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SIMPLE PROBABILISTIC MODELS OF LIGHTNING STRIKE DEVELOPMENT

JACOB SANTER

ABSTRACT. Before lightning strikes, a path is created by lightning leaders. These bundles of
charge choose this path based on where they encounter the least resistance. Using principles of
probability, as well as Monte Carlo simulations, we develop models for a one-dimensional, two-
dimensional, and a two-dimensional branching leader. Then, we define and apply energy usage
to our models. We minimize our energy usage by varying different inputs of our models, such as
number of leaders and probability of branching and dying. Specifically for the two-dimensional
branching leader, we used a gradient based heuristic search algorithm and a genetic algorithm
in order to find a solution.
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1. INTRODUCTION

Lightning occurs when a cloud creates an electric field due to charge separation
within the cloud. The air ionizes in order to create a path that will neutralize this charge
separation [14]. The path that lightning takes to neutralize is created by lightning leaders
as shown in Figure 1 [5]. Lightning leaders start with branching bundles of charge. Then
the leaders begin to move in short increments in the direction where the leader encounters
the least resistance. These short increments are called steps. There are two different types of
lightning leaders: Alpha leaders and Beta leaders. Alpha leaders are characterized by shorter
steps, with little variance in the size of the steps. Beta leaders have extensive branching and
a larger step size near the base of the cloud, but will gradually decrease their step size as it
becomes closer to the ground [6].

FIGURE 1. Image of a lightning leader.

Lightning is a complex phenomenon that people do not fully understand yet. If we can
begin to understand more clearly how lightning develops, we can use this knowledge to better
prepare ourselves against it. For example, in “Positioning of Lightning Rods using Monte
Carlo Technique,” Srivastava and Mishra took models of three different type of buildings
and used Monte Carlo techniques to simulate lightning strikes on the building with different
placements of lightning rods. With their technique, they can place a lightning rod in the place
where the building would be protected the most [12]. There have been other studies about
the development of lightning. For example, in “Mathematical Model of Lightning Stroke
Development,” Sarajcev, Sarajcev, and Vujevic developed a three dimensional model where
they used Monte Carlo simulations to develop the path that the leader takes. They decided
on the direction the leader took by drawing from a uniform distribution and inputting the
value into a series of equations to determine coordinates on the sphere. They determined the
length at each step by creating a function whose input is the current peak value of the leader
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[8]. The models discussed in this paper distinguish themselves from the ones above in that
they are simpler; we create lower dimensional models with a fixed step size.

Due to our inability to analyze all of the imperfections in the air, we consider the lightning
leader to make jumps in quasi-random directions. Because of this, a very central idea to the
development of this model is random walks. A random walk is the study of a model in
which a particle moves in a “random” direction with equal step size [13]. This randomness
for a simple model means that each step that this particle takes is equally likely [11]. For
the purposes of this model the starting position will symbolize the beginning of the lightning
leader and the ending position will be the position on the ground in which the leader hits.
Each leader will take steps of equal length and the number of total steps is denoted with N .
For the one dimensional model, let X(N) denote the horizontal position of the leader. For
the starting position, let X(0) = 0. Due to the quasi-random direction associated with the
lightning leader’s steps, we define the probability of a step in each of the two directions with
equal probability. This is defined as

P (X(N + 1) = X(N) + 1|X(N)) =
1

2
,(1)

P (X(N + 1) = X(N)− 1|X(N)) =
1

2
,(2)

where P (•|•) denotes a conditional probability. We assume the starting vertical position of
the system is H and the leader takes H − 1 steps to reach the ground. For this model we are
interested in the distribution of X(N) after taking H − 1 steps.

For the two dimensional model we let
#»

X(N) = (X(N), Y (N)) be the horizontal position
X(N) and height Y (N) of the leader afterN steps. In this case we defined the starting position
as

(3)
#»

X(0) = (X(0), Y (0)) = (0, H).

The quasi random direction of travel for the leader is given by the conditional probabilities
for the N + 1 step. For example, if the leader moves in the positive X direction on the Nth
step, the conditional probabilities for the N + 1 step are

P (
#»

X(N + 1) = (X(N) + 1, Y (N))| #»X(N) = (X(N − 1) + 1, Y (N − 1))) =
1

3
,(4)

P (
#»

X(N + 1) = (X(N), Y (N) + 1)| #»X(N) = (X(N − 1) + 1, Y (N − 1))) =
1

3
,(5)

P (
#»

X(N + 1) = (X(N), Y (N)− 1)| #»X(N) = (X(N − 1) + 1, Y (N − 1))) =
1

3
.(6)

Similar probabilities are defined for the other Nth step cases. Note that the leader can not
travel back to where it just came from.

Further more, we are interested in studying the branching that occurs in these leaders. To
do this we will look at the energy associated with a lightning leader. In these leaders, the
total charge is the sum of all incremental charges. Therefore the energy associated with the
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leader is proportional to the channel length [6]. Therefore for these cases we are studying the
statistic of the random variable, N∗. This is the number of steps taken by the leader to reach
the ground. Note that N∗ is a well defined stopping time, since the leader hitting the ground
is independent future steps [3]. For the one dimensional and basic two dimensional models
we will loosely associate branching by using i independent leaders. The energy associated
with these leaders in the one dimensional model is denoted as En(H). This energy is defined

(7) En(H) =
i∑

j=0

|Xj(H)|,

where Xj is defined as the location that the jth leader hits and i is the total number of
leaders. For the basic two dimensional case this energy is defined as the total number of steps
taken by all of the leaders until one reaches the ground. This energy is defined as

(8) En = i ∗min(Ni).

In this study we construct models that calculate the probability that a lightning leader will
hit a certain spot on a landscape. We construct these models using analytical formulas, sub
stochastic matrices, and Matlab simulations. In Section 2, we start by creating a basic one
dimensional model. We create a model for the case of one leader, and work up to a generalized
case for any number of leaders that are uniformly distributed in their starting position. A
two dimensional model is discussed in Section 3. For the two dimensional model, we utilize
simulations to analyze our lightning leader. We start generally, and then fit our leader with
parameters that allow us to more closely model reality. In Section 3.2, we move onto a two
dimensional branching leader. We utilize simulations to develop the probabilities of hitting
the ground in specific spots. This simulation takes into account the leader branching and
dying off with specific probabilities. In Section 4, we use data that was obtained through high
speed cameras capturing lightning leaders, specifically observations of time to branch and
the length of branches, to estimate the probability of branching and probability of a branch
dying that occurs in nature. In Section 5, energy is defined and optimized. A one dimensional
model is briefly discussed before combining the simulations of our two dimensional models
with our definitions of energy. We minimize energy for the basic two dimensional leader by
utilizing the number of leaders sent. We minimize the energy in our branching leader by
adjusting the probability of branching and the probability of a branch dying. In order to do
this we first attempt to use a brute force method to calculate the average energy at the points
in the probability space. A gradient search method is then implemented in order to reduce
computation time and narrow down a more exact solution. Finally a genetic algorithm is
tested on the space to find the solution. We will then compare these to the observational data
and assess our models. All of the code used in this paper is available to the public on github
[7].
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2. ONE DIMENSIONAL ALPHA LEADER

First we are going to discuss the case of the alpha leader. This is characterized by shorter
jumps of roughly the same size. We begin by modeling it with a one dimensional random
walk on a triangular lattice. For this case, the leader can only move in two directions, left
or right. However using the triangular lattice, we can show each step and symbolize a very
simple lightning leader as shown in Figure 2.

FIGURE 2. Example of the path of a one dimensional Alpha leader.

For the purposes of this model, we denote p as the probability that the leader will
take a step to the right, and q as the probability that it will step to the left. Note that because
we are only moving left and right q = 1− p. Since a leader moves in quasi-random directions,
we will say that p = q = .5. We will let X(N) denote the position of the leader after N steps.
H will denote the total height of the system, and symbolizes the distance between the point
in the cloud in which the leader begins and the ground. The domain for N is {0, 1, 2, ..., H −
1} because when the leader takes H − 1 steps, it will hit the ground. The domain for X is
{−H,−H + 2, ..., H − 2, H}. Now the probabilities of hitting the first two points are both 1/2
and are denoted as P(X(1) = 1) = 1

2
and P(X(1) = -1) = 1

2
. The probability of hitting any point

on the ground is a simple binomial distribution: P(X(H) = x) =
(

H
x+H

)
(1
2
)N .
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The probabilities can also be obtained using matrices. Let M be a transition matrix of
size (2H−1)×(2H−1), in which the main diagonal is 0, and the diagonal above and below are
1
2
. Let B be the initial state point vector of size (2H − 1) corresponding to the starting position

of the leader:

(9) M =


0 1

2
0 0 ... 0

1
2

0 1
2

0 ... 0

... . . . . . . . . .
0 ... ... 0 1

2
0 1

2

 , B =


0
0
...
1
...
0
0

 .

The probability that a point hits anywhere on the ground can be obtained by multiplying
MN by B, or P (X(N)) =MNB.

Using one of the above methods a probability mass function can be obtained for the model,
which is shown in Figure 3.

FIGURE 3. PMFs for Alpha leaders with heights of 5, 10, 15, and 20.

Figure 3 shows us that that as the height is increased, the probability is shifted away from
the origin. This shift is symmetrical, therefore the expected value should stay the same, but
the variance would increase.

Next we looked at a case in which any number of leaders, n, could be generated. These
leaders would be uniformly distributed and independent. These leaders would represent
branching in a simple way. We found that the probability of a point getting hit by at least one
leader is a simple case of the inclusion-exclusion principle. Letting Li denote the ith leader,
this probability can be calculated for two leaders using the following equation

(10) P (X(H) = x) = P (L1(H) = x) + P (L2(H) = x)− P (L1(H) = x ∩ L2(H) = x).

This can be applied to n leaders as well using
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P (X(H) = x) =
n∑

i=1

P (Li(H) = x)−(11) ∑
1≤i<j≤n

P (Li(H) = x ∩ Lj(H) = x)+

...(−1)n−1P (L1(H) = x ∩ ... ∩ Ln(H) = x).

At first glance, it may seem that equation (10) does not satisfy the law of total probability.
That is, the total probability associated with the system does not add up to one. To show that
it does satisfy this law, let

(12) Xk =

1 if at least one leader hits site k

0 otherwise .

In order to satisfy the law of total probability we need to prove that

(13) P (Xk = 1) + P (Xk = 0) = 1.

We know that

P (Xk = 1) = P (L1 ∪ L2) = P (L1 = k) + P (L2 = k)− P (L1 = k ∩ L2 = k),(14)

P (Xk = 0) = P (L1 6= k ∩ L2 6= k).(15)

However, we can rewrite this as

(16) P (Xk = 0) = 1− P (L1 ∪ L2).

Therefore we see that

(17) P (Xk = 1) + P (Xk = 0) = P (L1 ∪ L2) + 1− P (L1 ∪ L2) = 1.

A similar argument can be used to show that the law of total probability is satisfied for the
n leader case.

Next we look at the plots of the probability mass functions. In Figure 4, we can see how the
PMF changes with different heights.
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FIGURE 4. PMFs for two leaders for heights of 5, 10, 15, 20.

The PMF has the same general shape as the one leader case; however, the probability asso-
ciated with each height is higher. Again this is because we are analyzing different things. In
the first case we are looking at the probability that the leader will hit the specific spot, where
as here we are looking at the probability that at least one leader will hit the specific spot.

In Figure 5, we can see how the PMF changes as the number of leaders changes and the
height stays constant.

FIGURE 5. PMFs for 2, 4, 8, and 16 different leaders with constant height.

The PMF has the same general shape for all of the different cases. The only difference is
that the probability associated with each position increases as the number of leaders increases.
From the plot we can tell that as the number of leaders increases the probability approaches 1.
This makes sense since we are interested in the probability that at least one leader hits a certain
position and increasing the number of leaders would certainly increase this probability.
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Figure 6 is a plot of the different PMFs when the leaders start some distance away from
each other. Note that having the distances be odd units apart would be insignificant. The
probabilities would be the same as the single leader case.

FIGURE 6. PMFs for starting distances of 0, 6, 12, and 18 and constant height.

From the plot, we can tell that once the distance between the leaders reaches H the PMF
simply becomes two different single leader PMFs, just some distance apart.

3. TWO DIMENSIONAL ALPHA LEADER

Next we develop models for a two dimensional Alpha leader. The Alpha leader is still
characterized by steps of the same size however we will model our leader with a constrained
two dimensional random walk on a rectangular lattice as shown in Figure 7.

FIGURE 7. Example of the Path of a Two Dimensional Alpha Leader.

For the two dimensional cases, we will be using Matlab to perform Monte Carlo simulations
in order to estimate our energy usage. The computing power at our disposal is not enough to
let the leaders generate without restrictions. Therefore for each of these cases we will restrict
the number of steps that our leader can take. For the basic two dimensional leader case, if 1000
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steps is reached, we will throw out the leader and begin the next iteration. For the branching
leader case, if 1000 steps is reached, we will record the position and energy and move to the
next iteration. We chose 1000 steps because the starting points that we are dealing with are
relatively low. If we wanted to evaluate starting positions that were closer to 1000 we would
have to increase the maximum number of steps allowed.

3.1. Basic Leader. As mentioned in the introduction, the two dimensional Alpha leader has
some important differences from the one dimensional one. We still begin at a specified height
H . However the leader may change its height or horizontal position with each step. At step
N , this is denoted

(18)
#»

X(N) = (X(N), Y (N)).

One important thing to note is that for our model, we will assume that the leader cannot
travel backwards. This means that X(N + 1) 6= X(N − 1). Because of this we change the
probability associated with each step. For our initial step, it can move in any direction with
equal probability as denoted.

P (
#»

X(1) = (X(0) + 1, Y (0))| #»X(0) = (0, H) =
1

4
,(19)

P (
#»

X(1) = (X(0)− 1, Y (0))| #»X(0) = (0, H) =
1

4
,(20)

P (
#»

X(1) = (X(0), Y (0) + 1)| #»X(0) = (0, H) =
1

4
,(21)

P (
#»

X(1) = (X(0), Y (0)− 1)| #»X(0) = (0, H) =
1

4
.(22)

After this initial step, the next step and all steps afterwards it will move with the probabili-
ties:

P (
#»

X(N + 1) = (X(N) + 1, Y (N))| #»X(N) = (X(N − 1) + 1, Y (N))) =
1

3
,(23)

P (
#»

X(N + 1) = (X(N), Y (N) + 1)| #»X(N) = (X(N − 1) + 1, Y (N))) =
1

3
,(24)

P (
#»

X(N + 1) = (X(N), Y (N)− 1)| #»X(N) = (X(N − 1) + 1, Y (N))) =
1

3
.(25)

Note that in this specific case,
#»

X(N + 1) = (X(N) − 1, Y (N)) cannot exist since
#»

X(N) =

(X(N − 1) + 1, Y (N)). This is because doing so would mean the leader would travel to the
position it just came from. However this step can exist if the previous step was anything but
#»

X(N) = (X(N) + 1, Y (N)).
Some other things to note is that because of our restriction on the number of steps, the

domain of X and Y have changed. The domain of X is Z ∈ [−1000 + H, 1000 − H] and the
domain of Y is Z ∈ [|min(0, 1000−H)|, 1000 +H].
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First, we created a probability mass function for an unrestricted domain and range. Figure
8 shows a plot of the PMF for different heights as well as the plotted expected values and
variance.

FIGURE 8. Two dimensional leader with different heights.

As we can see from the PMF in Figure 8, most of the probability is centered around the
origin. Figure 8 also shows that there is a direct correlation between height and variance. The
variance increases almost linearly as the height increases. We can also see that the expected
value stays constant about zero.

Next we created a probability mass function for an unrestricted X domain, but the upper
limit of the domain of Y is limited to the height. That is, the domain of X is still Z ∈ [−1000+
H, 1000−H], but the domain of Y is now Z ∈ [|min(0, 1000−H)|, H]. If the leader reaches the
upper limit of the domain of Y , the leader is reflected. Meaning that the probability is shifted
to the other directions

(26) P (
#»

X(N + 1) = (X(N), Y (N) + 1)|Y (N) = H) = 0.

This means that the leader cannot travel to any of the points higher than the starting point.
Figure 9 is a set of plots for the PMF, expected value, and variance at different heights:
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FIGURE 9. Two dimensional leader with domain of Y restricted.

As seen in Figure 9, the shapes of the different PMFs are Gaussian like for each of the
heights. The only difference is that variance is considerably lower compared to the unre-
stricted domain. This makes logical sense since the probability associated with any of the
points above the restricted Y domain is now shifted to below H . This means that probability
associated with points closer to the origin have a larger increase than the points further away.

Next we decided to look at the basic two dimensional leader for the case involving restrict-
ing both of the domains. The domain of Y is still restricted by the height. We chose to restrict
the domain of X to a value of 2H . This was arbitrary, we simply chose a value in which the
effect of a restricted domain could be easily seen. At the edges of the domain the leader is re-
stricted in movement as before. This means that when Y (N) = H ,

#»

X(N) = (X(N), Y (N) + 1)

has a probability of zero and when X(N) = |2H|, #»

X(N) = (X(N) − 1, Y (N)) or
#»

X(N) =

(X(N) + 1, Y (N)) has a probability of zero depending on if the leader is at the left or right
edge of the domain. Figure 10 is the PMF, expected value, and variance associated with this
restriction.
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FIGURE 10. Two dimensional leader with domain of Y and X restricted.

As seen from Figure 10, there is not a very large change in the probability associated with
the 0 position. However, we see that as we move to the edges of our domain the probabilities
drop until we reach the edge in which there is a little rise in the probability. The plot of the
expected value and variance looks very similar to the expected value and variance associated
with the just a bound on the domain of Y . However there is a slight drop in the variability at
each height, though it is not very significant.

3.2. Branching Leader. As seen in Figure 1, there are multiple branches off of the primary
branch that hits the ground. Some of the branches die off soon after starting; however, some
of them continue for a while before dying off. For the branching leader, we add to our model
that the leader can branch. This is denoted as

(27)
#»

X i
N = (X i

N , Y
i
N).

#»

X i
N indicates the position of the ith branch at step N . Note that 1 ≤ i ≤ BN , where BN

is a random variable denoting the number of branches the leader has at step N . To account
for this in our simulation, we will add in a probability that the leader will branch or die. We
denote the probability the leader will branch as pb and the probability the leader will die as pd.
One of our stipulations is that at least one branch has to be alive, since in nature, a leader is
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propagated in order to equalize the difference in charge caused by charge separation between
the cloud and ground [14]. If the leader died out completely this charge separation would not
be equalized. This is why the lower limit on the domain of BN is 1. An example of how this
is implemented is:

B0 = 1(28)

P (B1 = 2) = pb

P (B1 = 1) = 1− pb
P (B1 = 0) = 0,

if B1 = 2(29)

P (B2 = 4) = p2b

P (B2 = 3) =

(
2

1

)
(1− pb − pd)(pb)

P (B2 = 2) = (1− pb − pd)2

P (B2 = 1) =

(
2

1

)
(1− pb)(pd)

P (B2 = 0) = 0,

if B1 = 1

P (B2 = 2) = pb

P (B2 = 1) = 1− pb
P (B2 = 0) = 0.(30)

When a branch dies the probability that it moves anywhere is 0. If the branch neither dies
nor branches the probabilities are

P (
#»

X i
N+1 = (X i

N + 1, Y i
N)|

#»

X i
N = (X i

N−1 + 1, Y i
N)) =

1

3
,(31)

P (
#»

X i
N+1 = (X i

N , Y
i
N + 1)| #»X i

N = (X i
N−1 + 1, Y i

N)) =
1

3
,(32)

P (
#»

X i
N+1 = (X i

N , Y
i
N − 1)| #»X i

N = (X i
N−1 + 1, Y i

N)) =
1

3
.(33)

If a branch branches then one branch will move with the following probabilities

P (
#»

X i
N+1 = (X i

N + 1, Y i
N)|

#»

X i
N = (X i

N−1 + 1, Y i
N)) =

1

3
,(34)

P (
#»

X i
N+1 = (X i

N , Y
i
N + 1)| #»X i

N = (X i
N−1 + 1, Y i

N)) =
1

3
,(35)

P (
#»

X i
N+1 = (X i

N , Y
i
N − 1)| #»X i

N = (X i
N−1 + 1, Y i

N)) =
1

3
.(36)

However, the second branch will move in the other two directions with equal probability
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P (
#»

X i+1
N+1 = (X i

N , Y
i
N + 1)| #»X i

N = (X i
N−1 + 1, Y i

N),
#»

X i
N+1 = (X i

N + 1, Y i
N)) =

1

2
,(37)

P (
#»

X i+1
N+1 = (X i

N , Y
i
N − 1)| #»X i

N = (X i
N−1 + 1, Y i

N),
#»

X i
N+1 = (X i

N + 1, Y i
N)) =

1

2
.(38)

We performed 1 million simulations and obtained the PMF shown in figure 11.

FIGURE 11. Two dimensional branching leader with pb = .05 and pd = .05 at
different heights.

Figure 11 shows no change between the basic two dimensional case and the Branching
leader as height changes. The probability is still centered around the 0 position and the vari-
ability still increases as the height. One thing to note is that this PMF was created only using
leaders that hit the ground. Because one of our stipulations was that the leader could only
travel 1000 steps, not all leaders hit the ground. Table 1 shows the number of leaders that
were used to create the PMF.

Table 1: Number of leaders used to create PMF for Figure 11
Height Number Used Probability of Hitting the Ground

5 957095 .957
10 892230 .892
15 811696 .812
20 719922 .720

Figure 12 shows the PMF for the Branching Leader at different Branch Probabilities.
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FIGURE 12. Two dimensional branching leader with H = 10 and pd = .5 at
different branch probabilities.

As seen from Figure 12, as the branch probability increases, the probability associated with
hitting the 0 position increases. It would be interesting to see if this trend continues as the
branch probability increases further; however, due to resource constraints this was not possi-
ble. Again, not all leaders hit the ground, Table 2 shows the number of leaders used and the
probability of hitting the ground.

Table 2: Number of leaders used to create PMF for Figure 12
Branch Probability Number Used Probability of Hitting the Ground

0 752050 .752
.01 757402 .757
.02 764148 .764
.03 772608 .773
.04 793514 .794

4. ANALYSIS

Many researchers have captured photos and videos of lightning leaders. Unfortunately, the
data from these information sources are not tailored to calculate an approximate branching
and death probability. However, there are a few articles that contain data we could use to
calculate branching and death probabilities.

One such article is High-speed video observations of a lightning stepped leader by Hill, JD, and
Uman [2]. In Figure 1 of their article, they break down a leader identifying each segment at
different heights in the sky. Using this figure we were able to calculate a rough branching
probability. We did this by taking the distance the leader traveled before branching and di-
vided by the total distance that the leader traveled. Using the same process on the time until
the branch dies gives the probability of a branch not dying. Therefore taking the complement
of this gives us the probability of death. The data in Table A1 is collected from the figure,
where the distances are calculated from the last branch. This table is located in Appendix 1.

Another article is Progressive Lightning by Schonland, Jamieson, and Collens [9]. In this
article, Figures 12, 13, 14, and 15 have details that we can estimate branching from. This
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article uses time to measure branching and death instead of distance; however, we will use
a similar process to estimate the probability of branching and death. In some of the figures,
some of the branches are not labeled clearly. For these situations we will interpolate these
times as the average between the closest two clearly labeled times. The data in Tables A2 and
A3 are collected from the four figures and are located in Appendix 1.

The final article we will look at is Progressive Lightning II by Schonland, Jamieson, and Col-
lens [10]. In this article, Figures 5 and 6 have details that we can estimate branching from.
They use the same method as last time. This data is shown in Table A4, located in Appendix
1.

In Figure 13, we can see the the data collected for the branching probability in a histogram
and a scatter plot.

FIGURE 13. Observed Branch Probabilities from [2], [9], and [10].

As seen from the histogram in Figure 13, most of the data is between 0 and .1. The scatter
plot shows that the mean probability is .088. There is one outlier, this outlier brings the prob-
ability up by .008. This is a significant increase; however, since we were only able to take data
from 7 different leaders we decided to keep this data point. The variance associated with this
data is .0097.

Figure 14 is the observed data for the death probabilities.
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FIGURE 14. Observed Death Probabilities from [2], [9], and [10].

We can see that most of the data is between .75 and 1. The mean associated with this data
is .857 and the variance is .0196.

5. OPTIMIZATION

A leader’s active branches are self regulated by the charge around the leader [4]. For these
models we are determining if the branch self regulates the number of active leaders by min-
imizing the energy that it is using. Therefore, in this section we will define an energy usage,
and minimizing this energy changing certain factors specific to each case.

5.1. One Dimensional Leader. For the one dimensional case, our findings were trivial. As
stated in the introduction our energy usage is defined as

(39) Eni =
i∑

j=0

|Xj(H)|.

We chose this because simply counting the number of steps would be trivial. Since we
are minimizing the energy usage, and each leader has the same number of steps, then there
would be a direct relationship between leaders and energy. The solution would be to send
the lowest number of leaders possible. We know that the shortest path to the ground would
be directly under the starting position and the longest path would be hitting the edge of the
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domain or |H|. Because we know that the charge associated with the leader is proportional
to the leader’s total length, a leader striking a point further from the middle of the domain
would accumulate more energy than one that strikes the middle of the domain.

Our objective was to minimize this energy by changing the number of leaders that we sent.
Figure 15 shows the results of our calculations for a height of 10.

FIGURE 15. Energy for a one dimensional leader.

As seen from Figure 15, our findings are still trivial. The solution is that 1 leader should be
sent.

5.2. Basic Two Dimensional Leader. For the basic two dimensional leader we were trying
to minimize energy by changing the number of leaders sent at the same time. Specifically for
this case the energy usage is

(40) En = i ∗min(Ni),

where i is the number of independent leaders sent and min(Ni) minimum number of steps
required to hit the ground out of all of the leaders. Recall that for the basic case, if we hit 1000
steps we simply discarded that iteration and began again. Therefore all of the leaders would
hit the ground. However, we are only interested in the the total number of steps taken by all
of the leaders until one of the leaders hits the ground. Figure 16 shows the plot of the energy
as we increase the number of leaders.
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FIGURE 16. Energy for a Basic Two Dimensional Leader.

As seen from Figure 16, seven leaders is the solution for the least amount of energy used
for a height of 10.

5.3. Branching Two Dimensional Leader. We wish to associate a probability with the leader
branching and a probability of a branch dying off. We can define our energy usage as the total
number of steps taken by all branches. For this case, we are trying to minimize this energy by
changing the probability the leader will branch and the probability that the leader will die. In
other words, we have a space D where D = {(pb, pd)|pb, pd ≥ 0, pb + pd ≤ 1. We want to find
the solution to

(41) min
(pb,pd)∈D

En .

If we hold everything constant at .05 branch and death probability, we can see how energy
changes as we increase our height; shown in Figure 17.

FIGURE 17. Energy for Branched leader at different heights
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As seen from Figure 17, the energy increases as the height increases. This is not surprising
as an increase in height should lead to an increase in the number of branches.

At a height of 10 and a .1 probability of branching, the energy associated with different
probabilities of death are shown in Figure 18.

FIGURE 18. Energy for Branched leader at different Probabilities of Death

We can see from Figure 18 that the energy increases sharply from 0 to .1. From there the
energy decreases sharply until reaching the minimum at .4 probability of death. This seems
to indicate that when the death probability is equal to the branch probability there is a sharp
increase in the energy used by the leader. Further analysis would be needed to prove this
hypothesis as well as to understand why.

At a height of 10 and a probability of death at .5 the energies in Figure 19 were calculated
at different branch probabilities.

FIGURE 19. Energy for Branched leader at different Probabilities of Branching

As seen in Figure 19, it is clear to see that the energy increases as the Branch probabil-
ity increases. Although it would be good to see the energy for branch probabilities that are
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greater than .4, it looks as if our solution will have a high death probability and a low branch
probability.

To determine the optimum point we implemented three different approaches. First we
started with a brute force type of analysis. Next we implemented a gradient search algorithm.
Finally, we developed a genetic algorithm to search for the solution.

5.3.1. Brute Force. For the brute force search, we began testing different points in our proba-
bility, starting with 0 probability of branching and 0 probability of death. One thing to note
with this is that if the probability of branching is 0 then it does not matter what the probability
of death is, the leader is essentially a basic leader. This is because we put the stipulation that
at least one leader has to be alive to hit the ground.

In order to get a somewhat accurate estimation for the energy usage, we calculated that
we would have to do around 1 million runs to get a 95% confidence interval in which µ ∈
(En + 1, En − 1). This is very computationally expensive. Even with parallel computing
and using an average of eight cores it took around two or three hours to estimate the energy
usage for branching probabilities that were low and death probabilities that were high. It
would take around 11 hours for branching probabilities that were high and death probabilities
that were low. We saw this direct relationship between the branching probabilities and the
amount of time it took for the simulations to run. We found the opposite relationship for the
death probabilities. Because of this we only estimated the energy for relatively low branching
probabilities. Figure 20 shows the energy that we were able to estimate.
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FIGURE 20. Energy for a Basic Two Dimensional Leader.

As seen from Figure 20, the energy increases very rapidly around .01 - .05 probability of
death. Then, it decreases very rapidly approaching an energy of around 400. Unfortunately,
these were the only points that we were able to calculate and it doesn’t include the probability
of branching and death that were observed in nature. However, out of all of the data currently
calculated using brute force the optimal probability of death and probability of branching is
.35 and 0.

Some downfalls to this approach is that this is very computationally expensive. While the
entire probability space could be mapped out, it would take too many resources to do.

5.3.2. Gradient Search Algorithm. Our next approach was implementing a gradient search al-
gorithm. First we picked a random point in our probability space. Then we compared the
energy calculated at that point with the energy calculated at a point that was .25 units away
in the probability of death and .05 away in the probability of branching. If the energy was
lower at one of those points, we would move to that point and compare it’s energy with
points the same distance away. We would repeat this process until the energy calculated at
the new points was more than the energy at the current point. From there we would decrease
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our search radius, following the same process for the following radii for probability of death:
.1, .05, and .001 and for probability of branching: .01, .005, and .001.

Algorithm 1 Gradient Search Algorithm

1: procedure
2: Death radii = [ .25, .1, .05, .01]
3: Branch radii = [.05, .01, .005, .001]
4: Energy← Simulation← input: [BranchProb, DeathProb]
5: loop:
6: NewInputs = [BranchProb± Branch radii, DeathProb]

= [BranchProb, DeathProb±Death radii]
7: EnergyNewInputs← Simulation← input: NewInputs
8: if AnyEnergyNewInputs < Energy then
9: Energy = min(EnergyNewInputs)

10: reassign [BranchProb, DeathProb]
11: goto loop
12: else
13: goto loop with smaller radii

14: Optimum Energy = Energy
15: Optimum Energy inputs = [BranchProb, DeathProb]

For our calculations we decided to focus our search on a limited portion of the space. Since
the observed branch probability was .088, we would focus our search on the probability of
branching that was between 0 and .2.

We tested the code by choosing a point in the space to be the minimum and changing our
energy to be the difference in the energy at the test point and the energy that the point was
currently at. The test point that we chose was a death probability of .5 and a branch probability
of .05. Due to the time constraint we decreased the number of runs to 10000. Figure 21 shows
the paths that two separate trials of this search took to find the solution.

FIGURE 21. Gradient search algorithm test.
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Trial 1 calculated the the optimal branch and death probability to be .049 and .299 and the
energy to be .015. Trial 2 calculated the optimal branch and death probability to be .053 and
.501 with an energy of .4573. We can see that Trial 1 was off by a distance of .201 and Trial 2
was off by .0031. Although both trials seem to be relatively close to the test point chosen, the
precision of the solution seems to vary with location the algorithm starts at. This is potentially
because of the increased variability in our solutions because the number of runs was so low.

We were able to run this algorithm twice on the simulation. First we started at the origin,
this calculated the optimal probability of branching and death to be .001 and .351. Next we
started at a branch probability of .2 and a death probability 0, the solution associated with this
starting point was 0 branch probability and .25 death probability. We ran the simulation with
10,000 runs, which means this model has the potential for a lot of variability.

A downfall to this approach is we can easily get stuck in a local minimum. This means that
although the point has the lowest energy out of all of the points in the area, there could be
a point that is lower in another area of the space. Currently if we decrease the radii it never
increases. However, if we increased our radii to search at the maximum distance whenever
we found a new potential solution, we would decrease our chances of getting stuck in a local
minimum. However, this would increase the computing power needed, and so this is not an
option that we could implement.

5.3.3. Genetic Algorithm. Our final approach was implementing a genetic algorithm. A genetic
algorithm is an optimization technique that models nature, specifically natural selection. It
involves creating, evaluating, replicating, recombining, and mutating a population for each
generation. After each generation the best members of the population are chosen to begin
the next generation. This process is repeated over multiple generations finding a better set of
solutions every generation. [1]

In order to create a genetic algorithm for our branching leader, we followed a design de-
scribed in Genetic algorithms: a New Breed of Optimization by James F. Frenzel [1]. In the article
he described in detail different ways to implement each part of the algorithm.

The first thing is creating a fitness. For our problem this is the minimum energy. We then
created our initial population taking random branch and death probabilities in our space. We
then assessed each points fitness by running the inputs into our branching simulation.

After this we needed to replicate our population. Frenzel’s article dictated that one way of
doing this is ratioing. In ratioing, the population is replicated using the ratio of how well the
members of the population are to each other. The better a member is, the more replicates it will
create. Frenzel states that a downfall of this is that members of the population could dominate
in terms of fitness and converge to a local minimum. However this method converges fast,
which is the reason we chose it. Our simulation is very computationally intensive and we
cannot run it for a large number of generations. For the population we built, we sorted the
population and replicated each member according to the ratio of the least fit member to the it.

The next step in the process is the recombination. For this we used the most common
method: crossover. The article states that a crossover probability of 60% is a good starting
point. Therefore we randomly took two different members of our replicated population. We
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took each input: branch probability and death probability, converted them to binary. Then we
took 40% of one member and 60% of the other and combined these in order to make a new
potential population member.

The final step is to mutate the potential population member. This is a way to test other
points of the population space in the case that the algorithm is converging too fast and is
getting trapped in a local minimum. For this we had each bit have a 3% probability of being
flipped to the opposite bit.

After all of these steps, we converted the potential population member back into decimals.
We input branch probability and death probability into our simulation to determine the mem-
ber’s energy. If the potential population member had an energy that was less than any mem-
ber of the current population, then the potential population would enter the population and
the least fit member would die off.

We tested the code using the same method that was used to test the Gradient based heuristic
algorithm. The test point that we chose was a death probability of .5 and a branch probability
of .05. Due to the time constraint we decreased the number of runs to 10000. Figure 22 shows
the 10th generation of a genetic algorithm for a height of 10.

FIGURE 22. Genetic algorithm test for a height of 10 after 10 generations.

Figure 22 shows that the genetic algorithm has roughly the same branching probability as
the real solution; however, the death probabilities vary significantly. The population members
that were around .275 death probability and .045 branch probability were the members with
the least amount of energy used, with the optimal solution after 10 generations being .272
death probability and .046 branch probability. Due to time constraints we were unable to
investigate the possibility of getting a more accurate solution after more generations.

After running the genetic algorithm on the simulation, it was found that the optimal branch
and death probability was 0 and .42. The genetic algorithm was run using 10,000 runs, which
means the confidence interval associated with the calculated energy values at each point is
most likely very large.
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6. CONCLUSION

The branching in a lightning leader is a curious phenomenon that occurs in nature. Al-
though it has been studied before, there is still a lot that is unknown about it. The purpose of
this study was to see if branching occurs in order to minimize the energy used by the light-
ning leader. We used lower dimensional models to do this, assigning energy use to them,
and minimizing them over different factors. For the one dimensional model, we simulated
branching by minimizing energy usage varying the number of leaders. We found this solu-
tion to be trivial. For the basic two dimensional model, we minimized this energy by using
independent leaders. This produced a nontrivial result, concluding that the optimum number
of independent leaders was seven. For the branching two dimensional model, we minimized
our energy usage by varying the probability of branching and death. In order to find our
solution, we used three separate approaches. We implemented brute force, a gradient search
algorithm, and a genetic algorithm. The brute force algorithm proved to be too computation-
ally expensive. The gradient search algorithm found that the minimum energy was achieved
when the probability of branching was .01 and probability of death was .351. The final search
was a genetic algorithm. This found that the solution was 0 probability of branching and .42
probability of death. Figure 23 shows the results of the optimization as well as the observed
branching and death probabilities.

FIGURE 23. Solutions to the branching model and the observed branch and
death probabilities.

Figure 23 shows that the solutions to the our branching model was significantly different
from the solution we found in the observational data. Although our optimization algorithms
were not able to compute the energy using a significant number of runs, the fact that all of the
algorithms point toward the same general area lead us to believe that the model is too simple
and needs to be adjusted in order to be more accurate.

After observing real data we found that the probability of branching and death that occur
in nature is .088 and .857. This is significantly different than the probabilities that we were
calculating using our algorithms. This could potentially be because the number of runs was
not high enough for the gradient based heuristic search and the genetic algorithm. However,
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the fact that all of the methods were arriving at solutions that were relatively close, it is most
likely that either our model was too simple or that nature is not looking to minimize it’s
energy usage when creating the path for the lightning strike.

There were numerous ways that these models and the observational data could be im-
proved.One improvement could be obtained if we removed some of the assumptions. For
example, we assumed that each step size was the same length. In nature this is not the case.
Although in an Alpha leader, the step sizes are similar they are not the exact same length each
time. This coupled with the fact that energy usage is proportional to the length of the step
sizes could potentially change our results. Another way that we could easily adjust the model
was to change how the death of a branch works. Our model went to each branch indepen-
dently and the death probability determined if that branch would die. This means that multi-
ple branches could die at each step. This implementation of this probability could be changed
to the probability that a branch will die at each step. Further analysis on this adjusted model
could lead to the results we saw from the real life data. A flaw in our optimization analysis
is that it was centered around a height of 10. A further study of this could find a different
solution for different heights. If we tailored the height to fit the number of steps typically
taken in nature we would have a more accurate analysis. However, the number of steps that
occur in nature is much larger than 10.

Finally, it would be beneficial to gather observational data ourselves, instead of relying on
data gathered from others. This is because all of the data found was developed by researchers
that were analyzing different things. We had to create solutions such as finding the average
time between two points instead of an exact solution that we could get if we had collected the
data ourselves.
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APPENDIX A. OBSERVATIONAL DATA

Table A1: Branching and Death Data from [2]
Total Distance 170 meters

Branch Distance (meters) Death Distance (meters)
B-1 3 D-1 10
B-2 20 - -
B-3 49 - -
B-4 21 - -
B-5 8 - -
B-6 37 - -
avg 23 avg 10
Prob .119 Prob .941

Table A2: Branching and Death Data for Figures 1 and 2 from [9]
Figure 1 Figure 2

Total Time 96 microseconds Total Time 49 microseconds
Branch Time (µs) Death Time (µs) Branch Time (µs) Death Time(µs)

B-1 2.5 D-1 1.25 B-1 6 D-1 7
B-2 1.25 D-2 2.25 B-2 9 D-2 3
B-3 5 D-3 6.25 B-3 2 D-3 4.5
B-4 5.63 D-4 3 B-4 1.5 D-4 1.5
B-5 5.62 D-5 7 B-5 6 D-5 24
B-6 1.66 D-6 55.96 B-6 3.5 D-6 3.5
B-7 .83 D-7 25.13 B-7 5.5 D-7 19
B-8 .41 D-8 22 - - - -
B-9 19.72 D-9 1 - - - -

B-10 1 D-10 5 - - - -
B-11 .41 D-11 1.65 - - - -
B-12 1.66 D-12 4.66 - - - -
B-13 .58 D-13 20.73 - - - -
B-14 .58 D-14 6.15 - - - -
B-15 3.58 D-15 18.57 - - - -
B-16 65.07 D-16 5.5 - - - -
avg 7.22 avg 11.63 avg 4.79 avg 8.93
Prob .075 Prob .879 Prob .098 Prob .818
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Table A3: Branching and Death Data for Figures 3 and 4 from [9]
Figure 3 Figure 4

Total Time 109 microseconds Total Time 145 microseconds
Branch Time (µs) Death Time (µs) Branch Time (µs) Death Time(µs)

B-1 6 D-1 19 B-1 6.5 D-1 15
B-2 19 D-2 25 B-2 2.5 D-2 13
B-3 11 D-3 79 B-3 13 D-3 17
B-4 5 D-4 3 B-4 10.5 D-4 23.25
B-5 8 D-5 21 B-5 10.25 D-5 26.25
B-6 1 D-6 12 B-6 10.5 D-6 21

- - - - B-7 12 D-7 21
- - - - B-8 16.5 D-8 8.5
- - - - B-9 9.5 D-9 24
- - - - B-10 7 D-10 14.5
- - - - B-11 3.5 D-11 31
- - - - B-12 13.25 D-12 12.5
- - - - B-13 13.25 D-13 11
- - - - B-14 12.5 - -
- - - - B-15 9 - -
- - - - B-16 11 - -
- - - - B-17 40 - -

avg 7.22 avg 11.63 avg 11.81 avg 18.31
Prob .075 Prob .879 Prob .081 Prob .874

Table A4: Branching and Death Data for Figure 1 and 2 of [10]
Figure 1 Figure 2

Total Time 327 microseconds Total Time 97 microseconds
Branch Time (µs) Death Time (µs) Branch Time (µs) Death Time(µs)

B-1 12.5 D-1 18.5 B-1 5 D-1 14
B-2 7.5 D-2 11 B-2 1 D-2 7.5
B-3 10.5 D-3 10 B-3 6 D-3 28.5
B-4 8.25 D-4 13 B-4 10 D-4 16
B-5 8.25 D-5 20 B-5 5 D-5 23
B-6 77 D-6 90 B-6 21.5 D-6 6
B-7 26 - - B-7 16 - -
B-8 13 - - B-8 20 - -
B-9 20 - - B-9 3 - -

B-10 84 - - B-10 2 - -
- - - - B-11 12 - -

avg 26.7 avg 27.08 avg 9.23 avg 15.83
Prob .082 Prob .917 Prob .098 Prob .837
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APPENDIX B. BRUTE FORCE DATA

Estimated Average Energy and 95% Confidence Interval
Branch Prob: 0 .01 .02 .03
Death Prob Energy CI Energy CI Energy CI Energy CI

0 451.7170 .9174 991.6262 7.2105 879.5585 14.6321 804.17027 9.0868
.01 421.5497 .7934 640.9182 1.8701 1475.0106 13.4692 1343.0737 39.3240
.02 418.1354 .7799 501.1836 1.0632 769.6670 2.5731 1888.5009 18.3701
.03 416.9479 .7750 471.2209 .9384 570.0400 1.2990 886.2612 3.2303
.04 415.9478 .7726 457.7602 .8890 519.4377 1.0845 632.4493 1.5209
.05 415.8845 .7710 449.6530 .8620 493.9565 .9947 564.2052 1.2210
.06 415.0062 .7695 444.1155 .8448 481.2257 .9477 531.0075 1.0978
.07 415.2955 .7689 441.0726 .8340 472.9979 .9176 512.7519 1.0309
.08 415.6150 .7688 438.6481 .8260 465.0023 .8953 499.1827 .9865
.09 414.5388 .7677 435.6940 .8186 460.3756 .8806 489.8470 .9566
.1 414.9920 .7680 434.1086 .8138 455.8747 .8683 481.9568 .9340

.11 415.0949 .7675 432.4109 .8097 452.9513 .8589 476.1724 .9169

.12 414.5671 .7670 431.2357 .8063 449.8614 .8511 472.7929 .9046

.13 415.1421 .7673 430.0950 .8038 448.0484 .8456 467.9273 .8928

.14 413.9205 .7664 428.9845 .8011 446.5980 .8401 463.9254 .8834

.15 414.4928 .7662 428.2116 .7989 443.9781 .8355 462.1626 .8763

.16 413.9681 .7663 427.9800 .7973 442.7359 .8317 458.7089 .8698

.17 414.0908 .7660 426.7187 .7951 440.9057 .8279 456.9126 .8643

.18 414.5160 .7662 427.5417 .7952 440.9119 .8259 455.3851 .8593

.19 414.6799 .7664 426.1408 .7935 439.9929 .8237 453.6294 .8555

.20 414.2345 .7662 426.0650 .7922 438.6984 .8215 452.2532 .8516
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Estimated Average Energy and 95% Confidence Interval
Branch Prob: 0 .01 .02 .03
Death Prob Energy CI Energy CI Energy CI Energy CI

.21 413.3996 .7658 425.9292 .7920 438.3471 .8195 451.1428 .8487

.22 413.3991 .7652 424.5461 .7902 437.5805 .8172 450.3744 .8460

.23 413.9424 .7658 425.9029 .7904 437.7238 .8163 449.5013 .8437

.24 414.2616 .7662 425.1272 .7896 436.8350 .8151 448.2856 .8412

.25 413.6171 .7653 424.3142 .7885 436.7361 .8139 448.1403 .8394

.26 413.7329 .7654 424.1461 .7878 435.0918 .8121 447.0129 .8374

.27 413.5332 .7657 424.0725 .7882 435.1809 .8112 445.9701 .8353

.28 414.3732 .7660 423.2639 .7870 434.5856 .8099 445.8742 .8347

.29 413.6675 .7652 424.0853 .7872 434.3025 .8096 446.3151 .8340

.30 414.0475 .7656 423.9163 .7864 433.9308 .8087 443.8903 .8311

.31 413.8974 .7653 423.7475 .7868 433.9225 .8085 444.1796 .8309

.32 413.7598 .7655 423.6282 .7860 433.7443 .8077 443.5381 .8298

.33 413.5588 .7653 423.6093 .7862 433.1729 .8071 443.8712 .8294

.34 413.8862 .7650 423.9420 .7859 433.3097 .8067 443.4895 .8283

.35 413.3198 .7647 422.9090 .7852 433.6377 .8063 443.4405 .8278

.36 414.2615 .7655 423.5695 .7855 433.3083 .8061 442.9362 .8271

.37 413.7103 .7652 422.9297 .7852 433.2414 .8053 443.1988 .8267

.38 414.2448 .7654 423.4323 .7848 433.0641 .8055 443.8994 .8269

.39 413.4053 .7646 423.3993 .7847 433.4575 .8054 442.8715 .8260

.40 414.0427 .7658 423.1469 .7850 433.1448 .8056 442.7661 .8262
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Estimated Average Energy and 95% Confidence Interval
Branch Prob: .05 .06
Death Prob Energy CI Energy CI

.20 483.6528 0.9224 501.0324 0.9622

.21 480.9931 0.9154 498.1099 0.9544

.22 478.5373 0.9101 493.7974 0.9453

.23 476.3117 0.9047 492.2015 0.9390

.24 474.8214 0.9006 489.6863 0.9329

.25 473.3038 0.8962 487.5491 0.9277

.26 471.6888 0.8922 485.6826 0.9228

.27 470.3368 0.8889 484.9769 0.9190

.28 470.3990 0.8867 482.8160 0.9148

.29 468.8902 0.8841 480.8409 0.9111

.30 468.2674 0.8824 480.3967 0.9085

.31 467.4866 0.8799 479.6363 0.9060

.32 466.2387 0.8771 478.5344 0.9034

.33 465.8471 0.8765 478.0552 0.9016

.34 465.4923 0.8749 477.0350 0.9003

.35 464.8867 0.8736 477.0006 0.8982

.36 464.8190 0.8727 475.5186 0.8962

.37 464.7845 0.8717 475.3324 0.8945

.38 464.2377 0.8711 475.4723 0.8941

.39 463.7508 0.8693 474.8376 0.8929

.40 464.3622 0.8695 474.9523 0.8925
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