution of the nth phone call?

MATLAB

1. In this problem you will simulate an exponential random variable using the rand command in
MATLAB. To do so, we let X be a RV with uniform distribution on (0, 1). Let Y be a RV with
exponential distribution. We assume that F (Y ) = X for F being some kind of transformation.

(a) The transformation function is defined as F (y) = λe−λy. So to write Y as a function of
X we must find the inverse of F . Calculate F−1.

(b) This tells us that to simulate a random variable which has exponential distribution, we
define

Y = F−1(rand).

Use MATLAB with 106 trials and build the pmf of the random variable Y with intensity
λ = 1. Plot the estimate of the pmf against the theoretical pdf e−x.

(c) On the same plot as before, use MATLAB’s exprnd command to simulate exponential
random variables with intensity 1 and plot the pmf against part b).

2. Now we will construct a Poisson process with rate λ. To do so, we use some MATLAB
shortcuts. In HW3 we took time to increase by 1 every step and used random numbers to
choose the state of the system Xn. Here the roles are reversed. We will use random numbers
to decide the times at which something happens. We already know that N(t) will increase by
one ever time.



(a) Let N(t) be a poisson process with rate λ = 1. Use the exprnd command to simulate 10
times where N(t) jumps. Hint: You should use cumsum. Why?

(b) Plot N(t) on a graph with appropriate axes.

(c) On the same plot, plot Y1(t) a poisson process with with intensity smaller than λ = 1,
and Y2(t) a Poisson process with intensity bigger than λ = 1.

(d) Use at least 106 trials of N(t) up to 4 jumps. On the same plot, plot the pmfs of the
times at which N(t) = 1, N(t) = 2, N(t) = 3, and N(t) = 4. Use the exact formulas
(given in class) and plot them on the same graph. Try to take care to make things nice.
For example your pmfs should be markers and the exact formulas (pdfs) should be lines.
Color coordinate them (e.g pmf for N(t) is red marker ‘o’ and exact pdf e−t is red line.

3. Neurons: Above is a plot of data from neurons firing. The voltage in a neuron will increase
until a critical level is achieve, then there is a spike, which implies that a signal is being sent out
by that neuron. Early neurophysiologists were struck by the irregularity spike trains recorded
from neurons in vivo and thus the Poisson model of neural firing was born. Even these early
neurophysiologists were aware that the firing rates of real neurons are not stationary and don’t
have strictly independent increments. Still, these violations aside, the Poisson model does a
remarkable job of describing firing variability of cortical neurons.

(a) Define N1(t) as a Poisson process with rate λ = 1 to model one Neuron firing. Note that
N1(t) is a random variable, which is the number of times neuron 1 fired in t seconds. Use
250 trials (a relatively small sample size) to find the pmf of N1(10). Plot this.

(b) Define N2(t) as a Poisson process with rate λ = 1 to model another Neuron firing. Use
250 trials to find the pmf of N1(5) + N2(5). Plot this on the same graph as the one in
part a).

(c) The two graphs in a) and b) should look identical. Write a statement about N1(t)+N2(t).

4. Thinning: Now we look at neuron 1 in particular. With every “firing” of the neuron, we
will assign a category to the firing. Let X1(t) be the number of signals through neuron 1 that
are responsible for nervous system functioning (breathing, heartbeat, etc). Let X2(t) be the
number of signals through neuron 1 that are responsible for conscious actions (lifting your arm,
doing mathematics, etc), and let X3(t) be the number of signals that are sent from your senses
to the brain (feel a fly land on your hand, a tickle of the nose, etc). We assume that these are
all the types of signals that go through neuron 1, so

N1(t) = X1(t) +X2(t) +X3(t).



(a) Simulate N1(t) again, but every time N1(t) jumps, we assign one of the jumps to X1, X2,
or X3. Assume that we assign a jump at random, and independently. The probability
that a signal came from X1 is 50%, X2 is 30 %, and X3 is 20%. Show a plot of the process
N(t) (on one subplot), and X1, X2, X3 all on another subplot up to time 100.

(b) Use 105 simulations to find the pmfs of X1, X2, X3. Plot these on the same plot. What
distribution do they look like?

(c) The distributions should look like Poisson distributions. Can you make a conjecture about
the rates of X1, X2, and X3? Remember, we used the rate of N1 to calculate Xi and we
used the probabilities p1 = 0.5, p2 = 0.3, and p3 = 0.2. Plot the pmfs of Xi against the
theoretical prediction you have.

5. The example above is called “Thinning” a Poisson process. We are taking a subset of N1(t)
and investigating the distribution. The thinned process, Xi is Poisson with rate piλ. We will
now show this theoretically. Do this problem with X1, X2, and X3 with arbitrary p1, p2, and
p3 (not the percentages from #4).

(a) You are given that the joint distribution of (X1, X2, X3) given X1 +X2 +X3 = n is Multi-
nomial with parameters (n, 3, p1, p2, p3). Look up the pmf for a multinomial distribution
and write it.

P (X1 +X2 +X3 = n) = ...

(b) Now we write

P (X1 = k1, X2 = k2, X3 = k3) = P (X1 = k1, X2 = k2, X3 = k3, X1+X2+X3 = k1+k2+k3)

and using conditional probabilities,

= P (X1 = k1, X2 = k2, X3 = k3|X1+X2+X3 = k1+k2+k3)·P (X1+X2+X3 = k1+k2+k3)

For the first probability use your multinomial distribution from part a). For the second
probability use the definition of N1 and the pmf of a Poisson distribution.

(c) Now use some algebraic judo to re write your answer from part b) into a product of three
pmfs. Each for X1, X2, and X3. This proves that X1, X2 and X3 are independent Poisson
distributions with rate (piλ).

(d) Organize all of these statements and write a proof to the following theorem.

Theorem 1. Let N1, and X1, X2, and X3 defined above. Then X1, X2, and X3 are
independent Poisson processes with rate piλ for i = 1, 2, and 3.


