
SM 473– Spring 2018

Homework 5

Due: March 2nd at the beginning of class

Please read the instructions/suggestions on the course webpage.

Hand in the following problems:
Modeling noisy population growth: In this problem you will derive a model of population

growth.
We will use this example to

• Simulate differential equations with noise.

• Derive random differential equations with noise in different ways.

• Find the mean trajectory using Monte Carlo simulations.

• Compute extinction times.

Warm Up Consider the differential equation for logistic population growth:

dP

dt
= rP

(
1− P

K

)
, P (0) = 50. (1)

(a) Let P be the population of a certain species in a certain area and t be the number of
months. write the dimensions of r and K and give an explanation in words of what they
are.

(b) Find the fixed points of this differential equation. Which one(s) are stable or unstable?

(c) Solve this differential equation by using separation of variables and partial fraction de-
composition.

MATLAB

1. For this problem, let K = 1000. We will vary r.

(a) Use Forward Euler’s method to run a simulation of the IVP (1) with a step size of 1/10
for t = 0 to t = 100 for r = 0.1, 1, 10. Plot these on the same graph.

(b) Now try for r = 100. What happened? Is this truly a solution?



2. For this problem, let K = 1000. We will vary r.

(a) Go to the course website and download the Backward Euler step program (bestep_general.m).
Write functions for the differential equation of the form

function [P_out] = Pop_DE(t,P_in)

% Define global variables

global r;

global K;

P_out = ...Fill this line in!...

end

Where the right hand side of Pout is the differential equation (1). Save this function as
Pop_DE.m.

The other function that bestep_general.m needs is the Jacobian function. In this case
that is

J(P ) =
∂

∂P

(
rP

(
1− P

K

))
.

Write this function in the form

function [Jac] = Pop_DE_Jacobian(t,P_in)

% Define global variables

global r;

global K;

Jac = ...Fill this line in!...

end

Save this function as Pop_DE_Jacobian.m.

(b) Run simulations of Backward Euler with r = 0.1, 1, 10 and and compare them to the
Forward error simulations. The usage for bestep_general.m is

for i = 2:length(t)

P_back(i) = bestep_general(t(i-1),P_back(i-1),h,@Pop_DE,@Pop_DE_Jacobian);

end

This time plot the Backward and Forward Euler simulations on the same plot for r = 0.1.
Then the same plot of the two for r = 1, etc.

(c) Now try r = 100. What happened? Compare (in words) the difference between Forward
Euler.



3. Now we simulate Brownian motion. Heuristically we define Brownian motion B(t) by the
differential equation

dB

dt
= η(t), B(0) = 0.

where η(t) is a random process. In MATLAB, using Forward Euler, we define by as

Bn = Bn−1 + Zn−1, B0 = 0.

where Z1, Z2, ... are IID N (0, 1) random variables (i.e. randn in MATLAB).

(a) Create 4 different realizations of B(t) for t = 0 to t = 1000 using step size of h = 1. Plot
them in subplots for ranges of t = 0 to t = 10, t = 0 to t = 100 and t = 0 to t = 1000.
Use

subplot(3,2,1:2)

plot(t,BM)

axis([0,10,min(BM(1:10/h)),max(BM(1:10/h))]

for one of the plots up to time t = 10. Similarly for t = 100 and t = 1000.

(b) Brownian motion should look roughly the same for these three windows. To get it to
scale correctly we need to scale the random variables Zn. Choose h = 0.001 and define
the brownian motion by Bn = Bn−1 +

√
hZn−1. Create 4 different realizations of B(t) in

the three windows like in part (a).

(c) Now we compute a mean trajectory. To do so, simulate B(t), 104 times. To save space,
add every realization to itself. Then divide by the number of trajectories (104).

4. Now we add noise to the logistic equation.

dP

dt
= −rP

(
1− P

K

)
+ ση(t), P (0) = 50.

(a) If units of η(t) are 1/(months)1/2, then what is the units of σ?

(b) Using r = 0.1 and K = 1000, plot a realization of σ = 0 and 3 realizations for different
σ > 0 on the same plot for t = 0 to t = 100 for h = 0.01. To do so, use your Backward
Euler program and add the random part. the usage will be

for i = 2:length(t)

P_back(i) = bestep_general(t(i-1),P_back(i-1),h,@Pop_DE,@Pop_DE_Jacobian)...

+sigma*sqrt(h)*randn;

end

Make sure you label what values of σ you use.

(c) Find the mean trajectory for all 3 of σ > 0 on the same plot. Plot them with the exact
solution from the warm-up (also the mean trajectory of σ = 0.).

5. The above model does not model the physics of population growth. Why are we introducing
randomness? Uncertainty of parameters? Or do we honestly think that something is random
at every step? Let the growth rate r be random. That is r(t) = r + σrη(t).

(a) Using the same unit of η(t) as above, what are the units of σr.



(b) Write the new equation (using r(t)) in the form of

dP

dt
= f(P ) + g(P )η(t).

(c) Plot σr = 0 and 3 other realizations of σr > 0.

(d) Find the mean trajectory for all 4 on the same plot.

6. Now find the pdf of the extinction time τ . That is, the smallest time such that P (τ) = 0.
The mathematical way of writing this is as a stopping time τ = inft>0{P (t) = 0}. To do
so, you will want to run your model for a long time (2000 months) and record the time where
the population is first negative. Then break out of the program. Keep this time and run the
simulation again. Build a sample of 104 runs. If programmed correctly. So do tests over 102

runs first! Make sure not to save a time if the population does not go extinct. USE FORWARD
EULER HERE!

Find the pdf of the extinction time for the two models (problem 4 and 5 for σ = σr = 10,
r = 0.1, K = 100, h = 0.1, and final time is 2000 months). What are the differences?
Connect this to the meaning of the randomness. One is fluctuating rate, the other is just a
removal/addition of population.


